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Introduction

In various application areas like automotive industry, telecommunication or
robotics, the technological progress is mainly driven by a terrific development
in the field of optic and electronic components. The enormous increase of
performance is based on a higher complexity of integrated systems as well as
smaller and smaller dimensions of optic and electronic devices. Both trends
are connected with new difficulties for the design of circuits.

Circuit design consists usually of several steps: process simulation, device
simulation, compact modeling for semiconductor devices, extraction and gen-
eration of model parameters, circuit simulation. The way over a compact
modeling of devices (macro-modeling) was advantageous up to now since one
could simulate circuits without an expensive device simulation. Thus, a sim-
ulation of integrated circuits was enabled in general. Nowadays, however, the
performance of high frequency devices depends not only on their geometrical
dimensions. It is significantly influenced by the surrounding circuitry. This
requires additional (time consuming) iterations during the circuit design for
the extraction and generation of model parameters. Furthermore, high fre-
quency parts of a circuit have to be modeled with a very high precision for a
reliable evaluation of the circuit function. Consequently, for complex circuits
with high frequency devices, it is recommended to combine circuit simula-
tion directly with a device simulation of elements of the high frequency part.
This results in coupled systems of differential-algebraic equations (DAEs)
and partial differential equations (PDEs) of elliptic and parabolic type.

A coupling of DAEs and PDEs becomes more and more important also
in other applications fields (see e.g. the simulation of blood flows in a hu-
man vascular system [QRVO01] or the simulation of elastic multibody systems
[Sim98, Sim00]). Theoretical investigations for such coupled systems are still
at the initial stage [CM99b, FY99, LSEL99, Sim00, Giin0lal. But they have
already shown that the existence and exploitation of certain structures is
important for an efficient and successful coupled simulation.
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Since structural information about circuit equation systems was missing for
long time, for coupled circuit and device simulation, approaches have been
established that either extend existing device-simulators by more complex
boundary conditions (see e.g. [LSK196, Rot00]) or combine device-simulators
with circuit-simulators in form of a “black box” (see e.g. [ESTZ96]). Both
approaches are unsuited for complex circuits in high-frequency domain.

In this document, we follow an approach that includes the device model
equations into the network equation system directly. Based on a detailed
analysis of network and device modeling, we elaborate information about
the structure of the coupled circuit and device systems. This enables us to
investigate numerical properties of the systems as sensitivity with respect to
perturbations. In contrast to the studies in [Gin0la, ABGT02] we deal with
the case of instationary device equation systems here.

Furthermore, we present a treatment of the coupled systems as differential
algebraic systems in infinite-dimensional Hilbert spaces. Such systems are
also called singular or degenerate abstract differential equations. In contrary
to applications, where a singularity is given at one time point only, our
systems have an operator in front of the time derivative that is singular at
all time points. Therefore, we call the systems abstract differential algebraic
systems (ADAS). Finally, we develop a Galerkin approach for such abstract
systems that regards the involved constraints properly.

This work is divided into 4 chapters. The first one is devoted to a detailed
network analysis. First, network elements and topological properties of the
network are discussed from a mathematical point of view. Then, the most
common network approach, the modified nodal analysis (MNA) is presented
in such a way that structures of the resulting differential-algebraic equation
system become visible. This enables us to develop network topological crite-
ria for the DAE-index. Furthermore, questions concerning unique solvability
and the perturbation behavior of solutions can be answered. Finally, the
BDF methods applied to the network equation systems are investigated with
respect to feasibility, convergence and stability.

The second chapter deals with modeling of semiconductor devices. After
a short discussion of different models on different levels, we consider the
drift diffusion equations. Particular care is taken to the boundary conditions
since they play an important role for the coupling between circuit and device
equations. In the end, function and geometry of two device examples are
explained.

In the third chapter, the coupling of the network and device model equations
is discussed. Exploiting charge conservation of the drift diffusion model, the



occurrence of semiconductor currents in the network equations can be de-
scribed by a matrix of the same structure as those for other basic network
elements. After formulating the complete coupled system, we present a ho-
mogenization that yields to boundary conditions for the device equations
independent of the network equations. This way, node potentials of the net-
work appear in the device equations but explicit given function spaces can
be chosen for the solution. In preparation of the fourth chapter, the cou-
pled system is formulated as an abstract differential algebraic system. First,
a classic description is given. Then, the system is described as variational
equation (generalized form).

The fourth chapter is devoted to abstract differential algebraic equations
in infinite-dimensional Hilbert spaces. First, we present an index concept
that orientates on perturbations of the right hand side and bases on the
tractability index for DAEs. Then, we develop network topological crite-
ria for the index of the coupled network and device equations. Finally, a
Galerkin approach for handling ADASs with monotone operators is proposed
and discussed with respect to convergence and solution behavior of perturbed
systems.

The purpose of Appendix A is to collect basic aspects of different fields that
are relevant in the framework of this work. It is devoted to readers who
are not familiar with one or the other field. Appendix B collects symbols,
common notations and physical constants used in this thesis.
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Chapter 1

Network Analysis

Electric networks are present in almost all parts of our live. Main application
areas are telecommunications, home electronics, transport communication as
well as controlling, optimization and automatization of production processes
of any kind.

Modern integrated circuits are often distinguished by a very high complexity
and a very high packing density. The development of electronic circuits has
progressed to a state where millions of transistors can be put on a chip. The
numerical simulation of such circuits requires modeling techniques that allow
an automatic generation of network equations. Furthermore, the number of
independent network variables describing the network should be as small as
possible.

The modified nodal analysis (MNA) provides a system with a relatively small
dimension (number of nodes plus the number voltage controlling elements).
It is adopted successfully in numerous programs, e.g. in SPICE (originally
developed at Berkeley in the 70s and early 80s; commercialized versions:
HSPICE, PSPICE, et.al.) and in TITAN (developed by SIEMENS / In-
fineon Technologies). The resulting systems represent differential-algebraic
equations (DAEs).

The aspect that one is usually confronted with highly nonlinear DAEs led to
the popular opinion that DAEs arising from circuit simulation do not have
a special structure and their index is generally unknown. But, our investiga-
tions in [MT97, Tis99, ET00, Est00, Tis01, EFM*03], have shown that the
network DAEs are well structured (depending on the network topology), the
relevant subspaces may be described by suitable projections and the index
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may be checked by topological criteria. Since some of these structural prop-
erties are important for the numerical simulation and for the further analysis
of the coupled systems, we will present them in this chapter in detail.

1.1 Network Modeling

The numerical simulation of electric networks is closely related to the network
modeling. Circuit models have to meet two contradicting demands. On the
one hand, they have to describe the physical behavior of a circuit as correct
as possible. On the other hand, the models should be simple enough to keep
computing time reasonably small.

A well established approach meeting both demands to a certain extent is
the description of the network by a graph with branches and nodes. Branch
currents, branch voltages and node potentials are introduced as variables.
The node potentials are defined as voltages with respect to one reference
node, usually the mass node.

The physical behavior of each network element is modeled by a relation be-
tween its branch currents j and its branch voltages v. Network elements
fully described by a relation between a single branch current and a single
branch voltage are called one-port or two-terminal elements. One port re-
flects one branch, one terminal reflects one end of a branch. Correspond-
ingly, the other elements are called multi-port or multi-terminal elements.
The describing current-voltage relations are called characteristic equations.
The characteristic equations of basic network elements are given later in this
section.

In order to complete the network model, the topology of the elements has
to be taken into account. Assuming the electrical connections between the
circuit elements to be ideally conducting and the nodes to be ideal and con-
centrated, the topology can be described by Kirchhoft’s laws as we will see
in the next sections.

1.1.1 Network Elements

The analysis and design of circuits requires an approximation of real elements
by appropriate models. The level of the models ranges from simple algebraic
equations, over ordinary and partial differential equations to Boltzmann and



1.1 Network Modeling 7

Schroedinger equations depending on the effects to be described. Due to
the high number of network elements (up to millions of elements) belonging
to one circuit one is restricted to relatively simple models. In order to de-
scribe the physics as good as possible, so called compact models represent
the first choice in network simulation. Complex elements such as transistors
are modeled by small circuits containing basic network elements described
by algebraic and ordinary differential equations only.

The development of such replacement circuits forms its own research field and
leads nowadays to transistor models with more than 500 parameters. As an
example, a model circuit describing a MOSFET (metal oxide semiconductor
field effect transistor) on a very low modeling level is depicted in Figure
1.1. The correct adjustment of the parameters becomes more and more a

Gate

Source s L Drain
|

Bulk

Figure 1.1: Circuit model for a MOSFET on a low modeling level

problem for the network design. Such a complexity motivates the idea to
go back to a higher description level, that means to use distributed device
models represented by a system of partial differential equations. This will be
investigated in later chapters.

The basic network elements are ideal resistors, ideal condensers, ideal coils
and ideal batteries. In order to express that we deal with ideal elements we
use the terms resistor, capacitor, inductor, and voltage source, respectively.
Furthermore, we shall use current sources that play an important role for the
description of more complex elements such as transistors.

The characteristic equation of a resistor may be described as

o(t) =r(G(), 1) or (t) = g(v(t), 1) (1.1)

where j(t) reflects the current and v(t) the voltage through the resistor at
the time ¢t. The functions r and g, respectively, can be linear and nonlin-
ear. Typical examples are Ohms resistors and diodes. In the first case, the
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functions r and ¢ are linear and time-independent. In the second case, the
function g reflects an exponential function with respect to the first argument.

Note, that j7 and v may form vector valued functions of time in case of multi-
terminal elements. An element with n terminals is uniquely determined by
the relation between n — 1 branch voltages and n — 1 branch currents. There-
fore, one chooses often one reference terminal and considers the branches
between the reference terminal and all other terminals (see Figure 1.2).

6 7 . n (reference terminal)

Figure 1.2: n-terminal circuit element

Capacitors store energy in their electric fields. Its charge ¢(t) may be ex-
pressed by

q(t) = qc(v(t), ).
The function g¢ is usually monotone. Due to the definition of the current we
get the voltage-current characteristics

](t) _ dQC’(z)hEt)’ t) ]

As described for resistors, the currents, charges and voltages may be vector
valued functions in case of multi-terminal elements. Typical examples are
the ideal condenser and the varactor diode. Transistor modeling requires
often nonlinear multi-terminal capacitors.

Inductors store energies in their magnetic fields. The flux ¢(t) is represented
by
o(t) = or(j(t),1).

Regarding the definition of voltage, we arrive at

9= 00

Also in this case, the currents, fluxes and voltages may be vector valued
functions. Most of coils have a nonlinear current-flux characteristics. One
can approximate them by linear functions only in a small current range. In
case of large currents, the flux growths sub-linearly.
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Independent voltage and current sources are distinguished by the fact that
the voltage and the current are given by

v(t) = vs(t) and J(t) = is(t), respectively.

If we have

~

u(t) =ws(j(t))  or  j(t) =is(5(2))
then the sources are called current controlled. Again, v, j and j may be

vector valued functions. Here, the branches corresponding to j are different
from those corresponding to j. In case of

u(t) = vs(0(t))  or(t) = is(v(?)),

the sources are called voltage controlled. Here, the branches corresponding
to v are different from those corresponding to v.

In general, we have
v(t) = wvs(t, 5(t),0(t)) for voltage sources

and
J(t) =is(t, g(t),v(t)) for current sources.

1.1.2 Network Topology

Assuming that quantum mechanical interactions between the network ele-
ments can be neglected, the electrical behavior of the network is described
by Maxwell’s equations which imply Kirchhoft’s laws.

Considering one node with branch currents ji, ..., j, entering this node (see
Figure 1.3) we may describe Kirchhoff’s current law (KCL) as

> k=0, (1.2)
k=1

that means, the sum of all branch currents entering a node equals zero.

If we consider a loop with the branch voltages vy, ..., v, (see Figure 1.4),
then we may formulate Kirchhoff’s voltage law (KVL) as

n

ka:(),

k=1



10 Network Analysis

Figure 1.4: Loop with n conducting branches

that means, the sum of all branch voltages in a loop equals zero. Using
Kirchhoft’s laws, one can describe the network topology in an elegant way by
the (reduced) incidence matrix A = (a;;) that describes the relation between
all nodes (except the mass node) and all branches of the network. It is defined
as

1 if the branch j leaves the node 1,

a;; = ¢ —1 if the branch j enters the node 1,

0 else.

In Appendix A.1, we have collected some useful properties of this matrix
concerning the spaces spanned by certain rows or columns.

Let a connected network with n nodes and b branches be given. If j =
(41,72, -, Jo) T is the vector of all branch currents of the circuit, then Kirch-
hoft’s current law implies

Aj = 0. (1.3)

As shown in Appendix A.1, the (reduced) incidence matrix has full column
rank. Consequently, the maximal number of independent node equations
describing the network is given by (1.3).

The incidence matrix allows, additionally, a simple description of the rela-
tion between node potentials and branch voltages of the network. If v =
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(v1,v9,...,v)T is the vector of all branch voltages and e = (e, es,...,e, 1)"
denotes the vector of all node potentials, then the relation

v=A"e (1.4)

is satisfied. Each individual equation of (1.4) corresponds to one branch
voltage. If we apply Kirchhoff’s voltage law to a loop containing both nodes
of the considered branch and the mass node, we get (1.4) directly.

1.1.3 The Modified Nodal Analysis

Let a connected electrical network be given. The nodal analysis is based on
the network equations (1.3)
Aj=0 (1.5)

and (1.4)
v=ATe (1.6)

as well as the characteristic equations of all network elements. As described
in the section before, they may be written as

dgc(v,t) dor(j,t)
dt 7 dt

f( ,0,7,t) = 0. (1.7)
The system (1.5)-(1.7) is a differential algebraic system, that means a coupled
system of differential and algebraic equations in the network variables j, v
und e. The dimension of this system equals 2b+n — 1. The approach leading
to this system is called sparse tableau analysis.

The so called modified nodal analysis (MNA) requires a much smaller number
of unknowns. In this case, one replaces the branch currents of all current
defining elements in (1.5) by their characteristic equations, and all branch
voltages by node voltages using (1.6). It is not difficult to see, that the
resulting system represents a differential-algebraic equation.

In order to design an effective solution scheme, it is important to look at the
structure of the equations. Other physical systems, like multibody systems,
in mechanics, can be described by differential-algebraic equations, which are
Euler equations of a variational principle (see e.g. [ESF98, RR99]). This
gives them a structure, which is exploited by modern numerical schemes.
In electrical network simulation, the structure is not so evident. Therefore,
simulation methods could not be based on a particular structure until a few
years ago. Our detailed investigations in [Tis99] lead to a structure based
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description of the network equations. It has been extended for a more general
class of networks in [ET00, EFM*03].

We will explain this structure here for networks containing resistors, ca-
pacitors, inductors and independent sources. Since we want to present the
essential idea we will neglect the case of controlled sources. The treatment
of controlled sources requires a lot of technical details which are presented in
[ET00].

For the vector jg of branch currents and the vector vg of branch voltages of
all resistors, we obtain
Jr = g(vR,1).

Here, the function g represents the composition of the functions g for each
resistor. Since we are not interested in the individual functions g anymore,
we will use g instead of § in the following, that means jr = g(vg,t). Anal-
ogously, for the branch currents jo/j; and the branch voltages ve /v, of all
capacitors/inductors, we have

S qu(vC7t) P d(bL(]Lat)
Jc dt ) L dt .
Finally we get

vy = vs(t) and Jr = 1is(t)

for the branch voltages vy of all voltage sources and the branch currents j;
of all current sources.

The essential idea for getting structure information is a numbering of the
network branches in such a way that the incidence matrix forms a block
matrix with blocks describing the different types of network elements. The
blocks are then given as follows:

A= (AR7A07AL7AV7AI)7 (18>

where the index stands for resistive, capacitive, inductive, voltage source and
current source branches, respectively. Replacing the branch currents of all
current defining elements in (1.5) by their characteristic equations, and all
branch voltages by node voltages using (1.6), we obtain the system

46% A g(ATe,t)+ALjL+AV']V = A[/ls(t),
d L, T
% —Ale = 0,

Ave = w,(t)
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with the unknowns e(t), j..(t), and jy (¢). Consequently, the classical modified
nodal approach results in a differential algebraic equation system of the form

AcC(ALe, t) AL j 4Aci¥%Agat)
+ Arg(Age,t) + Apjr + Avjy = — Agig(t), (1.9)
. d]L 8¢L T o
L(jp,t)—— i + T (jr,t) — Are = 0, (1.10)

Ale = w,(t). (1.11)
if the functions qc(v,t) and ¢r(j,t) are sufficiently smooth and

dqc oL,
C(v,t) := t L(j, 1) : ).
1) = FE@D, LG8 = G
Denoting the number of nodes by n, the number of inductive branches by
ny and the number of voltage source branches by ny, the dimension of the
system isn — 1 +np + ny.

In the charge oriented MNA approach, one introduces additionally charges ¢
and fluxes ¢ as unknown variables. This implies the equivalent system

Ao ?it + Arg(ARe t) + Apj + Avjy = — Agig(1), (1.12)
%_Ag@ - (1.13)

Ale — vs(t), (1.14)

¢ = qo(Abe,t),  (1.15)

¢ = ¢L( ). (1.16)

At a first glance, the charge oriented system (1.12)-(1.16) seems to be dis-
advantageous since its dimension is significantly larger than the dimension
of system (1.9)-(1.11). However it is, for several reasons, the main approach
used in circuit simulators. For a detailed discussion of these reasons we refer
o [GF99a, Giin0la]. We only want to mention a few aspects here. Re-
placement circuit models for semiconductor elements are often formulated
by (1.15)-(1.16). This way charge and flux conservation is guaranteed au-
tomatically. Numerical methods applied to system (1.9)-(1.11) require the
differentiation of the functions go and ¢r. Solving the resulting system of
nonlinear equations requires the second derivatives of these functions, i.e.,
we need more smoothness. This plays a significant role for the numerical
solution since models are usually not twice differentiable. Additionally, it is
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computationally more expensive. Furthermore, charge and flux conservation
is only fulfilled approximately.

Finally, the simple form of the equations (1.15) and (1.16) involves only
function evaluations for the determination of ¢ and ¢. Consequently, from
the computational point of view, the dimension of the charge oriented system
equals the dimension of the classical system. In fact, one has to apply a
numerical method to the system

dgc(Ale, t . . .
ACED | (A, t) 4 Auju+ Aviv = — Aria(0), (117)
dor(jr,t
¢L511L, )—Aze = 0, (1.18)

Ave = u(t) (1.19)

directly (without the differentiation done in (1.9)-(1.11)). Note, that the
system (1.17)-(1.19) represents a DAE with a proper stated leading term
[Mar02a, Mar02b] if the matrices C(v,t) and L(j,t) are positive definite
for all voltages v, currents j and time points ¢t. These conditions seem to
be natural from the physical point of view. For two-terminal capacitors,
this means that a positive change of the voltage yields a current in forward
direction. The current flows in reverse direction if the voltage change is
negative.

1.2 Numerical Analysis

A straightforward approach based on BDF methods [Gea71] for the numerical
solution of such DAEs has been used for numerous circuits and “is still among
the best for this purpose” [VS94]. However, more and more complex circuit
models can lead to DAEs of higher index (> 2). DAEs of higher index are
ill-posed in the sense that small perturbations in the initial data may cause
arbitrarily large changes in the solution data. See Appendix A.3 for more
details about the index of a differential algebraic equation.

Furthermore, we are again confronted with basic questions. Do the circuit
equations of the more complex models will have a unique solution? Does the
numerical solution converge to the exact solution? Has the numerical solution
the same qualitative behavior as the exact solution? Of special interests are
answers to these problems based on criteria that can be checked during the
model design.
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Some answers, particularly for unique solvability, are known for certain kinds
of networks [BM64, CR65, KR65, OW69, CL75, Mat76, Cam81, Sza82, HB84,
NC84, Has86, Mat87, Fos92|. Typically, the results are based on the exis-
tence of specific trees or on the regularity of certain matrices. In [NC84|
topological criteria for unique solutions of nonlinear resistive circuits con-
taining linear controlled sources have been discussed for the first time. The
authors apply a set of operations to the graph of the circuit and check a
certain oriented structure, a cactus graph or a generalization thereof.

Beside investigations of special circuit systems, general differential-algebraic
equations have widely been investigated during the last 20 years (see e.g.
[Cam85, GM86, DHZ87, BCP89, HLR89, HW91, Kva90, Mar92, Rei90, RR91,
LMM93, MS93, KM94, BC95, CG95b, CG95a, RR96, Lam97, BC98, KMIS,
KR99, HS02, RR02, HL03]). The results cover, among other things, unique
solvability, feasibility of numerical methods as well as stability properties.
However, most of the results suppose a certain structure (e.g. Hessenberg
form), high smoothness and depend mainly on the index of the DAE.

Recently, the special structure and the index of the network equations have
been investigated in several papers. In [GF95, GR96], it was shown that
the index of a circuit may depend on the model level of transistors. A more
general study of different circuit configurations was presented in [GF99a,
GF99b]. It clarifies that the index may become arbitrarily high and may also
depend on parameters. Furthermore, higher index configurations appear for
certain charge and flux sources.

For a reliable and effective numerical simulation, the question how to avoid
models described by higher index DAEs is of central importance. In [Tis97,
Tis99] we have seen that networks consisting of passive resistors, capacitors
and inductors and independent sources lead to a differential algebraic system
with an index not higher than two. This result could be generalized to
networks containing ideal transformers and gyrators [Rei98] and to networks
containing controlled sources satisfying certain assumptions [ET00]. Since
these results and the used approach are of importance for the analysis of the
coupled systems considered in Chapter 3, we will briefly summarize the ideas
and results in the next sections of this chapter.

1.2.1 Index of Network Equations

We consider electric networks consisting of resistors, capacitors, inductors
and independent sources. As described in Section 1.1.1, these elements may
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be multi-port elements. Furthermore, they may have nonlinear characteris-
tics. We make the following assumptions

(A1) Smoothness. The functions gc(v,t), ¢r(j,t) and g(v,t) are continu-
ously differentiable for all v € R*™!, j € R™ and t € [ty, T]. The input
signals v,(t) and i4(t) are continuous for all t € [to, T

(A2) Local Passivity. The matrices

_ 991
0j

_ Oqc

C(v,t) = %(v,t), L(j,t) (7,1), G(v,t) = v,t)

v
are positive definite for all v € R"™!, j € R" and t € [ty, T].

(A3) Consistency. The circuit contains no loops of voltage sources only and
no cutsets of current sources only.

Assumption (A3) is necessary for a consistent model description. If it would
not be satisfied, then the circuit equations would have either no solution or
infinite many solutions due to Kirchhoff’s laws.

Studying the network equations in more detail, it turns out that special
loops and cutsets play an essential role as we will see in Theorem 1.5. The
expressions loop and cutset are explained in Appendix A.1.

Definition 1.1

A loop consisting of capacitors and voltage sources only is called a C'V -loop
(see Figure 1.5). A cutset containing, inductors and current sources only, is
called an LI-cutset (see Figure 1.5).

4®7
4®7

| A W

| A W

Figure 1.5: Example of an LI-cutset (left) and a C'V-loop (right)

Using the splitting (1.8) of the incidence matrix, we can give a simple math-
ematical characterization of C'V-loops and LI-cutsets.
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Lemma 1.2 The matriz (Ac, Ar, Av) of a connected circuit has full row
rank if and only if the circuit does not contain LI-cutsets.

PROOF. Due to Theorem A.1, the matrix (A¢, Ag, Ay) has full row rank if
and only if it has n — 1 linear independent columns. By Theorem A.3, this is
equivalent to the existence of a tree containing C-, R-, and V-branches only,

which is the case for circuits without LI-cutsets.
O

Lemma 1.3 Let Q¢ be a projector onto ker Ac. Then, the matriz QL Ay
has full column rank if and only if the circuit does not contain a C'V -loop
with a voltage source.

PROOF. (=) We assume that the circuit has a C'V-loop with a voltage
source. Then, the columns of (Ay, A¢) are linear dependent (see Theorem
A.2). Consequently, there is a non-zero vector (z) such that

Ayvx + Acy = 0.

Consequently, QL Ayx = 0. Furthermore, x # 0 since the loop contains a
voltage source. Thus, Q% Ay has not full column rank.

(<) We assume that there is a non-zero vector x such that QL Ayz = 0.
Thus, Ayx € ker QF = im A¢. It exists a y such that Ayz+ Acy = 0. Since
x # 0, we have a C'V-loop with a voltage source.

O

As we will see later, the spaces ker (Ac Ar Ay)" and ker QL Ay will play an
essential role for the index determination. In order to be able to describe the
elements of these spaces in a simple manner, we introduce two new projectors.
Let Qcry be a projector onto ker (Ac Ar Ay)T and Qy_c be a projector onto
ker QL Ay. Additionally, let Qcry be chosen such that

ker Qcry 2 ker Qc. (1.20)

Such a choice is always possible since ker (A¢ Ag Ay)T Nker Q¢ = {0}.

The following lemma shows useful properties for a certain type of matrices,
that is important for later discussion of the network equation systems.

Lemma 1.4 For a positive definite matriz M € L(R™ R™) and any matric
N € L(R™, R¥), it holds

(i) ker NMN' = ker NT,
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(i) im NMNT =im N, and
(iii) im MNT @ ker N = R™.
ProoF: Ad(i) This is a simple consequence of the assumption that M is

positive definite.

Ad(ii) The relation im NMNT C im N is trivial. Considering (i), the equality
follows from

dimim N = dimker N*,  dimim NMN" = dimker NMTN™"
and the fact that M7 is also positive definite.
Ad(iii) Part (i) implies immediately that
im MNT Nker N = {0}.

Let an arbitrary y € R* be given. Because of (ii), we find an z € R* such
that
Ny=NMN"z.

Introducing 4, = MN'z and y, = y — MNTz, we get y = y; + y, with
y1 € im MNT and v € ker N.
([

With the collected facts in the lemmas before, we may proof the following
index characterization for network DAEs.

Theorem 1.5 Let the assumptions (A1)-(A3) be satisfied. Then, the DAE
(1.17)-(1.19) has index

(i) zero if and only if the network does not contain voltage sources and
from each node exists a capacitive path to ground (mass node);

(i1) one if and only if the circuit has not index zero and, furthermore, it
contains no LI-cutset and no C'V -loop with at least one voltage source;

(111) two in all other cases.

Remark 1.6 The theorem includes simple topological criteria for calculat-
ing the index of a network model. In contrast to the algorithm presented in
[Rei98], this approach provides a very cheap and reliable index determination
and has been successfully implemented as an index monitor in the industrial
code TITAN (cf. [EFMT03]).
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Proor. We follow the matrix chain concept of the tractability index. For
a short description of this approach see Appendix A.3. Recall the equation
system (1.17)-(1.19):

d . ) )
AC&QC(AE(% t)+ Arg(Age,t) + Apjr + Avjy = — Agig(t),

d .
a%(]bﬂ—/@@ = 0,
Ave = w,(t).

Ad(i) We have to check, under which conditions, the matrix

) AcC(ALet) AL 0 0
Go(Ale, jp,t) = < T L 0)
0 0 0

is nonsingular. Since C(-) and L(-) are positive definite, this is obviously
the case if and only if ker A}, = {0} and the zero rows and columns in Gy
disappear (cf. Lemma 1.4). Regarding Theorem A.3, the null space is trivial
if and only if the network has a tree containing capacitors only. But this is
equivalent to the assertion that each node has a capacitive path to ground.
The zero rows and columns in Gy disappear if and only if the circuit does
not contain voltage sources.

Ad(ii) The null space of Gy(+) is constant and has the form
ker Go(-) = ker AS, x {0} x R"V,

where ny denotes the number of V-branches in the network. For the matrix
chain, we need a projector onto this null space. We are given one by

Regarding
ARG(A’}I‘?/G,t)Aﬁ A Ay
BO(Ag'eLjLa t) = 7Arllj 0 0 )

T
AT 0 0

we arrive at

T AcC(ALe ) AL+ARG(ALe)ARQe 0 Ay
Gi(Age, ji.t) = -AfQc LGt 0 ). (1.21)
ATQc 0 0

Let z = <§§> be an element of the null space of G;(-). For brevity, we use

only a dot for the arguments if their values are not important. The choice of
z implies

(Qcze)™ 0 2F)Gi(-)z =0,
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which yields to 2l QLARG()ARQcz. = 0. Applying Lemma 1.4, we get
ARQcz. =0, (1.22)

since G(-) is positive definite. The last row in the equation G1(-)z = 0 reads
as ALQcz. = 0. Together with (1.22), we obtain

Qcze = Qcrv ze-
The first row in G1(-)z = 0 implies
AcC() ALz + Ay zy =0,
if we regard again (1.22). Consequently, QL Ay zy = 0, that means

2v = Qv_cav.

Now, it is not difficult to verify that

kerGi() = {z= (5@) D Qoze = Qorvze, 2v = Qu_c2v,
2z, = L7 ()ALQervze, Poze = — HG' () AvQv_czv} (1.23)

for Po := 1 — Q¢ and He(v,t) == AcC(v, )AL + QEQc. He(+) is positive
definite, since C(-) is positive definite. Due to Assumption (A3), the matrices

(AL, Ac, Ar, Ay)T and Ay

have full column rank (see Theorems A.1, A.2 and A.3). Consequently, we
have

ker AEQCRV =kerQcry and ker Ag@v_c = ker Qv _c.

Together with (1.23), we see that G (+) is nonsingular if and only if Qory = 0
and Qy_c = 0. But this is equivalent to the assertion due to Lemma 1.2,
Lemma 1.3, and the definition of these projectors.

Ad(iii) It remains to show that
GQ(AEQ, jL’ t) = Gl (Agea jLa t) + BU(Agea jL7 t)POQl (Agev jLa t)

is nonsingular, if Py = I — Qq and Q;(A%e, jr,t) is a projector onto the null
space of Gy(Ale, jr,t). Regarding (1.23), (1.20), and

PCHal(') = HEI(')Pg7
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it is not difficult to verify that

. QcRrv 0 —H;'(v,t) Ay Qv_c
Ql(U,],t) = L_l(j,t)AEQCRV 0 ~ 0
0 0 Qv-c

is a projector onto ker G1(v, j,t). Using this projector, we obtain

AL ()ATQcry 0 —ARG()ARPcHS () AvQv_c
BO(')POQl(’) = 0 0 —ATPcHZ'()AvQv_c
0 0 —ATHS () AvQv ¢
and
(;’2() —
AcC()AE+ARG(ARQe+ALL Y (VATQecry 0 Ay—ARG()ALPcHS' (VAvQy_c

-ATQc L(jrt) —ATPoHG () AvQv ¢
ATQc 0 —ATHZ' ()AvQv_c

Let z = (gé) belong to the null space of Gy(+). This yields to

0= (%0l ) Ga)z = (g pbdon= .

0 0QT_, y_cATHZ ()AVQv_cav

Applying Lemma 1.4, we get
AlQcrvze =0 and AyQy_czy =0,

since L71(+) and H;'(:) are positive definite. Note that the inverse of a
positive definite matrix is also positive definite.

Recall that the matrices (A¢, Ag, Ay, Ap)T and Ay have full column rank.
Consequently,

Qcrvze =0 and Qy_czy = 0.

Furthermore, 0 = Go(-)z = G (+)z and, hence,

== (87 ) <o,

QV—C’ZV

that means, G5(-) is nonsingular.
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1.2.2 Unique Solvability

Solutions of DAEs have not only to follow the flow given by the inherent
regular differential equation but also to satisfy constraints. It is well-known,
for index-1 systems, that these constraints are given by the derivative-free
part of the DAE. For higher index systems, certain hidden constraints have
additionally to be satisfied. They arise through the differentiation of parts
of the DAE. Using our structural information about the circuit systems, we
may formulate all constraints as follows.

The derivative-free part of the system (1.17)-(1.19) is obviously described by

QU[Arg(Afe.t) + Apjr + Avjy + Agig(t)] = 0, (1.24)
Ave—v,(t) = 0. (1.25)

We want to call these constraints index-1 constraints in the following. From
the section before, we know that a higher index (= 2) is caused by C'V-loops
and LI-cutsets. Correspondingly, the hidden constraints are caused by the
differentiations of the KVL equations of C'V-loops and the KCL equations
of LI-cutsets. Therefore, we need an additional smoothness assumption.

(A4) Let the charges go (v, t) of capacitors of C'V-loops and the fluxes ¢, (jr, t)
of inductors of LI-cutsets be twice continously differentiable. Further-
more, the input signals i,(t) and vs(¢) are assumed to be continuously
differentiable.

Then, the hidden constraints my be described by (see [ET00])

dqc

v cAVHT (VPE[Ac——(Ale, t) + Arg(Age, t) + Apjr,

ot
+ Avjv + Ari()] + Qy_cvi(t) = 0,(1.26)
Qb [ALL () (AFe — 2551, 0)) + Asil (1) = 0.0.27)

This becomes clear by the proof of the following theorem.

Theorem 1.7 Let the assumptions (A1)-(A4) be satisfied. Then, the DAE
(1.17)-(1.19), completed by an initial value satisfying all constraints (1.24)-
(1.27), is locally uniquely solvable.

Remark 1.8 The theorem shows, additionally, that an initial value is con-
sistent for the system (1.17)-(1.19) if it satisfies the constraints (1.24)-(1.27).
Recall that an initial value is called consistent, if it exists locally a solution
through this initial point.
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Remark 1.9 For the computation of consistent initial values, one only needs
to calculate a DC-operation point! in order to fulfill the index-1 constraints,
and solve, furthermore, a linear system to satisfy the hidden constraints (see
[Est02, Est00]). More precisely, if #”¢ is a DC-operation point, then the
value b R

Perve™™ + Qcorve

Lo = A
Py_cjP° + Qv_cjv
is consistent if Qcgry € is the unique solution of the linear system
QervALL (519 10) AL Qorve =
— . a(bL chu tO .
QE*RV {ALL 1(]50, to) (% — PepveP? ) — Arig(to)

and QV_Cj'V is the unique solution of
Qv_cAVHZ (AL 1)) AvQv_civ =

T DC
QU [AF 15" (45" 1) PE (4, XA 10

+ Arg(AFe™ to) + ApPC + Ariy(to) ) — vl (ko))

Indeed, a few technical computations show that xy constructed in such a way
fulfills all constraints (1.24)-(1.27).

Remark 1.10 Applying well-known solvability results for index-1 DAEs
(see e.g. [GMS86]) we obtain unique solvability for circuit systems which con-
tain neither LI-cutsets nor C'V-loops. However, most solvability results for
index-2 systems are not applicable since the considered DAE does not have
a Hessenberg structure.

PRrROOF: First, we rewrite the system (1.17)-(1.19) as the extended system

d ) . )
Acd—;]+AR9(A£€at)+AL]L+AVJV = — Asi(t), (1.28)
%—Afe = 0, (1.29)
Ale = w,(t), (1.30)
q = qC(Age,t), (1.31)
¢ = or(jr,t). (1.32)

1A DC operation point is a point satisfying the stationary network equations.
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Obviously, (e, jr,Jv) is a solution of the system (1.17)-(1.19) if and only if
(Q7 ¢7 €, jL7 ]V) with

QZQC<AE*€775)7 Qb:QbL(,]L,t)

is a solution of the extended system (1.28)-(1.32). The advantage of the
extended formulation is its special structure. It has a constant leading co-
efficient matrix and the higher index variables appear only linearly. More
precisely, we may formulate (1.28)-(1.32) as [Est00]

Az’ +b(Ux,t) + BTz = 0. (1.33)

for x = (¢, ¢, e, jr,jv), where T" and U are complementary projectors

0 0 0 0 0 I 0 0 0 0
0 0 0 0 0 oI 0 0 0
T=10 0 Qcrv O 0 , U=10 0 Pcry © 0 ,
0 0 0 0 0 o0 0o I 0
0 0 0 0 Qv_c 00 0 0 Pyc
and the matrices A and B are given by
Ac 0 0 0 O 0 0 0 0 AyQv_c
_ 0 I 0 0 0 _ 0 0 —ATQecry O 0
A= 0 0 0 0 0], BT =10 o 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
Finally, we have
Arg(ALPcrve)+ALjn+Ay Py_cjv+Aris(t)
—ATPcpye
b(Perve, jo. Pv—cjv,q,¢) = AT Po gy e—vs(t)
q—qc(AEPorvest)
¢—or(jL,t)

Note, that the projector T' represents a projector onto the space of the index-2
components N N .S(-) with

N =kerA, S(:)={z: b.()Uz € im A}.

The Theorem 2.4.6 of [Est00] implies that z is a solution of (1.33) if and only
if the initial value x satisfies the constraints given by the derivative-free part,
i.e.

W()b(U.To,to) = 07 (134)
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for
QL0 0 00
0 0 _0 00
e AT
Wy = 0 0QT 00 |,
0 0 10

and z is a solution of the index-1 system

(A+ Wi(Uz, t)(Kw, Wob),(Uz,t)) 2'(t) + b(Uz, 1)
+ BTz — Wib(Uz,t) + Wy (Uz, t)(Kw, Wob)s(Ux,t) = 0 (1.35)

for
Qfrv O 0 0 QCrvALL™()
0 0 0 0 0
Wi()=| o o QT o QL oATHZ ()Ac 0
0 0 0 0 0
0 0 0 0 0
and
QLy, O 0 0 0 QLg, O 0 0 0
0 0 0 0 0 . 0 0 0 0 0
KW1W0: 0 0 QF_o 0 0], W, = 0 0 QF_-. 0 0
0 0 0 I 0 0 0 0 0 0
0 0 0 I 0 0 0 0 0

Note, that W, is a projector along im A and W, is a projector along
im [A + (b, (Uz,t) + BT)Qo]

for any projector @y onto ker A. The condition (1.34) means exactly that x
fulfills the constraints (1.24)-(1.25). Consequently, it remains to show that
the index-1 system (1.35) has a unique solution.

For brevity, we rewrite (1.35) as

Az, t)2'(t) + bz, t) = 0. (1.36)
The leading coefficient matrix ﬁ:l(x, t) has a constant nullspace
ker A(z,t) = ker (A+ Wi (Uz, t)(Kw, Wob),(Uz,t)) = ker A

since A is constant. Furthermore, A(z,t) and b(x,t) are continuously differ-
entiable with respect to = and continuous with respect to t. Consequently
(cf. [GMS86]), the index-1 system (1.36) has a unique solution if and only if
xo is consistent for the system (1.36), i.e.

l:)(.’Eo, to) € im Z(IQ, to)
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Regarding all constraints (1.24)-(1.27), we obtain

PEARG(ATeoto)+PEALjLo+PE Avivo+PEAris(to)—-QCRVTALL=1(-)ATeq

—AE@Q

b(xo’ to) - Q¥ _ATHS' () PE(Arg(ALeo,to)+ALiLo+Avive+Aris(to))

0
0

= A(ZE07 to)y
if we choose y such that

y1 = —Afeo, Acys = PL(Arg(Ageo, to) + Arjro + Avivo + Aris(to)),
y3:07 y4:07 9520

Consequently, the system (1.36) and, finally, the system (1.17)-(1.19) have a
unique solution. O

Remark 1.11 The proof has shown that Qcgrye and Qy_cjy represent the
index-2 variables of the system. They are of importance when solving the
network equation systems (1.17)-(1.19) numerically since they are caused
by instability effects. We will present the details for that in Section 1.2.4.
Network topologically spoken, Qcrye and Qv _cjy represent the voltages of
LI-cutsets and currents of C'V-loops, respectively.

1.2.3 Perturbation Analysis

Our aim is to derive some statements about the feasibility, convergence and
stability of numerical methods applied to the circuit equation systems. All
problems are closely related to the question about the solution behavior of
slightly perturbed network equations. The following theorem gives detailed
information about the influence of small perturbations.

Theorem 1.12 Let the assumptions of Theorem (A1)-(A4) be satisfied and
a solution x. = (ex, jr., jv.) of (1.17)-(1.19) be given.

(i) Then, the perturbed initial value problem

dgc(ALe, t
AC%&M Apr(Ake) + Arji + Avjy + Ari(-) = 6., (1.37)
LsLEith’t) —Ale = 61,(1.38)

Ale—v = 6y, (1.39)
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combined with a consistent initial value xo = (eq, jro, jvo) S locally
uniquely solvable if the initial error |xg — x.(to)| and the perturbations

6lloc (for & := (0e,01,0v)). 1QCRYOtlloo: 1QV_cOy [l are sufficiently

small.

(i1) For the solution x = (e, jr,jv) of the perturbed system (1.37)-(1.39),
the inequality

o=zl < clldlloo+ 1@y 3L loot 1@ o0y llow-+lao—a. (t)]) (1.40)
is true for a constant ¢ > 0.
Remark 1.13 The theorem implies immediately that the perturbation in-

dex [HW91] of the network equation systems (1.17)-(1.19) does not exceed 2
and coincides with the differential as well as the tractability index.

PRrROOF: We want to apply Theorem 3.12 of [Tis96] to the extended system

d . . .
Ac—q + Arg(Afe) + Apjr + Avjv + Afi() = 4.,

dt
do
E—A%e = 5L,
Ale—v = by,
q—qc(Abe,t) = 0,
¢_¢L(jL,t) = 0.

The Theorem 3.12 of [Tis96] reads as follows. Let z, € {z € C([ty,T],R™):
Px € C([ty, T],R™)} be a solution of the index-2 tractable DAE

A(t)x(t) + g(z(t),t) = 0.

Further, let UQox. € C([to, T], R™) be fulfilled and let Q; as well as UQyG5 ' ¢,

be of class C'. If the structural condition

Qu(t)(I + gl 1) — (1)) T(H)Qo = 0

with

gla,t) = [U()Q + P (1)]G5 (t)g(x, 1)
is satisfied for all (z,t) with |z —x.(t)| < p, the perturbation ¢ is continuous,
and its part

q(t) = [U(t)Qo + PoQu(1)]G3 (t)q(t)
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is of class C', then the perturbed initial value problem

A)i(t) +g(z(1),t) = q(t)
PyPi(s)x(s) = wus € im PyPi(s), lus — PoPi(s)z.(s)| <7
lqlloo + 1l < o

is locally uniquely solvable for sufficiently small 7 and o. Moreover, the
inequality

const ([[gllsc + 11q'lloc + |us — PoPi(s)z.(s)])

is satisfied. For the definition of @), Py, @)1, P; and Gy see Appendix A.3
and use Gg := A.

Regarding Remark 3 on page 51 in [Tis96], the assumptions of the theorem
are satisfied since the space N N S(-) of index-2 components is constant (see
proof of Theorem 1.7). Considering that T'z appears only linearly in (1.33),
it turns out that besides the perturbation ¢ itself the derivative of the part
PyQ1(-)G5*(+)8 has an influence on the solution of the perturbed system. For
the system (1.33) we get

7C
0
P(): 0
0
0

QOO N~NO
[ el el R )
[ el e i)
oo oo o

Using the nonsingular matrix functions [ET00]

Ho(ALe,t) = AcC(Ale, )AL + QEQo
He Ac AL + QEQc
Hy(jr.t) = AbpyALL (i, t)ALQcrv + Pégy Pory
Hy o(Ate,t) = Qv_cAVHG (Abe,t)AvQv_c + PPy ¢

and
Po = PeAGH (VAVQu_cHy o ()QV_cAvHC (1) Ac
P, = AlQcrvH;'()QbrvALL (),
we obtain
Po 0 0 0 0
0 P, 0 0 0
Qi()) = 0 QervHL ' ()QEpyALLT!() 0 0 0
0 0 0 0 0
—Qv_cHy' Q¥ _ATHS'()Ac 0 0 0 0
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The nonsingular matrix G5 is given by

Ac 0 ARG(AL AL Ay

0 I -A7 0 0
Go() = 0 0 AT 0 0 ,
Pc+Qc 0 —C(MHAL 0 0
0o P 0 —L() 0
which leads to
0 0 PeAZHG (VAvQv-cHy (V@Y ¢ Po 0
1N _ | ATQervH;*()QL ., 0 0 0 Pp
. o) = L 2 L CRV
PQ:()Gy () 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
and the theorem is proven. O

1.2.4 Feasibility, Convergence and (In)stability of the
BDF Methods

Let again the assumptions (A1)-(A4) be fulfilled. We consider a partition 7
of a compact interval [to, T'| with the following properties.

Tito<ti <---<T, (1.41)
hmin < hn =ty —lh < hmaxa hmin > 07 n > 17

hy—
S S SRy n> 1

where k1 and ko are suitable constants such that the BDF methods are stable
for explicit ordinary differential equations (cf. [Gri83, GMS86]).

Then, the BDF method applied to network equation systems (1.17)-(1.19)
may be formulated as

k
1
AC'h_n ; O‘m’QC(Agem tn) + ARQ(A%%, tn)

+ Apjng + Aviny + Aris(ts) = One, (1.42)
k
1 .
h_ Z am’¢L(]nL> tn) - Agen = 5nL7 (143)
™ =0
Agen - Us(tn> = 5TLV' (144)

Here, §,, describes the perturbations on the n-th step for n > k, which is
caused by numerical computations including errors arising from solving the
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nonlinear equations (e.g. with a Newton-like method). Obviously, the system
(1.42)-(1.44) is equivalent to

k
1 )
AC’h_ Z Apidn + ARg(AEQYU tn) + AL]TLL
™ i=0

+ AanV + Alis(tn) = 57167 (145)
k
1
]’L_ Z Oém'(bn - Arj]_[:en == 5TLL7 (146)
™ i=0
ALe, —vs(ty) = 6ny, (1.47)
@n — qo(Aden, tn) = 0, (1.48)
Gn = Or(Jnpstn) = 0 (1.49)

if
Gn = qc(Alen, t,) and  ¢n = ¢r(jng, tn).

But the system (1.45)-(1.49) represents nothing else than the BDF method
applied to the extended system (1.28)-(1.32). Since the equations (1.48) and
(1.49) require only function evaluations, we don’t need to consider perturba-
tions in these equations. We denote the exact solution by z, and the local
truncation error (lte) by 7,,. Then, we may formulate the following feasibility
and stability result.

Theorem 1.14 Let the assumptions (A1)-(A4) be fulfilled. Supposed there
1s a constant ¢ > 0 such that the starting values satisfy the relation

o — 2ulta)l| < chay 0 <k, (1.50)

then it holds that:

(i) There are constants ¢; > 0 and r > 0 such that the BDF with

1QE Ry Onell +1QV _cnv |

|0n]] <1 forn>k and h

< ¢ forn >0,
is feasible for all partitions (1.41) with sufficiently small stepsizes, i.e.,
the nonlinear equations are solvable with x, € B(z.(t,),).

(11) Supposed there is a constant ca > 0 with

||6n|| S C2hn fO?" n Z ka
1Q8 Ry Onell + 1QF_couv]l < bl forn >0,
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we find a constant c3 > 0 such that the following error estimation holds:

max ||2,(t,) — n|| < 3| max ||z, (t,) — x,]|
n>k n<k

1QE Ry Onell + 1QV _cnv |
I '

+ max ||0,, — 7| + max
n>k n>0

PROOF: Since NN S(+) is constant and the errors QT 0. as well as QT _ - dy
reflect the errors in those constraints that have to be differentiated, we may
apply Theorem 4.2 of [Tis96]. Regarding the expressions for Q;(-) and Ga(+)
in the proof of Theorem 1.12, we obtain the assertion immediately. O

Remark 1.15 Theorem 1.14 shows that the BDF methods applied to net-
work equation systems are stable if the circuit does not contain L-I cutsets
and C-V loops. In general, they are weekly unstable.

Corollary 1.16 Suppose that the errors in the initial values are O(h¥) and
the errors in the Newton iteration satisfy O(h*) for all equations as well as
O(h**Y) for the equations

QLpy(ALjr + Afi(t)) = 0, (1.51)
QU _o(Afe—v(t)) = 0. (1.52)

Then, the k-step BDF method applied to network equation systems (1.17)-
(1.19) is convergent and globally accurate of O(h¥).

This is a simple conclusion from Theorem 1.14 if one regards that the errors
QL rv 0. and QF_ 0y correspond to the errors solving the equations (1.51)
and (1.52), respectively.

Remark 1.17 Since, the equations (1.51) and (1.52) are linear, they are
always solved quite accurately by Newton’s method. This explains that the
BDF method often works well in practice even for systems of index 2.

In the next chapter, we deal with modeling of semiconductor devices. Par-
ticular care is taken to the boundary conditions since they are important for
the coupling of network and device equations.
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Chapter 2

Semiconductor Device
Modeling

Considering the literature, one finds an enormous amount of books and pa-
pers dealing with semiconductor device modeling. We refer here only to
[Sel84, GG86, GG, MRS90, Wac91]. These contributions provide a compre-
hensive overview of the topic and focus onto the mathematical background.

Semiconductor device models describe the electron transport in the the semi-
conductor. In consideration of the degree of simplification one distinguishes
between quantum level transport and semi-classical transport completed with
balance equations. The first one yields the Schrodinger equation and the sec-
ond one leads to the Boltzmann equation. Simplifying the Boltzmann equa-
tion further by the method of moments [Sch90], one obtains the so called
energy balance equations (considering four moments) or the drift diffusion
equations (considering only two moments).

From the practical point of view, the interest in semiconductor device mod-
eling is to replace as much laboratory testing as possible by numerical simu-
lation in order to minimize the costs. Thus, mathematical models requiring
expensive simulations are not preferable. For most semiconductor technolo-
gies, the drift diffusion equations seem to represent a reasonable compromise
between computational efficiency and an accurate description of the under-
lying physics.

However with the increased miniaturization of semiconductor devices, one
comes closer and closer to the limits of validity of the drift diffusion equations.
The reason for this is, on one hand, that in ever smaller devices the free
carriers can not longer be modeled as a continuum. On the other hand,
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the drift diffusion equations are derived through a limiting process where
the mean free path of a particle tends to zero. Through miniaturization
this mean free path becomes larger and larger in comparison to the size of
the device. In addition, quantum mechanical effects play a more and more
important role in novel device structures.

Nevertheless, the drift diffusion equations remain an important tool since
microscopic effects not described by them appear only locally. Thus, the most
likely approach will be to use more sophisticated models only locally, and to
use the drift diffusion equations in the parts of the device where they are
sufficient to describe the physics (usually in the bulk of the semiconductor).

Therefore, we concentrate in Section 2.1 on the drift diffusion equations con-
sidered as an important model description for the device part in coupled
network and device simulation.

Regarding the coupling between network and device simulation, the type
of contacts between the semiconductor and the network has to be taken
into account. Usually, they consist of layers of metal, insulator, or other
semiconductors. This implies that the boundary conditions for the transport
equations in the bulk of the semiconductor have to be formulated in such a
way that the physical processes at the interfaces are described appropriately.
We will discuss them in Section 2.2, but for a more detailed description we
refer to [Sch90, Sze81].

Finally, we present the geometry and doping concentration for two typical
examples of semiconductor devices in Section 2.3.

2.1 The Drift Diffusion Model for Semicon-
ductor Devices

In this part we describe the drift diffusion model for semiconductor devices

including a brief derivation. For a more detailed discussion see e.g. [Sel84,
Sze81].

First, we introduce {2 to be a nonempty, open and bounded domain with a
regular boundary I' = 9 in RY with 1 < N < 3 such that Q describes the
range of the semiconductor inclusive its contacts.
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2.1.1 Current-Density Equations

The conductivity of semiconductors is strongly connected to the number of its
free charge carriers. As charge carriers, we have to consider not only electrons
but also holes. If a semiconductor atom lacks one of its valence electrons,
then it may attract an electron from another atom. This can be considered
as a movement of a hole from one atom to another one. Correspondingly,
holes are considered as positive charge carriers, whereas electrons are negative
charge carriers.

As the name of the drift-diffusion model already expresses, the current in
a semiconductor is mainly driven by drift and diffusion. The drift current
is caused by an electric field E that is present due to the existence of free
charge carriers. It is given by

qunnE  and  quppE

for electrons and holes, respectively. Here, g represents the elementary
charge. The variables n and p denote the concentrations of electrons and
holes, respectively. The electron and hole mobilities, y,, and p, are bounded,
strictly positive functions depending on semiconductor material, doping, tem-
perature and the electric field E.

The diffusion current is caused by a movement of charge carriers that aims
to compensate inhomogeneous concentrations. The diffusion current is pro-
portional to the gradient of the charge carrier concentration. More precisely,
we have

qD,gradn and — gD,grad p.

D,, and D, are called carrier diffusivities. In general, they are bounded,
strictly positive functions depending on semiconductor material, doping and
temperature.

In thermal equilibrium, the mobilities p,, p, and the diffusivities D,,, D,

related by

kT kT
D, =—upu, and D, = —p,
q q

for non-degenerate semiconductors. Here, T denotes the temperature and k
is the Boltzmann constant. The last equations are called Einstein relations.

Since the electric field E is related to the electrostatic potential V' by

E= —gradV, (2.1)
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we obtain for the current densities of electrons and holes

Jo = —qupngradV + gD, gradn, (2.2)
J, = —qupypgradV —qD,gradp. (2.3)

Note that one has to consider an additional current, if a magnetic field is
applied to the semiconductor. However, this is usually negligible for devices
included in integrated circuits.

2.1.2 Continuity Equations

The continuity equations describe particle conservation and are given by

—qomn +divJ, = ¢qR, (2.4)
@O +divJ, = —qR. (2.5)

Here, R describes the generation/recombination rate. There are several phys-
ical mechanisms causing generation and recombination of electrons and holes.
The main ones are phonon transitions, photon transitions, Auger (three par-
ticle) transitions and impact ionization. Corresponding to the different mech-
anisms, different models have been developed in order to describe the gen-
eration and recombination process. The mostly used models are Shockley-
Read-Hall recombination

np — n?
Tp(n +ni) + 7u(p + 1)

Rpsy =

Optic recombination
Ropr = COPT(HP - 7%2 ),

Auger recombination
Rau = (Cp¥n + CVp)(np — 1),
and impact ionization

[l —ap”‘]p“.

q q

Ry = —aoy,

Here, n; represents the intrinsic charge density. If the semiconductor is in
equilibrium, then np is constant and n; is defined by

2 _
n; = np.
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The factors 7,, and 7, reflect the average lifetimes of electrons and holes,
respectively. The constants CO'T, CAY and C2V have to be determined
by experiments. «,, and «, are the ionization rates for electrons and holes,
respectively. They may be approximated by

Ecrit Bn
o, = o, -exp _<E) ,

Ecrit Bp
a = a)-exp _<§?) .

with constants au,, oy, B, By, By and ES.

If all effects are present, then one simply adds up all rates such that

R = Rgsu + Ropt + Rav + Ri.

2.1.3 Poisson Equation

The transport equations (2.2)-(2.5) constitute equations for the concentra-
tions of electrons and holes (n and p) as well as the densities of electron
and hole current (J,, and J,). Additionally, the existence of these charge
carriers causes an electrical field. In order to obtain a self-consistent formu-
lation, the transport equations have to be completed by an equation that
determines this electrical field. This is given by the third Maxwell equation,
which relates the electric field to the electric charges. It reads

divD =p (2.6)

where D is the electric displacement and p is the charge density. The electric
charge is the source of the electric displacement. The electric field E is related
to D by

D=cE (2.7)

with the permittivity constant € of the medium if the medium is homoge-
neous. Inserting (2.7) and (2.1) into (2.6), we get

div (—egrad V) = o.

In a semiconductor, the local charge is composed of electrons, holes, donor
atoms and acceptor atoms. Thus, the charge p is given by

o=q(lp—n+Nj—Ny),
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where ¢ is the elementary charge, N/, the donor concentration and N the
acceptor concentration. Finally, we arrive at the Poisson equation

div(—egradV) =q(p —n+ N — Ny). (2.8)

The impurity atoms are assumed to be fixed in the semiconductor, i.e. N}
and IV, are independent of time and, thus, given as functions of the position.
This assumption is justified if the impurity concentrations are sufficiently
small. But it holds no longer true in case of high power transistors and high
power diodes.

2.1.4 Complete Drift-Diffusion Model

Summarizing the model equations (2.2), (2.3), (2.4), (2.5) and (2.8), we get
the drift-diffusion model equations

div (egradV) = ¢q(n—p— N), (2.9)
—om+ ¢ divd, = R, (2.10)
Op+div], = —R, (2.11)
Jn = q(Dpgradn — p,ngrad V), (2.12)

J, = q(— Dygradp — p,pgrad V). (2.13)

The unknowns are the electrostatic potential V', the electron and hole con-
centrations, n and p, as well as the current densities of electrons and holes,
J, and J,. Note, that J, and J, are given by (2.12)-(2.13). Thus, inserting
(2.12) and (2.13) into (2.10) and (2.11) yields to a system in the primary
variables V', n and p only.

The doping concentration N := N}, — N represents a given function de-
pending only on the position variable x. The sizes € and ¢ are constants.
The mobilities j,, and p,, as well as the diffusivities D,, and D, are bounded,
strictly positive functions. They may depend on position z (due to depen-
dency on doping) and on the gradient of the potential grad V' (due to depen-
dency on the electric field E. Finally, the generation/recombination rate R
may depend on n, p, J,, J, and grad V' corresponding to the applied model.

The system (2.9)-(2.13) represents a system of five coupled partial differential
equations. The Poisson equation (2.9) is of elliptic type. Regarding the
current density equations (2.12) and (2.13), the continuity equations (2.10)
and (2.11) are of parabolic type.
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Note that we assume a constant temperature. It is justified for applications
with low performance devices. In case of high performance devices, one has
to consider the temperature T as a variable. The drift diffusion equations
have to be completed by an energy balance equation (see e.g. [Wac95, Jin01,
AGHO02]). It is a future task to combine such energy models with the network
equations.

2.2 The Boundary Conditions

Semiconductors have essentially three different types of adjoining materials.
The contacts between the network and the semiconductor are usually layers
of metal. The second kind of bounding materials are insulators (e.g. oxide).
Finally, they may be bounded by other semiconductors. Such semiconductor-
semiconductor interfaces are called heterojunction. Here, we are interested
in devices with one semi-conducting material only and we do not consider
heterojunction.

The following sections are devoted to a brief explanation of the boundary
conditions connected with different types of interfaces. For a more detailed
description, we recommend the books [Sze81, Sel84, Sch90].

2.2.1 Metal-Semiconductor Contacts

Many semiconductor devices have low resistance or rectifying contacts. The
corresponding models are called Ohmic and Schottky contacts, respectively.
They have been established in many device simulation programs and we
want to consider such contacts here. Note that, in [Sch90], a new model
was presented for non-ideal contacts including tunneling effects (regarded in
Ohmic contact models) as well as thermionic emissions (regarded in Schottky
contact models) and generalizing both types of metal contact models. This
results, in general, in mixed boundary conditions which are coupled in a
highly nonlinear manner.

Ohmic Contacts

Ohmic contacts are characterized by a high doping of the semiconductor.
This implies a large band bending and a very thin barrier at the metal-
semiconductor interface. In this case, tunneling of electrons is the dominant
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transport mechanism. It leads to high current densities at low voltage drops
and, consequently, to a low resistance of the contact.

Since tunneling is not included in the drift diffusion equations describing
electron transport in the semiconductor volume, one should place the actual
boundary for the simulation domain at the end of the tunneling region. At
high doping concentrations, the tunneling length comprises the total deple-
tion region, and the boundary is placed at the depletion layer edge. Conse-
quently, we have charge neutrality at the actual boundary that means

n—p—N=0.
Furthermore, the electrostatic potential at the boundary is given by
V = Vip + Vi, (2.14)

where V,;, is the applied voltage and V4, is the so called built-in potential of
the semiconductor. The built-in potential depends on semiconductor mate-
rial, doping concentration, and temperature.

For very high doping (ideal ohmic contact), the resistance tends to zero which
implies [Sch90]

np = n;
with the intrinsic concentration n; depending on material and temperature.
This leads to Dirichlet boundary conditions for the electron and hole con-
centrations

1

n = 5(\/]\[2—1—471?—1—]\7), (2.15)
1

p = 5(\/N2+4n?—N). (2.16)

Schottky Contacts

Schottky contacts have a rectifying behavior. This is caused by low semicon-
ductor doping which leads to a slow weak band bending and a thick barrier
at the interface. Therefore, thermionic emission of electrons is the dominant
transport mechanism here.

In this case, the carriers crossing the interface have to overcome the barrier
height ¢p arising from the band bending. This implies

VZVap—i-Vi;,i-i-VB, (2.17)
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where V,,, Vi are as in (2.14) and

Vs = ¢B.
In zero order approximation, the barrier height ¢g is a constant, dependent

on the combination of the materials.

Denoting v as the unit outer normal vector on the contact, the boundary
condition for the continuity equations read as
Jo v = —qu,(n—ngp), (2.18)
Jp-v = quy(p—po), (2.19)
where v,, and v, are the recombination velocities depending on material and

temperature. The quantities ng and py are the quasi-equilibrium concentra-
tions. They depend on barrier height and temperature.

Note that we have Dirichlet boundary conditions for the potential V' and,
consequently, mixed boundary conditions for the concentrations n and p.

2.2.2 Semiconductor-Insulator Interface

As a consequence of Maxwell’s third law (2.6), we obtain as boundary con-
dition for the Poisson equation
ov oV;
g % — 8@5
where ¢ and ¢; are the dielectric constants of the semiconductor and the
insulator, respectively, and o is the surface charge at the interface.

:0‘7

Regarding the existence of surface recombination, we obtain

Jp V= —qReus and J, v = qRsus (2.20)
with

np — n?

—(n+n)+ -(p+p1)
for the continuity equations. Here, n and p denote the electron and hole con-
centration at the contact, respectively. The recombination velocities s, and
sp as well as the concentrations n;, pi, and the intrinsic carrier concentration
n; are parameters depending on the material of the semiconductor and the

effective doping. By v we denote the outer unit normal vector. If surface
recombination can be neglected, then we arrive at

Joov=0, J-v=0. (2.21)

Rsurf =
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2.3 Device Examples

This section is devoted to an illustration of geometry and doping for typical
semiconductors. We start with a p-n diode model which belongs to the basic
semiconductor devices. The second example describes a MOSFET (Metal
Oxide Semiconductor Field Effect Transistor). It is one the most important
semiconductor devices in chip industry since it can be used as a switch that
needs almost no power.

2.3.1 Diode

A diode is a semiconductor element that has rectifying properties. The cur-
rent flows mainly in one direction. In Figure 2.1, an example of a p-n diode is
depicted. Here, Q7 /Q~ represent the positive(p)/negative(n) doping regions
of the diode. T’y and TI'y constitute metal contacts connecting the semicon-
ductor with the network. Depending on the doping, they are of Ohmic or
Schottky type. The rest of the boundary of the diode can be considered as
electrically neutral.

Figure 2.1: Two-dimensional cross section of a p-n diode

If the applied potential at I'; is lower than the potential applied to I's, then
electrons from Q~ and holes from Q" accumulate at the boundary between
Q~ and Q7. Consequently, negative charge carriers from the n-region move
to the p-region, positive charge carriers from the p-region move to the n-
region and a significant current flows through the diode. It usually increases
exponentially with an increasing voltage difference. However, if the applied
potential at I'; is lower than the potential applied to I's, then the depletion
zone at the Q7 /QF boundary is enlarging. Only a few free charge carriers
are situated there and the current flowing through the diode is almost zero.
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2.3.2 MOSFET

A MOSFET (Metal Oxide Semiconductor Field Effect Transistor) is used as a
switch for digital circuits. Figure 2.2 shows a two-dimensional cross section of
an n-channel MOSFET. Q; /Q" (i=1,2) represent again the negative/positive
doping regions. The n-regions 2, are usually highly doped. The p-region QF
has a lower doping concentration. Source and drain are always Ohmic metal
contacts. Depending on technology, the bulk contact may be an insulator
or a Schottky metal contact. The gate interface accomplished by the oxide
layer constitutes a metal-insulator-semiconductor contact. The rest of the
boundary can be considered as insulating boundaries.

gate
oxide _
source drain
Q, Q,
+
Q
bulk

Figure 2.2: Two-dimensional cross section of a MOSFET

Application of a sufficiently high voltage at the gate contact creates a large
electrical field in a channel normal to the oxide layer surface (see Figure 2.3).
Consequently, electrons from Q7 are accumulated in a thin channel close to
the oxide layer. Although Q" has a positive doping, the electron density
dominates the hole density in this channel. Therefore, it is called inversion
layer. Applying a voltage between source and drain makes the charge carriers
moving towards the drain along the channel and parallel to the oxide layer.
Finally, a current moves from source to drain. Thus, the source-drain current
can be switched on and off by applying different voltages to the gate.
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ate
+ 8

+

+ 4+

Figure 2.3: MOSFET channel for charge carrier transport if a high potential
is applied to gate.

The next chapter is devoted to the coupling of the network and device model
equations. On the one hand, the boundary conditions of the semiconductor
equations depend on the node potentials of the network. On the other hand,
the network currents flowing through a semiconductor depend on the current
densities for holes and electrons as well as the gradient of the electrostatic
potential of the semiconductor.



Chapter 3

Coupling of the Network and
Device Model Equations

From the engineering point of view, the coupling of network and device sim-
ulation is not a new task (see e.g. [ELD82, MP92, LSK*96, Sch96, ESTZ96,
Rot00]).

In contrast, the mathematical analysis of coupled network and device model
equations represents a very young research field. First results have already
been obtained in [Gré87] and [GG89]. In [Gro87], a semiconductor connected
to a resistor has been considered. In [GG89], the connection of a semicon-
ductor with a simple circuit has been studied. Simple means here that the
currents entering the semiconductor may be expressed by a function of the
applied voltages. In both cases, the network is treated as a special boundary
condition for the semiconductor. This approach fails if more than one device
belongs to the network. This is, in particular, the case for integrated circuits.
However, as we will see later in this chapter, the approach may be extended
by a modification of the considered operator equation.

More recently, networks containing uniform lossy transmission lines have
been investigated in [Glin01b] and [GiinOla]. The resulting equation systems
represent also coupled systems of differential algebraic equations and partial
differential equations. In contrast to the case here, the PDEs are of hyperbolic

type.

To the authors knowledge, an existence analysis for integrated networks con-
taining semiconductor device models has only been developed in [ABGT02].
There, the stationary drift diffusion model for diodes has been considered.
Here, we are dealing for the first time with the instationary case.
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For brevity, we will consider a network that contains exactly one semicon-
ductor first. One can simply verify that the following arguments remain
true if one considers a network with several semiconductors. At the end
of Section 3.3, we will formulate the coupled system for networks with ng
semiconductors.

3.1 The Coupling Conditions

As we have seen in Chapter 1, the network equations for linear electric net-
works including capacitors, inductors, resistors, independent voltage and cur-
rent sources are described by

qu(Age, t)
o———"=

A T + Apg(Age,t) + Arjr + Avjy + Aris = 0, (3.1)
d ir,t
LL&?’ ) _ate — 0, (32

Ale—v, = 0. (3.3)

The unknowns are the nodal potentials e, the currents of inductors j;, and
the currents of voltage sources jy,. The matrices Ac, Ar, Ar, Ar and Ay are
constant and span the incidence matrix. Thus, they are constant and have
the entries —1, 0, and 1 only. Finally, 75 and vs are input functions of time
only. The small s shall indicate that the input functions describe wave forms
of sources.

Equation (3.1) represents the KCL for each node except the mass node.
Equation (3.2) and (3.3) describe the element characteristics of inductors
and voltage sources, respectively.

The task is now to include the semiconductor device that is described by
the drift-diffusion model. Consequently, the currents of the semiconductor
device have to be added to the KCL equation (3.1). We denote the vector
of all branch currents leaving the semiconductor device by js. Let bg be
the number of terminals of the semiconductor. Again, n is chosen to be the
number of all nodes of the network. Furthermore, the mass node has number
n. Then, we introduce the matrix Ag € L(R? R*"!) with the entries

(3.4)

. 1 if the current jg, enters node ¢,
ik ‘=
' 0 else.

This way, the matrix Ag describes the incidence of currents of the semi-
conductor device. However, it differs from the other incidence matrices Ay
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(N corresponds to one of the basic network elements) by the fact that each
column contains only entries 1 but no —1. We arrive at the system

AT
A dgo(Age, t)

T + Arg(Ap. t)e + Arjr + Avijv + Agjs + Ariy = 0, (3.5)

der(jr,t)

E = Afe = 0,(36)

Ave—v, = 0.(3.7)

In Chapter 2 we have seen that the semiconductor equations are given by

div (egrad V) = ¢q(n —p— N), (3.8)

— O + é divJ, = R(n,p,Jn,Jp), (3.9)
O+ divd, = —R(n,p, Ju, Jp), (3.10)
Jn = q(Dpgradn — p,ngrad V), (3.11)

J, = q(— Dygradp — p,pgrad V). (3.12)

Here, the unknowns are the electrostatic potential V', the electron concen-
tration n, the hole concentration p, the electron current density J,, and the
hole current density Jj,.

How are the device equations (3.8)-(3.12) connected with the network equa-
tions (3.5)-(3.7)7 This depends on the kind of contacts. We have to dis-
tinguish between metal-semiconductor contacts and metal-insulator—-semi-
conductor contacts. For example, a MOSFET (see Section 2.3.2) has usually
three metal-semiconductor contacts (source, drain, bulk) and one metal—
insulator-semiconductor contact (gate).

We consider metal-semiconductor contacts first. Let ', be a metal-semi-
conductor contact. The index k shall indicate that this contact represents
terminal & of the semiconductor. Then, the current flowing through terminal

k is given by
jsk = / Jtot sV dO'.
I

Jiot Tepresents the total current density and v is the outward unity normal
vector of I'y,. In the semiconductor we meet three types of currents: the
current of electrons, the current of holes, and the displacement current caused
by the electrostatic potential. Consequently, the total current density is given
by

Jiot = Jp + Jp — €0y grad V.
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This implies
Js, = / (Jo+ Jp —e0rgradV) - v do. (3.13)
Tk

Note that the displacement current disappears if one considers the stationary
case only. But it can not be neglected in the non-stationary case in order to
guarantee charge conservation. See Section 3.4 for more details about this.

The semiconductor current represents only one part of the coupling. The
other part is given by the boundary condition for the electrostatic potential
V. Regarding the results in Section 2.2, we find that

Vi(z,t) = Vop(t) + W(x) on I'y (3.14)
where
W(x) = Vii() for Ohmic contacts,
Vhi(x) + Vg for Schottky contacts.

Here, V,,(t) is the applied potential at time t. It equals e;(t) if terminal k&
(corresponding to I'y) enters node number j. Regarding equation (3.4), we
find that

Vio(t) = 0 if terminal k£ enters the mass node,
P L aTe(t)  else

for a} := (A, ..., n_14). Introducing the vector c(z) = (c1(z), ..., cps(T))
with the entries

er(v) = 0 else

{1 if  belongs to I',
we may write equation (3.14) as

V(z,t) =c(z) ASe(t) + W(z)  onT. (3.15)
We turn to metal-insulator-semiconductor interfaces (see Figure 3.1). Let I’
denote the boundary between the semiconductor and the insulator. Further-
more, we denote the boundary between the metal and the insulator by I'yy.

Since the insulator is free of charge carriers, the particle current normal to
the boundary equals zero, that means

(Jo+Jp)-v=0

on ['y and on I'yy. Consequently,

Js, = —/ e, Oy grad Vi, - v do,
Tar
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metal
|

insulator tv h,

semiconductor

Lk

Figure 3.1: Metal-insulator-semiconductor interface

where Vj, represents the electrostatic potential V; in the insulator. Due to
the absence of charge carriers, we get

AVy, = divgrad Vi, = 0. (3.16)

If the thickness h; of the insulator is sufficiently small with respect to the
length (in R?) or diameter (in R?) [ of the insulator, we may assume that
Vi varies in the direction of v only. Consequently, we may solve the Poisson
equation in one dimension in the insulator. It yields

grad Vig(z + hyv, t) - v = grad Vig(z, t) - v

and
Vik(x + hgv, t) = Vig(x, t) + hpgrad Vig(z, t) - v (3.17)

for all x € I';,. We know from Section 2.2 that
egradV - v —epgrad Vi - v = oy, (3.18)

for all x € I'y. Regarding that the surface charge o4 on I'y depends only on
the material (i.e., not on time), we get

eir Oy grad Vig(z + hyv,t) - v = e Oy grad V' (z,t) - v

for all x € T';, and, finally,
Js, = — / e gradV - v do. (3.19)
g

It remains to determine the boundary conditions for the potential V. Using
(3.17) and (3.18), we get

h
Vik(x,t) = Vig(z + hyr, t) — E—k(egrad V(z,t) v —og).
ik
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At the metal contact, the potential is given by
‘/ﬂc(x + hkl/, t) = Vap(t) + %I(I)

for all z € T'.. Here, V}; denotes again the built-in potential of the semicon-
ductor which depends on the material, on doping and on temperature. The
applied potential reads again as

Vap(t) = c(z) - Afe(t). (3.20)
Using the continuity of the potential at 'y, that means
‘/lk(l‘,t) = V(l‘,t) on Fk,

we get

h
V(x,t) = Vap(t) + Vii(z) — i(ggrad Vi, t)-v—oy).

Equivalently, we have mixed boundary conditions
egrad V(z,t) - v+ a(x)V(x,t) = a(z)Vap(t) + 6(2)

with
ax) == % and ((x) = o + aViy Va ey
k

Regarding (3.20), we get

egrad V(z,t) - v + a(z)V(x,t) = afz)e(x) - ALe(t) 4 5(x). (3.21)

Note that for short channel transistors, the thickness of the insulator is not
sufficiently small with respect to the length. In this case, one has solve the
Poisson equation in the insulator numerically. More precisely, we would have
to add equation (3.16) to the coupled system and to complete the model by
corresponding boundary conditions. This would be also necessary if particle
currents in the insulator can not be neglected (e.g. for MIS tunnel diodes).

Since we are more interested in the analysis of the device-network coupling,
we shall concentrate on the case where (3.19) and (3.21) are satisfied. We do
not expect fundamental differences for the case where the system is extended
by the Poisson equation for the insulator.
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3.2 Charge Conservation

As mentioned before, the presented device model is charge conserving. In
fact, we have

div (J, + J,) = q(On — Orp)
if we add the continuity equations (3.9) and (3.10). Additionally,

div (e 9y grad V') = q(0yn — Oip),

if we differentiate the Poisson equation (3.8) with respect to time. This
implies
div Jyoy = div (J,, + J, —ecOrgrad V) =0

and, by Gauss law,

d
—Q: Jtot'VdU:/diVJtot dr = 0.
dt T Q

Furthermore, we get for the sum of all currents leaving the semiconductor

stk = Z /F (Jo+Jp—cOrgradV) v do
k k

k
I'yCl'oUl'g

— Z /58tgradV~Vda:j§Jtot~VdazO.
. Ty r

Iy Clv

This means, that the current flowing through one terminal of the semicon-
ductor may be described by the negative sum of the currents flowing through
the other terminals. We choose one terminal (usual the bulk terminal) and
call it the reference terminal. We delete the current of the reference terminal
from jg and denote the resulting vector by jg. This implies

Agjs = Asjs

if the entries of the matrix Ag are defined as

1 if the current jg, enters node 7,
a;r = § —1 if the reference terminal is connected to node i,
0 else

fori=1,...,n—1and k =1,...,bg — 1. Recall that n is the number of nodes
of the network and bg is the number of terminals of the semiconductor.
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This way, Ag has the same form as the other incidence matrices Ay for

N € {C,R,L,V,I}. Including the row for the mass node, each column of Ag

has exactly one 1 and one —1. Finally, we have

dqgc(Ale,t)
dt

instead of equation (3.5). Regarding (3.13) and (3.19), we obtain

Ao + Arg(Age,t) + Apjp + Avjy + Asjs + Ariy =0 (3.22)

jg = /[(Jn +J,)-vx1 —edigradV - v x| do (3.23)
r

if the vector valued functions x; and x» are defined as

1 ifze I'y and I', C (FO Urs),
Xi(z) =

0 else,

1 lf[L'GFk and Fkg (FOUFSUFMI),
X2k =
0 else,

and

Jovi(z) dz
/v(m) dz := :
: Jp vm(z) d

for any vector valued function v with v(z) € R™.

Note that, in case of several semiconductors, one has to choose one refer-
ence terminal for each semiconductor and to follow the procedure for each
semiconductor.

3.3 Complete Coupled System

At this point, we have all informations collected in order to formulate the
complete coupled network-device equation system. We have seen that the
coupling conditions depend mainly on the kind of contacts of the device.
Therefore, we introduce I'p, I's and I'yp as the unification of all Ohmic
contacts, Schottky contacts and metal-insulator contacts, respectively. The
remaining boundaries Iy do not have a connection to the network and are
considered as ideal insulating materials. As usual, we denote the whole
boundary of the semiconductor by I', that means

'=ToUl'sUl'yy UTT.
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We start with the network equations (3.22),(3.6)-(3.7)
dqgo(Ae,t)

A
ST

+ Apg(Age,t) + Arjr + Avjv + Asjs + Aris = 0,(3.24)

der(jr,t)

n — AJe = 0,(3.25)

Abe — v, = 0.(3.26)

The unknowns e, j; and jy depend on time ¢ only. The next part is given
by the semiconductor equations (3.8)-(3.12)

)
div (egrad V) = ¢q(n —p— N),

(3.27)

— o + é divJ, = R(n,p,Jn,Jp), (3.28)
O+ divd, = —R(n,p, Ju, Jp), (3.29)
Jn = q(Dpgradn — p,ngrad V), (3.30)

J, = q(—Dpgradp — p,pgradV). (3.31)

Here, the variables V', n, p, J,, and J, depend on position z and on time ¢.
The third part describes the semiconductor current as follows (see (3.23))

jg = /[(Jn +J,) - vx1 —e0gradV - v xs| do. (3.32)
r

The fourth part consists of the boundary conditions for the Poisson equation
(3.27), which depend on the network potentials e. Considering (3.15) and
(3.21), we find

V = ¢ - Ale+W on I'o UTs, (3.33)
ggradV -v+aV = ac- /Alge + 0 on 'y, (3.34)
gradV-v = 0 on I'. (3.35)

Recall that the entries of ¢ satisfy

1 if x belongs to I'g,
(@) = 0 else

Finally, the system is completed by the boundary conditions for the continu-
ity equations (3.28)-(3.29) (see Section 2.2)

n = \/N2+4n? +N), p=3i(y/N?+4n?—N)onTlo, (3.36)
Jn-v = —qu(n—mng), Jp-v=qu,(p—Dpo) on I's, (3.37)
Jn Vo= - quurf<n7p)a Jp V= quurf(nap) on FMIa (338)
Jp-v =0, J,-v=0 on I'r.  (3.39)

Obviously, they are not directly coupled to the network.
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Remark 3.1 If the network contains ng > 1 devices described by the drift-
diffusion equations, then V, n, p, J,, J, are vector valued functions where
Vi, mi, i, Jin, Jip are the unknowns corresponding to the semiconductor
with number | (1 <[ < ng). In this case, equations (3.27)-(3.39) are to be
understood as ng times given, i.e. for each set of unknowns Vi, ny, pi, Ji,,, Jipy
(1 S ) S ns).

We have not specified initial conditions yet. Due to the constraints in the
network equation system, we may not specify initial conditions for all vari-
ables. Since the constraints are in implicit form and since they involve not
only network variables but also device variables, it is not a trivial task to set
up correct initial conditions in advance. However, we will see later in this
Chapter that the coupled system may be written as an abstract differential
algebraic system (ADAS). This will allow us to apply the index concept for
ADAS (see [LMTO01]), which yields a formulation of suitable initial conditions
for the coupled system.

3.4 Homogenization

Considering existence results and Galerkin approaches for partial differential
equations, Dirichlet boundary conditions are usually treated by a suitable
choice of a function space as solution space. In our case, the boundary
conditions (3.33) and (3.34) for the Poisson equation depend on the node
potentials that are described implicitly by the network equations. But an
implicitly given function space is not very handy. Therefore, we shall ho-
mogenize the conditions (3.33) as follows.

If the semiconductor has bg terminals, then let the terminal bg be the ref-
erence terminal. We choose smooth functions fi(z), ..., frs—1(x) defined on
whole (2 such that

1 if x bel tol', C(Toul'sull
fi(w) = if 2 belongs fo I': € (F'o U I's U Tha) (3.40)
0 if x belongs to (FO U FS U FMI)\Fk
and, additionally,
grad f, - v =0 on T (3.41)

for k = 1,...,bs — 1. For common geometries, one should always find such
smooth functions. If f(z) = (fi(z), ..., fys—1(x))" and the reference terminal
'y, enters node j, then we get

C'A§6:6j+f'Ag€ on FOUFSUFMI.
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Furthermore, let g be a smooth function on whole €2 such that

g=W on I'o UT'g (3.42)
and
gradg-v =0 on I'yy UTY. (3.43)
Introducing
V(w,t) = V(z,t) = e;(t) = f(x) - Age(t) — g(a), (3.44)

we get, for the boundary conditions (3.33)-(3.35),

V =0 on Fo U Fs, (345)
egradV.-v4+aV = 3 on Iy, (3.46)
gradV-v = 0 on I'f, (3.47)

with 8 := 3 — ag — egrad g - v. Furthermore, the node potentials e appear
in the Poisson equation (3.27) and in the current-density equations (3.30)-
(3.31). More precisely, we have

div (egrad V) = g(n — p — N) — div (egrad (f - ALe + g)) (3.48)

as well as
Jo = q(Dpgradn — p,ngrad (f/ + f-ASe+9)), (3.49)
J, = q(— Dygradp — pypegrad (V + f - Afe + g)), (3.50)

As mentioned in Remark 3.1 V, n, p, J,, J, are vector valued functions if
the network contains ng > 1 semiconductors. In the following, we will use
the notation Vi, ny, py, Ji,,, Jip for the unknowns of the semiconductor with
number [ (1 <1 < ng). All equations in variables with the index [ are to be
understood as given for each [ =1, ..., ng.

Summarizing all equations we arrive at the homogenized coupled system
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dgc(Afe,t)

A
Tt

+ Arg(ARe,t) + Apj + Avjy + Agjs + Arig=0, (3.51)

dor(jr,t)

m — ATe=0, (3.52)

Ale —v,=0, (3.53)

div (g,grad V)) = q(ny — py — N;) — div (gigrad (f; - ALe + g1)),(3.54)
— Oy + %diV Jin = Ri(nu, i, Ji, i), (3.55)
atpl + % div le = - Rl<nl7pl7 Jl'ru le)7 (356)

Jin = q(Dugradn; — pun grad (V; + fi - Aze + 1)),
Jiy = q(—Dpgradp, — pupigrad (Vi + fi - Age + 1)), (3.58)

Js; = / [(Jin + Jip) - v X1 — €10 grad V; - v x2) do, (3.59)
V]
f/l =0 on FlO U FZS; (360)
€ gradf/l vV, = Bl on ', (3.61)
gradVi-v = 0 on I'y, (3.62)
n = %(\/le +4nZ + Ny), p = %(\/le +4n? — N;) on T'o,(3.63)
Jin v = —quulny —no), Ji,-v=qua(p — po) on I's, (3.64)
Jin v = —qRiswt(n,p),  Jip -V = qRisure(ni, m1) on I'pr,(3.65)
Jip-v = 0, J,-v=0 on I'y. (3.66)

In the following chapter we want to study the solution behavior of equation
systems like the coupled system described above. Furthermore, we are in-
terested in numerical solutions. For a systematic treatment, we prefer to
formulate the coupled system as an abstract differential equation system in
Hilbert spaces. Due to the constraints of the network, we will call it as
abstract differential algebraic system (ADAS) or abstract DAE. Obviously,
there exist several formulations as ADAS. In the next two sections we will
develop two of them which we will investigate in Chapter 4 in detail. The
first approach follows the standard/classical way. The second one formulates
the system as variational equation.
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3.5 The Coupled Problem as Abstract DAE

The intention of this section is to formulate the homogenized system (3.51)-
(3.66) as an operator equation of the form

A%D(u(t),t) Y But),t) =0  forall t € [to, T] (3.67)

where A, B(-,t) and D(-,t) are operators acting in Hilbert spaces X, Y and
Z as follows:

A: Z =Y, B(-,t): X =Y, D(,t): X — Z. (3.68)

The interesting case is A not bijective on the whole interval [to, T]. Therefore,
systems of the form (3.67) are called as abstract differential algebraic systems.
We shall discuss these systems in Chapter 4.

Regarding the homogeneous Dirichlet boundary conditions (3.60) for the po-
tential V on I'g U I's, we are looking for solutions

u<t) = (6(t)7jL(t)vjV(t)ij(t)v ‘7<7 t)v n('v t),p(', t)v Jn(? t), Jp('? t))

9
for the coupled system (3.51)-(3.59) that belong to X = ‘)_(1 X; with

X, =R"!, X,=R™, Xs=R", X,= lgiil RFi-1
X5 = {U < lzil HQ(QI) LU= 0 on FZO U FlS};
Xo=Xr = X HY(@), Xo=Xo= X H(div; ).

Here, n, nr, ny and ng denote the number of nodes, inductors, voltage
sources and semiconductors, respectively. Furthermore, k; and €2, are the
number of terminals and the space region of the semiconductor with number
[. We need higher regularity for V' since we have to evaluate the gradient of
V' at the boundary for the determination of the semiconductor current jg.
Furthermore, we choose

Y o= X0k X x X x (X La() % X,
Z = R x Xy x Xy % (2 HY (),

where no denotes the number of capacitors in the network.
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We can write the coupled system (3.51)-(3.59) as abstract differential alge-
braic system of the form (3.68) with

A0 0000

0 1000

0 0000 qc(Afuat)

o 0 0000 _ ér(u2t)
A=1 00070 |, Dut)= s, ,

0 0000 e

0 0000 L

0 0700

and
Arg(ATu1,t)+Apus+Avus+Asus+Aris(t)
fA}ful
AT u1—vs(t)
div (e;grad us;) —q(ugr—ur—N;)+div (;grad (f1- AT u1+g1))
1 ..
B(u7 t) = 3 div ug;+ Ry (uer,uri,usi,uor)
1 ..
7 div ugy+ Ry (uer,urr,ugl,ugr)
ug;—q(Dpgrad ug —pinupigrad (us;+ fi- ATu1+g;))
ug;—q(—Dpigrad ur —ppiurgrad (usi+ fi-ASui+g;))
ugqy—t2 (ugr+ugr)
where

Tv = /elgradv-uxlgda,
V]

T = /v-yxllda.
Iy

In the matrix notation of D(u,t) and B(u,t), all lines containing variables
with the index [ are to be understood as given for each semiconductor
[ =1,...,ng. Correspondingly, the dimension of the identity operators in
A is chosen such that it suits to D(u,t). In the next section, we will formu-
late the generalized problem corresponding to the coupled system. For the
generalized formulation, we can apply the Galerkin method which is investi-
gated in the next chapter.

3.6 The Generalized Problem of the Coupled
System

The intention of this section is to formulate the homogenized system (3.51)-
(3.66) as an operator equation of the form

A%D(u(t),t) Y Bu(t),t) =0  forallt € [t, ] (3.69)



3.6 The Generalized Problem 59

where A(t), B(-,t) and D(-,t) are bounded operators for all t € [to, T.

Let €; again be the domain of the semiconductor with number [/, a bounded
region in RY with a regular boundary. Following the idea of generalized
problems for partial differential equations (see e.g. [Zei90b]), we have to do
the following steps.

(i) For each partial differential equation, define a suitable space of test
functions.

(ii) Multiply the partial differential equations by a test function, integrate
over the domain €2 and use the integration by parts formula.

(iii) Multiply each equation of the network system by a test real value.

(iv) Build the sum over all resulting equations.

We denote again by u all unknowns, i.e.

up=e, Uy=Jr, U3=7Jy, Uy =Js;, Us =V, Ug =1y Uy =P

forall I =1,...,ng. Jj, and J, are considered as functions of n;, p;, grad n,,
grad p; and grad V; in the following.

Ad(i) Due to the boundary condition (3.60) for us, a suitable space of test
functions for the Poisson equation is given by

Vs = {U € ;)l_gl Hl(Ql) cy=0onTj)pU FlS}-

Although we have used the letter V already for the potential, we want to use
it also for the space of test functions since it is very common in literature.
Due to the context, it should always be clear whether we mean the potential
or the space.

Considering (3.63)-(3.66) for the continuity equations, we choose

Ve=Vi={ve l)_flﬂl(sz,) . =0 on o).

Ad(ii) Multiplying the Poisson equation (3.54) by vs € Vs, integrating over
(), using the integration by parts formula, regarding the boundary conditions
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(3.61)-(3.62) and the choice of f, g (see (3.40), (3.43)), we obtain

/ gigrad us; - grad vs; do + / aqusvs; do
)

Pivr

+/ q(uGl — U7Z)U5l dx —|—/ glgrad (fl . AEUU) : grad Ust dz
97} )

= / gNvs; do — Bys, do — / gigrad g; - grad vs, dx (3.70)
97} Q

NIV

for all v5 € V5 and | = 1,...,ng. Regarding the current density equations
(3.57)-(3.58) as well as the boundary conditions (3.64)-(3.66) for the conti-
nuity equations, we get analogously, for all vg € Vi, v; € Vo and [ =1, ..., ng,

/ Opugvg dx + %/ Jin - grad vg; dx +/ Vi (ugr — myo )vgr do
9] ] Iis

= — | Ri(uer, ur, Jin, Jip)ver dz — | Risure(uer, un)ve do (3.71)

Q Toivr
and

Opugvy do — l/ Jip - grad vy do +/ Vip(un — pro)vn do
Q

q
9) Iis

= —/ Ry(ugr, wri, Jin, Jip) v dﬂﬂ—/ Rigur(uer, uz)vy do (3.72)
Q

T
with
Jin = q(Dimgradug — punue grad (us + fi - Agur + 1)), (3.73)
le = q(—Dlpgrad U7 — HipUr grad (U5l + fl . Agul -+ gl)) (374)
Ad(iii) The network equations (3.51)-(3.53) yield to

dgc(Afuy, t)

vi Ac + v} Apg(Afui,t)

dt
+ ol Apug + ] Ayus + vl Agug = — vy Apig(t), (3.75)
d t
UQT% = vy ATy, (3.76)

vy Abuy = v3vg(t), (3.77)
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for all v; € Vi :=R" ! vy € V, := R and v3 € V3 := R". Recall that i
and v, are input functions depending on time only. Finally, equation (3.59)
implies

Vg = v:fl/ [(Jin + Jip) - v xin — €1 0rgrad us; - v xp2| do (3.78)
Iy}

for all vy € V := l)_gl RF1andl=1,...,ng.
Ad(iv) We introduce the function space
Vi=VixVoxVaxVyxVsx Vg x Vo

Considering the boundary conditions (3.63) we are looking for solutions that
belong to the affine space u € V + u where

g}
I
oo ocoo

3
19}

and 7,p € X H(Q) with

=1\ NE+4n2 + N),  p=L1(/N2+4nk — )

on [')p for all I = 1,...,ng. Here N; and n;; denote the doping concentration
and the intrinsic charge density of the semiconductor with the number [.
Additionally, we introduce

—_

Z = R" xR™ x V, x Vg x V&,
H = R xR™ xV, x ;ifl Lo() % ;55 Lo ().

=1

Then, Z equipped with the norm
ng

o =l Dol + ol 4 3 [ Gl lgradzal + 2+ grad ) o
1=1 /S

forms a real, separable, and reflexive Banach space. Here, || - || denotes the
Euclidean norm. Furthermore, H equipped with the scalar product

ng
(2|2)m = Zr 21 + 23 20 + 22 23 + Z/ (Zyza + Zsizs)dz VzZ,ze H
1=1 7S
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forms a real, separable Hilbert space. Additionally, Z C H C Z* represents
an evolution triple. Note, that the notation Z is used for an other element of
H only. It does not mean the conjugate complex of z. We are dealing with
real spaces here.

Building the sum over the equations (3.70)-(3.78), we arrive at the operator
equation

d
A&D(u(t),t) + B(u(t),t) =0 for ¢ € [to, T (3.79)
with the operators A, B, and D defined as follows. The operator
D: (V+a)X[ty, T| = Z

is chosen as
qc (Aguh t)

¢r(ug, t)
D(U,t) = TiUs (380)
Ug
ur
with
TiUus = sz grgradus - v xpp do

for all us € V5. The derivative $D(u, 1) is to be understood as a Z*-valued
distribution satisfying

d d

(5 Pul®),1),2)z = 7 (D(u(t). t)|2)n

for all z € Z and u(t) € V + 4. The operator A: Z* — V* is given by

Agvl
V2
(Az,v)y = (Z, A") g, A*v = | Alvy (3.81)
Vg
U7

for all z € Z* and v € V. Finally, the operator B : (V +a) X [tg,T] — V*
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reads as
(B(u,t),v)y = v][Apg(ARu1,t) + Apus + Ayug + Asuy + Agig(t)]

= vy AL + vg ApJus + v va(t) + vt — vgva( e+ )

ng
+ [/6grad (ws + fi - Agul + g1) - grad vy, dx
1=1 /¢

+ /q(u6l —uy — N))vg do + %/ (Jin - grad v — Jip - grad vy) do
97 Q

+ /Rz(uﬁl, ity Jin, Jip) (ver + v7y) do

l

+/ (oqus — Bl)'USl do +/ Risunt(wer, uz) (ve, + v7) do
IN3Vst L

)

+ / [Vin (uer — Tu0)ver + Vip(Uz — pio) 7] dU] (3.82)
I'is

forallu € V +u and v € V, where
to(J,+ Jp) = fpl(Jln + Jip) - v xn do

and Jy,, Ji, given by (3.73), (3.74).

Remark 3.2 By means of standard arguments, it follows that a sufficiently
smooth function w is a solution of (3.79) if and only if

u = (€7jL7jV7jSa ‘77 nvp)

with Jy,, Ji, given by (3.73), (3.74) satisfies the coupled system (3.51)-(3.66).

In the next chapter, we deal with general abstract differential algebraic sys-
tems. First, we introduce an index concept for such systems. Then, we
present network topological criteria for the coupled circuit and device equa-
tions using the formulation given in Section 3.5. Finally, we investigate ab-
stract systems as given in Section 3.6. A Galerkin approach providing unique
solutions for linear systems with monotone operators is proposed as a first
step for a treatment of general ADASS.
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Chapter 4

Abstract Differential Algebraic
Systems

In order to treat coupled systems of partial differential equations (PDEs) and
differential-algebraic equations (DAEs) in a systematic way we shall study
abstract differential algebraic systems (ADASs) of the following form

d
AED(u(t), t) + B(u(t),t) =0 for t € [to, T). (4.1)
This equation is to be understood as an operator equation with operators
A, D(-,t) and B(-,t) acting in real Hilbert spaces. More precisely, let X, Y,

Z C Z be Hilbert spaces and
A:Z-Y, Dt : X—2Z Bt : XY (4.2)

In [M&r02a, LMTO1], the case Z = Z has been considered. This is enough for
the classical formulation of the coupled system (see Section 3.5). However,
for the generalized formulation, we need the more general case Z C Z (see
Section 3.6).

Such systems with A and D being invertible have already been studied in
[GGZ74]. However, the classical formulation as well as the generalized for-
mulation of the coupled system lead to abstract differential algebraic sys-
tems with operators A or D(-,t) that are not invertible on the whole time
interval. Such systems are also called singular (see e.g. [Cam80, Cam82]
for the finite dimensional case) or degenerate differential equations (see e.g.
[Kur93, FY99]).
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In [FY99], systems of the form (4.1) with linear operators have been studied.
More precisely, initial value systems of the form

d
A&Du +Bu = Ag(t) forte (0,T], (4.3)
Du(0) = vy €imD, (4.4)
with X =Y =7, D= M and A =7 are treated by a semigroup approach.

7 denotes the identity operator. The system (4.3)-(4.4) is reduced to multi-
valued differential equations of the form

d
d—: € Av+ f(t) forte (0,T], (4.5)
v(0) = wy, (4.6)
where A := —BD~!'. Here, the operator D! is defined as (multi-valued)

function satisfying
D 'w={u€Dp: Du=v} forallv€imD.

with Dp being the definition domain of D. The existence and uniqueness of
classical solutions of (4.3)-(4.4) satisfying

Du e CY[0,T]); X) and Buc C([0,T]; X)
is shown provided that g € C*([0,77; X), Bu(0) € im A,
Re(—Bu|Du)x < B||Du|%, forallu € Dy C Dp (4.7)
as well as the operator
MAD + B: Dg — X is bijective for some \g > 3. (4.8)

A similar result is obtained for systems of the form (4.3)-(4.4) with A = D*
orD=1.

This approach via multi-valued differential equations concentrates on the
dynamic part of the system. It is limited to systems with special constraints.
So, for instance, condition (4.7) implies

Re(Bw,Dv) =0 for all w € ker DN Dg, v € Dp.

Together with condition (4.8), we obtain, for the finite dimensional case, a
DAE of index 1 with the constraint

(BQ)"Bu = (BQ)"g(t)
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where @) denotes a projector onto ker D. This is obvious since (BQ)*D = 0
if we use the Euclidean norm.

Furthermore, the semigroup approach has been extended to linear systems
with time dependent operators in [F'Y99] supposed that A = [ or D = [.
There, it is assumed that the operator D(t)(AD(t) + B(t))™! or (AD(t) +
B(t))~'D(t), respectively, is bounded in a certain way for A from a specific
region in C. Unfortunately, it is usually quite difficult to verify this condition
for coupled systems in practice. Additionally, having DAEs in mind, we think
that we should not concentrate on the pencil operators AD(t) + B(t) in the
non-stationary case. Even in the finite-dimensional case, it is not reasonable
to demand non-singularity of XD(t) + B(t) for existence and uniqueness of
solutions (see e.g. [BCP89, GM86]). Regarding the trivial example

(5 )2+ e

we see that AD(t) + B(t) is nonsingular for all A but a solution exists only if
fi(t) +t f2(t) = 0. On the other hand, considering the example

t 0\ \', [0t —t
(G =6 3)e=(3)
the matrix pencil AD(t) + B(t) is singular of all A but there is a unique
solution satisfying
ul(t) = —t, UQ(Zf) =1.

Hence, investigating time dependent differential algebraic equations, one has
turned away from matrix pencils about 15 years ago.

Using an operational method developed in [PGT78], more general linear sys-
tems of the form (4.3)-(4.4) with either A = I or D = I are treated in [FY99].
But it is restricted to systems with constant injective operators B having a
bounded inverse.

Nonlinear abstract systems of the form

C(Du) + Bu = F(1,Ku), te[0,7]

where D, B, K are linear closed operators from a complex Banach space X
into a Banach space Y, have been investigated in [FP86, FP89, BF98, FR99].
The theory developed there bases mainly on properties of the operator

T :=D\D+B)™,
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A being a regular point of the operator pencil AD + B. Most results are
presented for problems with the resolvent operator (7T—&I)~! having a simple
pole at & = 0. In the finite dimensional case, such problems are DAEs of
index 1. In [FR99] also problems are investigated where (T'—&£1)~! has a pole
of multiple order at £ = 0. Considering again the finite dimensional case,
these are problems of higher index. Existence and uniqueness of solutions of
such problems are obtained by a study of the transformed problem

d
7 (Tv) +v=f(t,Nv), te[0,T]

with N = K(AD + B)™L, f(t,w) = e MF(t,eMw) and
v(t) = e M(AD + B)u(t).

Beside certain smoothness conditions and consistent initial conditions, the
nonlinear function f has to fulfill a structural condition of the form

m—1

mf(t, Nv) = ka(t,NZHjU), k=m-—1,..1
j=k

for certain projectors II; satisfying II,v = m(Pv)gy if m is the order of the
pole of (T'—&I)7!in € = 0 and ker T™ is spanned by {py = T™ 1%, 1.
Although the assumptions are shown to be satisfied for a sample circuit with
an LI-cutset in [FR99], we don’t know network topological conditions (as
presented in Section 1.2.1) for general networks that guarantee all assump-
tions. In particular, the determination of the order of the pole of the operator
(T —&IN71 in € = 0 becomes a problem for coupled systems described in Sec-
tion 3.5 and 3.6.

Nevertheless, the order of the pole plays a significant role for the characteri-
zation of the systems. Indeed, in the linear, finite dimensional case, the pole
order equals to the index of the DAE.

Since we are interested in network topological conditions characterizing the
behavior of solutions of our coupled PDE-DAE system, we will present an
index concept for abstract differential algebraic systems in Section 4.1 that
is based on the tractability index for DAEs used in Chapter 1. It orients
towards the sensitivity of solutions due to perturbations of the right hand
side. The main reason for studying this kind of index is our interest in the
time domain behavior of the circuit. One can compare it with the time index
introduced in [LSEL99] and the modal index introduced in [CM99a] for linear
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PDAEs with constant coefficients. For a comparison of the different index
concepts in certain case studies, we refer to [LMTO1].

In Section 4.2, we will show that the index of coupled systems described in
Section 3.5 does not exceed 2. Furthermore, a network topological criterion
for index-1 systems will be given.

It remains the question when solutions for general coupled network-device
systems described in Section 3.5 exist and are unique. In order to answer
this question, techniques of the theory of DAEs for networks and the theory
of PDEs for semiconductor devices should be combined. Furthermore, we are
also interested in a numerical solution of the coupled systems. Therefore, we
prefer approaches for the treatment of semiconductor devices that are based
on a Galerkin approach (see e.g. [GG86, Gro87, GG89, Gaj93]). For this, the
generalized drift diffusion equations are treated as variational problem.

We aim to combine this approach with projector techniques from DAE theory
in order to treat the coupled network-device systems. Therefore, we have to
consider the generalized formulation presented in Section 3.6. In Section
4.5 we present a Galerkin method for linear abstract differential algebraic
systems. In the further sections, it will be shown that the linear system
has a unique solution under certain monotonicity conditions and that the
Galerkin method converges to the unique solution of the system. In contrast
to Galerkin methods for parabolic differential equations, the choice of the
basis of the function space is not arbitrary anymore in order to guarantee
convergence. This is not really surprising, since the solution has to satisfy
certain constraints as we know from the theory of DAEs.

In Section 4.7 we will see that the assumed monotonicity conditions imply the
abstract system to have index 1 and the unique solution to depend continu-
ously on time-dependent perturbations of the right hand side. Furthermore,
the solution will be shown to depend continuously on perturbations of the
initial data. Additionally, we will see in Section 4.5 that the DAEs result-
ing from the Galerkin approach have at most index 1, i.e., they suit to the
abstract system from the numerical point of view.

4.1 Index concept for ADA Systems

From the finite dimensional case we know that the sensitivity of solutions
of DAEs with respect to perturbations depends on its index. Since we are
interested in the transient behavior of solutions of the coupled system, we
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want to follow the concept in [LMTO1] extending the tractability index for
DAEs (see Appendix A.3) to abstract differential algebraic systems.

Having the classical formulation of the coupled system (3.67) in mind, we
consider systems of the form

A%D@@@+Bw@¢yw) for ¢ € [ty, T (4.9)

with operators A, B(+,t) and D(-,t) acting in Hilbert spaces X, Y and Z as
follows:

A: Z =Y, B(-,t): X =Y, D(,t): X — Z.

We assume the existence of the Fréchet derivatives By and Dy of the oper-
ators B(-,t) and D(-,t). More precisely, we assume the existence of linear,
continuous operators By(u,t) and Dy(u, t) satisfying

B(u+ h,t) — B(u,t) — Bo(u,t)h = of||h])), h— 0,
Dlu+ h,t) — D(u,t) — Do(u,)h = o(|[]), h— 0,

for all h in some neighborhood of zero in X, all u € X and all t € [to, T].
Furthermore, we assume that im Dy(u, t) and ker Dy(u,t) do not depend on
uw and t. Finally, A and D are assumed to be well matched in the sense that

ker A @ im Dy(u,t) = Z (4.10)

forms a topological direct sum for all u € X and ¢ € [ty, T]. We will see in
the next section that these assumptions are satisfied for our coupled system
provided that R, is sufficiently smooth and the functions puy, fp, Din, Dip,
grad f;, div (g;,grad f;) and grad g; are bounded on €.

We introduce Go(u,t) := ADgy(u,t) for all u € X and ¢ € [ty,T]. Since we
are interested in abstract differential algebraic systems containing equations
without time derivatives, we assume that codim(cl(im (Go(u,t))) > 0 for all
ue Xandte [to,T]

Remark 4.1 Since A and D are assumed to be well matched, the relations
imGo(u,t) =im.A and kerGy(u,t) = ker Dy(u,t) (4.11)

are fulfilled for allu € X and t € [to, T]. Indeed, there is a constant projection
operator R : Z — Z satistying

imR =imDy(u,t) and ker R = ker A
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for all w € X and t € [to, T] because ker A and im Dy(u, t) form a topological
direct sum. Consequently,

im Go(u,t) = im AR = im A
and

ker Go(u,t) = ker RDy(u,t) = ker Dy(u, t).

Remark 4.2 Considering the formulation of (4.9), the natural solution space
is given by

Ch([to, T), X) = {u € C([to, T), X) : D(u(-),-) € C*([to, T], Z)}.
For a linearization

d
A Polw(t), t)u) + Bo(u(t), t)u = ¢

of (4.9) at u, € Ch([to, T], X), the natural solution space reads as
C’%)O([to,T],X) ={u € C([ty, T), X) : Do(u.(-), )u(-) € C([to, T], Z)}.
The next proposition shows that both solution spaces coincide.

Proposition 4.3 Let Dy(u,t) depend continuously differentiable on u, t.
Additionally, assume the partial derivative Dj(u,t) to exist and to be con-
tinuous. Furthermore, suppose that the constant space ker Go(u,t) splits X,
i.e., there is a linear space W C X such that

ker Go(u,t) @ W = X
forms a topological direct sum. Then, Cp([to, T], X) = Cp,([to, T], X).
PROOF: Since ker Gy(u, t) splits X, we find a projection operator Py : X —

X with
imPy =W and kerPy = ker Gy(u,t).

Using the mean value theorem in Banach spaces, we get
1
D(u,t) — D(Pou, t) — / Do(su+ (1 — 8)Pou, t)(T — Po)uds =0 (4.12)
0

for all w € X and t € [ty, T]. Additionally, Dy(u,t) acts bijectively from W
toimR for all u € X and ¢ € [ty, T]. Applying the implicit function theorem
to

F:ZxWxlty,T] -=imR with F(v,w,t):=D(w,t) —Rv
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at v =D(u(t),t) and w = Pyu(t) for u € C}([to, T], X ), we obtain a contin-
uously differentiable function g(-,t) : Z — W satistying F(v, g(v,t),t) =0
for v in a neighborhood of D(u(t),t). In particular, we have

Pou(t) = 9(D(u(t), 1), 1).

Due to the smoothness assumptions, ¢ is also continuously differentiable with
respect to t. Consequently,

D(u(-),-) € C'([to, T), Z) &  Poul:) € C'([to, T, W) (4.13)
if we regard (4.12). Analogously to (4.12), we obtain
Do(u,t) = Do(Pou, t)
for all u € X and t € [to, T]. This implies Do(u.(-), ) € C*([to, T|, L(X, Z))
for u, € CL([to, T], X). Thus,
Do(us(-), Ju(-) € C'([to. T). Z2) & Poul-) € C'([to, T, W)

since ker Dy(u.(+),-) = ker Py and Dy(u.(-), ") acts bijectively from im Py to
imR. Regarding (4.13), the proposition is proven.
O

As the tractability index for finite-dimensional differential algebraic systems,
the following index concept for ADASs bases on linearizations.

Definition 4.4
The abstract differential algebraic system (4.9) has index 1 if there is a pro-
jection operator Qg : X — X onto the constant space ker Gy(u,t) such that
the operator

gl(u7 t) = go(U, t) + BO(UJ t) QO
is injective and cl(im Gy (u,t)) =Y for all u € X and ¢ € [ty, T].
Remark 4.5 The definition is independent of the choice of the projection
operator Qp. If Qp is an other projection operator onto ker Gy, then

Gi = Go + ByQy = Gi(I + QuQP)

holds for Py := 7 — Q since

Q= QOQO and Qo = QOQO-

For brevity, we have omitted the arguments u and ¢. The operator I+Qj Qv Po
is continuous and injective. Its inverse operator is given by I — QyQyPy and,
thus, also continuous. Consequently,

ker g] =kerG; andim Q~1 =imgG;.
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Remark 4.6 This index definition shall characterize the behavior of ab-
stract differential algebraic systems with respect to perturbations of the right
hand side. It should not be confused with the Fredholm index of operators.

Definition 4.7

The abstract differential algebraic system (4.9) has index 2if and only if there
are projection operators Qy : X — X onto ker Go(u,t) and Qy(u,t) : X —
X onto ker Gy (u, t) such that codim(cl(im G (u,t))) > 0 and the operator

gg (U, t) = g1 (U, t) + Bo(u, t)PO Ql (U, t)
is injective as well as cl(im Go(u,t)) =Y for all w € X and t € [ty, T

Remark 4.8 The definitions require implicitly ker G, and ker G; to be closed
in X. Due to the choice of the spaces X and Y, this condition is satisfied for
the coupled system as abstract DAE in the classical form (see Section 3.5).

4.2 Network Topological Index Criteria

In Chapter 1, we have seen that the network DAEs have an index < 1 if the
network neither contains LI-cutsets nor C'V-loops with at least one voltage
source. The question arises whether one can find such network topological
criteria also for the index of the coupled system (3.51)-(3.66) formulated as
abstract DAE (3.67) (see Section 3.5).

This question can be answered positively for coupled systems with one-
dimensional semiconductor models having two metal-semiconductor contacts.
It turns out that LI-cutsets are also relevant for the coupled systems. How-
ever C'V-loops have to be replaced by CV S-loops, i.e. loops consisting of
capacitors, voltage sources and semiconductors.

Lemma 4.9 The network does not contain LI-cutsets if and only if the ma-
trix
(Ac, Ar, Av, As)  has full row rank. (4.14)

The network does not contain C'V .S-loops with at least one voltage source or
one semiconductor if and only if the matrix

(QEAV, QL As)  has full column rank (4.15)

for any projector Q¢ onto ker AL.
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This lemma is a consequence of the Theorems A.1-A.3. We may apply the
same arguments as in the proof of Lemma 1.2 and Lemma 1.3.

Recall that the capacitance, resistance and inductance matrices are given by

dg(U,t) . o d¢L(]7 t)
T and L(j,t) = TR

_ dgc(v,t)

Clv,t) = 20,

G(v,t) =

Theorem 4.10 Let C(v,t), G(v,t) and L(j,t) be positive definite for all
voltages v, currents j and t € [to,T]. Additionally, let the network be
consistent, i.e., it contains neither loops of voltage sources only nor cut-
sets of current sources only. Furthermore, let all semiconductor models be
one-dimensional with two metal-semiconductor contacts. We assume fur-
ther Ry to be continuously differentiable and the functions pun, fup, Din, Dip,
grad f;, div (gigrad f;), grad g; to be bounded on € for all semiconductors
(l=1,..,ng). Finally, ¢, > 0 for alll = 1,...,ng. Then, the ADAS (3.68)
has index 1 if and only if the network contains neither LI-cutsets nor C'V.S-
loops with at least one voltage source or one semiconductor.

PRrRoOOF: Recall that

A0 0000

0 1000

0 0000 qc(Afuat)

o 0 0000 _ ér(u2t)
A=1 00070 |, Dut)= s |

0 0000 ol

0 0000 L

0 0700

and
Arg(ATu1,t)+Apua+Avus+Asus+Aris(t)
fA}ful
Agulfvs(t)
div (e;grad @i5;) —q(ugr—ur—N;)+div (e;grad (f1- AT u1+g1))
1 ..
B(u7 t) = 3 div ug;+Ry (uer,wri,ust,uor)
1 ..
7 4 ugr+ Ry (uer,wrr,usiuor)
ug;—q(Dpgrad ug —piniupigrad (us;+ fi- AT u1+g;))
ugr+q(—Dpigrad uz —ppiuzigrad (us;+fi-ATui+g;))
ugqy—to (ugr+ugr)
where

v = / grgradv - v o do, (4.16)
Iy

tU = /U-l/XlldO'. (4.17)
ry
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Let z;;, and x;5 be the left and the right contact of the semiconductor with
number [. Furthermore, we choose, without loss of generality, the right con-
tact as the reference terminal. Then, (4.16), (4.17) read as

v = — [g grad v](xL), tov = —v(xy).

Under the assumptions, the Fréchet derivatives of the operators D(-,t) and
B(-,t) exist and are given as follows:

C(ALuy,t)Afus 0 0000000
0 L(uz,t)u2 00 0 0000
DO(uvt>: 0 0 00t; 0000
0 0 0001000
0 0 0000700
and
ARG(AEt?,t)Ag AL AV AS 0
—-AT 0 0 0 0
AT 0 0 0 0
o div (gigrad fi-AT) 0 0 0 div(egrad)
By(u) = 0 0 0 0 0
0 0 0 O 0
qunugigrad (firAS) 0 0 0 gunuggrad
qupunigrad (fi-AT) 0 0 0 qupurgrad
0 0 0 I 0
0 0 0 0
0 0 0 0
0 0 0 0
—q q 0 0
1.
R}, (u) R;p(u) RiJn (u)—a div REJP (u)
1 ..
R/n(u) R;p(u) R;Jn (u) R;Jp (u)+5 div
0 jipu) 0 I
0 0 —ty —ty

For brevity, we have introduced

jin(u) = qumgrad (us + fi - Agus + 1) — gDipgrad,
Jip(u) = quipgrad (us + fi - Agus + 1) + qDjpgrad .

Then, the image space of

AcC(ATui )AL 0 00 00000

0 L(ug,t) 00 0 0000

8 § 2008800

Go(u,t) = 0 0 00017000
0 0 0000700

0 0 0000000

0 0 0000000

0 0 00r;0000

is given by
im AL X Xo x 0x 0 x Xg x X7 x0x0x X,
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Obviously, codim(cl(im Gy(u,t))) > 0 for all w € X and t € [ty, T]. Further-
more, Go(u) has the nontrivial nullspace

ker A5 x 0 x X3 x Xy x M, x 0x0x Xg x Xg
where
Ny ={veXs: vyuy=0,1l=1,....,ng}
This follows from Lemma 1.4 and the assumption that C(Alus,t) and L(ug,t)
are positive definite. We choose
Q,: X5 — X;
u = v
with
u(z) = w(x) — h(z) -ty Vo e Q, l=1,..,ng,
as projection operator onto N,,. Here, h; is chosen as a smooth function

satisfying
hl(-rlL) = hl(l'lR) =0 and tllhl =1.

Then,
Qc000 0 0000
0 000 0 0000
0 0/0 0 0000
0 00 0 0000
Qo= 00009,0000
0 000 0 0000
0 000 0 0000
0 000 0 0070
0 000 0 0001

is a projection operator onto ker Gy. The continuity of Qy follows from the
continuous embedding of H'(;) into Ly(9€) for all [ = 1,...,ng and the
choice of the space X5. Furthermore,

AcC(ALur HAL+ARG(ATu1 t)ALQe 0 Ay Ag

—AEQC L(uz,t) 0 0
AT Qe 0 0 0
_ div (g,grad fi-ATQc) 0 0 0
Gi(u,t) = 0 0 0 0
0 0 0 0
qunueigrad fi- AT Qc 0 0 0
qupurigrad f1- AT Qo 0 0 0
0 0 0o I
0 00 0 0
0 00 0 0
0 00 0 0
div (e;grad Q:qy )00 0 0
1
0 I0R),; (u)—a div R}, (u)
1 ..
0 01 Ry;, (W) REJP (u)+5 div
qpinueigrad Qtu 00 I 0
quipunigrad Qv,; 00 0 I

Ty 00 —ty —ty



4.2 Network Topological Index Criteria 7

(i) We show that Gy (u, t) is not injective if the network contains LI-cutsets
or C'V S-loops.
If the network contains an LI-cutset, then we find a nontrivial w € X3
with
Afw =0, Apw =0, ALw =0, Afw = 0.

It implies w = Qcw and, consequently,
v = (w, L (uy,t)ATw,0,0,0,0,0,0,0)

belongs to the nullspace of Gy (u, t).
If the network contains a C'V S-loop, then we find a nontrivial (wy, wy, w3) €
R"™c x X3 X X4 with

Acwy + Aywsy + Asws = 0.
Applying Lemma 1.4, we find a wy € im Py such that
Acwy = AcC(AGuy, t)Afwy.
Choosing ws € X5 with
ws(z) = —h(x)ws
and h(z) = (hi(z), ..., hng(x)), the vector function
v = (wy, 0, wsy, w3, ws, 0,0,0,0)

belongs to the nullspace of G;(u,t). The existence of at least one volt-
age source or one semiconductor in the C'V.S-loop ensures that the
constructed v is nontrivial because at least wsy or ws is nontrivial.

(ii) Now we show that Gi(u,t) is injective if the network contains neither
LI-cutsets nor C'V S-loops with at least one voltage source or one semi-
conductor. We assume that

G (u, t)yw = 0. (4.18)
Integrating the 4th line of (4.18)
div (g1 grad (fi - AsQcwn)) + div (e grad (Qy, wsr)) = 0,
we obtain

ergrad (f; - AzQcwr) + & grad (Qx,,ws)
= ty(fi- Achwl) + vy ( Qe ws) = 0,
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since ty; f; = 0 for the chosen function f; (see (3.41)). Integrating once
again, we obtain

fi - AZQcw; + Qy, ws;
= filzi) - ASQeow; + [Qe,wsi](11) = AzQcwy,

because fi(x;,) =1 (see (3.40)) and im Q,, belongs to X5. Evaluating
this equation at x;z, we arrive at

ASQcw; =0 and, consequently, Q. ws = 0. (4.19)

From the 3rd line of (4.18), we know that ALQcw; = 0. The 1st line
of (4.18) implies

QEARG(AEUM t)AEchl + QgAvw;g + Q2A5w4 = 0

Regarding the two relations for w; above and the fact that G(Akuy,t)
is positive definite, we obtain

(AcARAvAs) ' Qow; =0, ie. Qcw; =0, (4.20)

since the network does not contain L/-cutsets. Furthermore, using the
2nd and the 5th-8th line of (4.18) as well as the fact that L(u,t) is
positive definite, we get

wy =0, wg=wyg=0, ws=ws;=0. (4.21)
The 1st line of (4.18) reads as

AcC(AGuy, ) ALw, + Ayws + Agws = 0
now and implies

Agwl =0, w3=0, wy=0,
since C'(A}uy,t) is positive definite and the network does not contain
CV S-loops with at least one voltage source or one semiconductor. To-
gether with (4.20) and the 9th line of (4.18), this yields to
w, =0, tyws =0.

Regarding (4.19), we get w5, = 0. That means that G (u, t) is injective.
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(iii) It remains to show that imG;(u) = Y if the network contains nei-
ther LI-cutsets nor C'V S-loops with at least one voltage source or one
semiconductor. Since C'*(€Y;) is dense in Ly(€;), it is enough to show
that

R"! x R™ x R™ x (lgfl C®())° x R™ C im G, (u, 1),

Let y belong to R" ™1 x R"= x R™ x (X}'5, C*(£2;))® x R"s. With similar
arguments like above, one can show that the matrix

AcC(ATuy, )AL + ArG(ARur ) ARQe Ay Ag
Ay Qe 0 0
A§Qc 0 0

is nonsingular because the network contains neither LI[-cutsets nor
C'V S-loops with at least one voltage source or one semiconductor. Con-
sequently, we find w;, w3 and wy such that

ACC’(Agul, t)Agwl + ARG(AE’LH, t)Achwl
+ Avwg + A5w4 = Y,

A\T/chl = Us,

TIR T
ALQewr = —/ EZ%T)/ yu(s)dsdr.  (4.22)
L L
Defining
Wy = Mg, t)yo + L™ (ug, t) AL Qcwy,

wn(z) = / / yu(s)dsdr + (1 — i) ASQcuw,

- hl )(w4l Yor — CuYym — 1721981)

wg; = Z/7z—§ulnuﬁl/ ?/41(8)(15,

L
x
— q
we = Ysi — g,ulpuw/ yu(s) ds,
L
/ 17: /
we = Y5 — Ry (w)ws + ale wg — Ry (u)w,
/ / 173:
wy =y — Ry, (w)ws — lep(u>w9l - gle Wy

successively, we obtain w € X and G;(u,t)w = y. Note that (4.22)
ensures ws;(z;g) = 0 in order to guarantee ws € Xj. O
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Theorem 4.11 Let the assumptions of theorem 4.10 be satisfied. Addi-
tionally, we assume that €; is constant and greater than zero on € for all
I =1,...,ng. Let, furthermore, the network have an LI-cutset or a CVS-
loop. Then, the ADAS (3.68) has the index 2.

Remark 4.12 Theorem 4.10 and 4.11 correspond exactly to Theorem 25
and Theorem 26 in [Sch02]. There, a simplified semiconductor model, de-
scribed by the Poisson equation only, has been studied instead of the complete
system of drift-diffusion equations. Furthermore, it has been assumed there
that the network has index 1 if all semiconductors are removed. We don’t
need this assumption here.

PrOOF: Regarding the proof of Theorem 4.10, it remains to show that there
is a bounded projection operator Q;(u,t) onto ker Gy (u, t) which provides an
injective operator Ga(u,t) with

cl (im Gs(u,t)) =Y.
(i) Existence of Q;. First, we introduce two new projectors. Let Qc_vg

be a projector onto ker Q(T;(AV,AS) and Qorys be a projector onto
ker (Ac, Ag, Ay, Ag)T with ker Q¢ C ker Qcrys. Then,

QcRrvs 0 —H;'(Afu1,t)(Av,A5)Qc—vs 00000

L™ (u2,t)ATQcRryvs 0 (0, 0) 00000

0 0 00000

0 0 Yo-vs 00000

Qi(u,t) == 0 0 (0,~hi(2))Qc—vs 00000
0 0 (0, 0) 00000

0 0 (0, 0) 00000

0 0 (0, 0) 00000

0 0 (0, 0) 00000

is a bounded projection operator in X for the nonsingular matrix
Heo(Afuy,t) == AcC(Afur, t) AL + QEQc.

Furthermore, a few computations show that im Q;(u,t) C ker Gy (u, t).
Assume that w belongs to ker Gy (u, t). Following step (ii) in the proof
of Theorem 4.10, we obtain that (see (4.19) and (4.20))

Qe wsi = 0 and (Ag, A, Ay, As)TQowr = 0, ie., Qowr = Qoryswr.
Considering the 2nd and 5th-8th line of G, (u,t)w = 0, we obtain

—1 T
Wy = Ly (ug, t)A;Qcrvswi, wg =wg =0, wg =wy =0.
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(i)

The first line of Gy (u,t)w = 0 implies
T ws\ . wz\ w3
QC(AVa AS) (’UJ4> - Oa 1.e., (w4) - QC’—VS (’UJ4)

Pcwl = — Hal(Agul,t)(Av,As) (leg) .

4

and

Finally, by construction of Q,,, and the 9-th line of G (u,t)w = 0, we
get
ws = Qe Ws1 + hy(x)eyws = h(x)vyws = — hy(x)ws.

Summarizing all equations, we obtain ker Q¢ = ker Qcrys-

Injectivity of Go. By definition of Gy, we get

gg(u,t) == gl(u,t) —f—B()(u,t)(] — Qo)Ql(u7 t) ==

ALL=Y()ATQcrvs 0 —ARG()ARPcHZ' ()(Av,As)Qc—vs 00000

0 0 ATPcHZ' ()(Av,As)Qc—-vs 00000
0 0 —ATPcH () (Av,As)Qe—vs 00000
0 o —div(egrad - AL P HG () (Av,As) 00000
+(0, M)]Qc—vs)
Gi(u,t) + 0 0 (0, 0) 00000
)
0 0 (0, 0) 00000
0 o ~Hmueigrad [fr AFPc HG' ()(Av.As) (000 0
+(0, h)]Qc-vs
0 o —arpunerad [fir AFPCHG ()(Av,As) o000 0
+(0, h)lQc-vs
0 0 (0, 0) 00000

For brevity, we have used a dot instead of the arguments u and t. We
assume that w belongs to ker Go(u, t). Then, the 4-th line of Go(u, t)w =
0 reads as

div (igrad [fi - ASQcwn — fi- AZPeHG' () (Av, As)Qe-vs (i)
—(0, h)Qc-vs(wi)]) = 0.

Integrating this equation once yields to

grad [f - AgQowr — fi - AgPoHG' () (Av; As)Qe-vs (ii})
—(0, h)Qc-vs (i) + Quuws] = —(0, 2)Qc-vs (i),
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if we regard that (grad f;)(z;z) = 0 and (g;grad hy)(x;;) = 1. Integrat-
ing once again and evaluating the resulting function at x;5, we obtain
AsQcewy — AGPcHG ()(Av, As)Qc—vs (3)
= (0, #24)Qc—vs (wi)
since fi(wi) = 1, fi(zir) = hi(zir) = hi(xir) = 0 and Q. ws € Hy ().
Together with the 3-rd line of Go(u,t)w = 0 this reads as
(Av, As)TQcwy — (Av, Ag) " PeH ' (1) (Av, As)Qo—vs (i)
0 0
= (0 ZIR—ZIL > QC—VS (%Z) .

=

Multiplying this equation by QF_ ¢, we arrive at
0 0
Qc-vs ((Aw Ag) T HE' () (Av, As) + (0 s >) Qc-vs (w;) = 0.

Since

0 0
(AV7 AS)THEI(')<AV7 AS) and (0 l’zR—le)

€l

are positive semidefinite, we get

Qc_vs(Av, As) Hg' () (Av, As)Qc-vs (w}) = 0

and
0

0
Qg—vs (o %) Qo-vs (w;) = 0.
We introduce
(v) = Qc-vs (w;) -
Thus,
Ayvr + Agvg =0 and vy = 0.

since H;'(+) is positive definite and HAEL is positive. Since the net-
work does not contain loops of voltage sources only, the matrix Ay has
full column rank (see Theorem A.2). Hence, we have also v; = 0, i.e.,

Qc_vs(w)=0. (4.23)
This implies

ALL7 () ATQcry sun

[e]e)

Go(u,)w = Gy (u, t)yw +

[elelelalale]
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(iii)

Multiplying the first line of this equation system by Qg g yields to

QérvsALL ' (VAL Qcrvswy =0, ie., A]Qcrysw; = 0.

since L!(+) is positive definite. Consequently,

(A07 Agr, Ap, AV)TQCRVSwl =0

Since the network does not contain cutsets of current sources only, we
find always a tree containing capacitive, resistive, inductive and voltage
source branches only. Thus, the matrix (Ac, Ag, Az, Ay) has full row
rank (see Theorem A.3) and

Qcrvswr = 0. (4.24)

Consequently, G;(u,t)w = 0, i.e., w = Qi(u,t)w. On the other hand,
(4.23) and (4.24) imply Q;(u,t)w =0, i.e., w = 0.

Dense solvability of Go. Since C*°(€Y;) is dense in L9(£2;), it is enough
to show that

R™ x R™ x R™ x (;3_51 O=(0))° x R C im Galu, t).

Let y belong to R" ™1 x R"= x R™ x (X}'5, C(£2;))® x R"s. With similar
arguments like above, one can show that the matrix

AcC()AT+ARG()ALQc T ~1
Av,As)—ARG()AT Po H= () (Av,As) Qo
FALLT (VAT Qenys (Av,As)—ARG()ARPcHy (1)(Av,A5)Qc-vs
0

0
(Av,A45)TQc - (AV7AS)TPCHCI(')(AV’AS)+(0 M)}Qc-vs
=
is nonsingular. Consequently, we find w;, w3 and w4 such that
AcC()ALw, + ARG()ARQcuwn
+ AL ()AL Qervsw + Ayws + Agwy
— ARG()ARPoHG () (Av, As)Qc_vs (13) = i,

ALQow, — AV PoHG ()(Av, As)Qc_vs (W3) = w3

and

A5Qow, — [AgPoH () (Av, As) + (0, #E=29)]Qc v (w)})
TR T
= —/ Ell/ yau(s)dsdr.  (4.25)
L L
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Defining

wy = L7'()y2+ L7 ()AL Qowr
— L (VALPoHG () (Av, As)Qo—vs (i3)
wy = Ynu — f—lulnuﬁl[/ yu(s)ds — (0, 1)Qc—vs (wi)],

TiL

We = Ygi — %Mlpu'?l[/ yu(s)ds — (0, 1)Qc—-vs (w?)],

ZiL

we = Yz — Ry (ws + ldiV ws — Ry ()war,

wy = ya — Ry, (Jws — Ry (-)we, — —dlv Wy,

wie) = [ 2 [ puls)dsdr+ (- i)ATQew,
— (1= Ale)ALPCHE () (Av As)Qoovs (52)

— hy(z)(wy — Yor — Tyws; — TywWoy)

successively, we obtain w € X and Gs(u,t)w = y. Note that (4.25)
ensures wy (x;z) = 0 in order to guarantee wy € Xs.
O

Remark 4.13 As in case of DAEs, we do not have a free choice for initial
conditions of all components. Theorem 4.10 and 4.11 provide us an informa-
tion about those components we may choose an initial condition for.

e If the coupled system has index 1, then we may require an initial con-

dition for Pyu(ty) in im Py, i.e., for Pee in im Pg, jp, vy, V;, n; and
p for all [ = 1,...,ng. They correspond to the voltages of all capaci-
tive branches, the currents of all inductive branches, the gradient of the
electrostatic potential at the left terminal of each semiconductor as well
as the electron and hole density on each semiconductor. Note, that we
could require an initial condition for the gradient of the electrostatic
potential at the right terminal of a semiconductor, if we would choose
the left one as reference terminal.

e In case of an index-2 system, we may require an initial condition for
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PoP1(u(to), to)u(to) in

im 7)07)1 (u(to), t()) =

Pc 0 PcH;' (Afe(to) to)(Av,A8)Qc—vs 0 0000
—L7Y(jr(to)to)ATQcrvs 1 (0,0) 0 0000

0 0 (0,0) 0 0000

) 0 0 (0,0) 0 0000
1m 0 0 (0,h)Qc—vs hit;; 0000
0 0 (0,0) 0 1000

0 0 (0,0) 0 0700

0 0 (0,0) 0 0000

0 0 (0,0) 0 0000

Obviously, we have a free choice for the electron and hole density on
each semiconductor. Additionally, a few computations show that we
have a free choice for all inductors that do not belong to S; if the set
of inductive branches S; is chosen such that each LI-cutset contains
exactly one inductor of S;. Furthermore, all voltages of capacitive
branches that do not belong to S¢ ¢ can be chosen freely if the set of
capacitive branches S¢ g is chosen such that each C'V .S-loop contains
either one capacitor or one semiconductor of S¢ g. Finally, the gradient
of the electrostatic potential at the right terminal of a semiconductor
may be chosen freely if the semiconductor does not belong to S¢ s.

It remains the interesting question, how one can solve the coupled system
numerically and how sensitive the solution depends on perturbations. The
index characterization above gives a hint for the sensitivity with respect to
perturbations of the right hand side. But first of all we need the existence
and uniqueness of solutions.

In the next sections, we will show that for linear systems arising from a
generalized formulation of coupled systems (cf. Section 3.6). For this, we
formulate a Galerkin approach, which requires the solution of DAEs. Then,
we will show that the Galerkin method converges, under certain assumptions,
to a solution of the abstract differential algebraic system. Finally, we will see
that the solution is unique and depends continuously on the data. Naturally,
the combination of the Galerkin approach with a numerical method for DAEs
(e.g. BDF, cf. Section 1.2.4) provides a numerical method for the solution of
abstract differential algebraic systems.
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4.3 Linear ADA Systems

The goal is to obtain existence and uniqueness of solutions for abstract dif-
ferential algebraic equations of the form

A(Du(t)) + B(t)u(t) = q(t)  for almost all ¢ € (to,T) (4.26)

with linear operators A, D and B(t) acting in special Hilbert spaces which
naturally arise by a generalized formulation of coupled systems of differential
algebraic equations and partial differential equations of elliptic and parabolic
type (cf. Section 3.6). Here, (Du)" denotes the generalized derivative of Du
in the sense of distributions (see Appendix A.4).

Obviously, if A and D represent identity mappings and B is an elliptic opera-
tor, then the system (4.26) represents a system of parabolic differential equa-
tions. Usual approaches to obtain existence results in the theory of parabolic
differential equations are the theory of semigroups and the Galerkin method
(see e.g. [Zei90a]). From the numerical point of view, the Galerkin method
is preferable. Firstly, it provides canonically a numerical method for solving
the ADA system. Secondly, the theory of semigroups treats the abstract
system as an evolution on a manifold. However, this manifold is unknown
at the outset and must be calculated when solving the system numerically.
But, already in the finite dimensional case, a calculation of the manifold (for
a description see e.g. [BM02, RR02]) would be connected with a significant
computational expense, in particular for systems of higher index. Further-
more, it would be necessary to investigate the influence of perturbations of
the manifold onto solutions, since we can not expect to calculate the manifold
exactly.

Although the coupled network-device systems are nonlinear, we are interested
in linear systems here. We consider the following new approach as a starting
point for a general treatment of such coupled systems. Existence proofs for
nonlinear differential equations are often based on the construction of suitable
fixed point mappings using the existence of solutions for linear differential
equation systems. Therefore, we consider unique solvability statements for
linear ADA systems as a substantial basis for a general approach treating
abstract differential algebraic systems.

We make the following assumptions.

(A1) The spaces V, Z and H are real Hilbert spaces. Z C H C Z* is an
evolution triple (see Appendix A.4).
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(A2) The mapping
D:V—-Z

is linear, continuous and surjective. The mapping
A: 7= V*
represents the dual mapping of D, that means,
(Af,v), = (f,Dv), forall veV.

The mapping
B(t):V —V*

is linear, uniformly bounded and uniformly strongly monotone for all
t € [to, T]. More precisely, there are constants c¢;,cy > 0 such that

(B(t)u, v)v < allull [lv]l,  (Bt)u, u)y > esful?
for all u,v € V and t € [to, T'.

4.4 The solution space W, (to, T;V, Z, H)

Let to < T < oo. For evolution equations, the natural solution space is
given by the Sobolev space W (to, T;V, H) (see Appendix A.4). For linear
ADAS of the form (4.26), we have to modify it, since we need the generalized
derivative of (Du)(t) which belongs to Z and not to V. Consequently, we
define

Wy p(te, T5V, Z, H) := {u € Ly(to, T; V) : (Du)’ € La(to, T; Z*)}
where (Du)" denotes the generalized derivative of Du, that means

/ L S ODult)dl = — / Lo (Duy ()t for all p(t) € C2(to. T),

to to

Here, Du : (to,T) — Z is defined by (Du)(t) = Du(t) for all t € (to,T).
Note that the space W;}D(to, T;V,Z, H) represents also an extension of the
natural solution space

Ch ={u e C([to, T),R") : Du € C'([ty, T),R™)}
for differential algebraic equations of the form
A[Du(®)] + Bu(t) = q(t)
with matrices A, B and D (see Appendix A.3).
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Proposition 4.14 The space W;}D(to, T;V,Z, H) forms a real Banach space
with the norm

||U||W21,D = [lull Lageo, vy + (D) || La(to 7527

PROOF. Obviously, ||-[[w;  is a norm since |||z, t,7;v) and || ||z, (to,7;2+) ave
norms. It remains to show that Wy (to, 75V, Z, H) is complete. Let (uy,) be a

Cauchy sequence in WQ{D(tO, T;V,Z,H). Since Ly(to, T; V) and Lo(to, T; Z*)
are Banach spaces, we find u € Ly(to, T; V) and v € Ly(to, T; Z*) with

up —u  and  (Du,) — .
Since D : V — Z is continuous, we have

Du,, — Du in Ly(to, T; 7).

The continuous embedding Z C Z* yields the continuous embedding Lo (ty,T; Z) C
Lo(to, T; Z*). Consequently,

Dun — Du in Lg(to,T; Z*)
Since La(tg, T, Z*) C Ly(to, T, Z*), we get
Du,, — Du  and (Du,) — v in Ly(te, T; Z7%). (4.27)

For ¢ € C§°(to,T), we have

T T
/ ©'Du, dt = —/ ©(Duy,)" dt.

to to

(4.27) allows us to apply the limit n — oo which yields to

T T
/ ©'Du dt = —/ v dt.
to to

But this means v = (Du)’ and hence v € Wy p(to, T;V, Z, H).
O

Proposition 4.15 Ifu € WQ{D(tO,T; V,Z, H), then Du belongs to the clas-
sical Sobolev space

Wiy (to, T; Z, H) = {v € Ly(tg, T; Z) : v' € Ly(to, T; Z*)}.
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PROOF: Let u belong to Wy p(to, T;V, Z, H). This implies u € Ly(to, T; V).
Since D : V — Z is continuous, Du belongs to Ly(ty,T; Z) and the propo-
sition is proven.

O

The last proposition implies immediately two important properties of the
function Du if u € WQ{D(tO, T;V,Z H). The first one is a simple conclusion
of the continuous embedding

WQI(t07T7 Za H) - C([t();T])H)

Corollary 4.16 Ifu € WQ{D(tO,T; V,Z, H), then there exists a uniquely de-
termined continuous function z : [to, T] — H which coincides almost every-
where on [ty, T] with the function Du. Furthermore,

<
Jnax {|2(t)lly; < const|[Dullw;-

As a consequence of the generalized integration by parts formula, we obtain
the next corollary.

Corollary 4.17 For all u, v € ngvp(to,T;V,Z, H) and arbitrary s, t with
tg < s <t <T, the following integration by parts formula holds:

(Du(t)[Do(t), — (Du(s)|Dv(s)), =

/((Du)'(T),DU(T)>Z+ ((Dv)'(1),Du(r)), dr. (4.28)

Here, the values of Du and Dv are the values of the continuous functions z,,
2y ¢ [to, T) — H in the sense of Corollary 4.16.

Remark 4.18 All statements and arguments of this section remain true if D
depends on t provided that D(-,t) : V — Z is uniformly Lipschitz continuous
for almost all ¢ € (t,7), i.e.

|D(u,t) — D(v,t)||z < cljlu—v|y Vu,v eV, foralmost all t € (ty,T)

with a constant ¢ > 0 being independent of ¢.

4.5 The Galerkin Method for ADA Systems

As explained in the section before, the natural solution space for ADA Sys-
tems of the form (4.26) is given by Wy (to, T3V, Z, H). Therefore, we con-
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sider the initial value problem

ADu(t)] + Bt)u(t) = q(t)  for almost all t € (t,,T), (4.29)
Du(ty) = 2 € Z (4.30)

with u € W217D(t0, T;V,Z, H). We will need, additionally, the following as-
sumptions.

(A3) Let zp € Z and ¢ € Ly(to, T; Z*) be given.

(A4) {wy,wy,...} is a basis in V and {21, 29, ...} is a basis in Z such that, for
all n € N,

Im, e N:  {Duwy,...,Dw,} Cspan{zi, ..., zZp, }
Furthermore, (z,0) is a sequence from Z with
Zno — 20 1N Z asn — 00,

where
zno € span{Duwy, ..., Dw,} for all n.

In order to formulate the Galerkin method, we set

n

un(t) = Z Cin(t)w;.

i=1
Additionally, we use the formulation
(ADu()]', ), + (BOu().v), = {gt)v),  VoeV (43

which is equivalent to (4.29) for almost all ¢ € (t5,7"). Then, we obtain the
Galerkin equations if we replace u by w, and v by w;:

(ADun(B)) s wiy + (BE)un(t), wi)y = (q(t), wi)y, (4.32)
Dun(to) = Zno, (433)

for all i = 1,...,n. By assumption (A2) equation (4.32) reads as
([Dun(t)]', Dwi), + (B(t)un(t), wi)y, = {q(t), wi)y- (4.34)
Regarding the continuous embedding H C V*, we may also write

([Pun @) [Dwi) yy + (B(#)un(t), wi)y, = (q(t), wi)y-
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Consequently, the Galerkin equations are given by

(Z[Cjn< )Duwj] |Dw2> + Z wj, widycin(t) = (a(t), wi)y, (4.35)

Jj=1

Dun(to) =  Zno, (436)

for all i = 1,...,n. If we take into account assumption (A4), then we find
coefficients a;, with ¢ =1,...,n and k =1, ..., m,, such that

mn

Dw; = g arzr Vi=1,...n
k=1

Note that the coeflicients are simply given by a;; = (Dw;|zi), if the basis
{z1, 29, ...} is an orthonormal basis in Z.

Consequently, equation (4.35) is equivalent to
Z (Z[Cjn( )ij |azk‘zk> + Z U}],U}z chn( ) = <Q(t)7wi>v
k=1 \j=1

for all « = 1,...,n. This can be rewritten as

Zazk (Z Dwj|2)yCin(t >+Z )wy, wi) e (t) = (q(t), wy),-

Furthermore, equation (4.36) is equivalent to

n

chn(to (Dw;|zk)y Z%n Dw;| )y Vk=1,...m,,

7=1

where z,0 = Z?:1 a;nDw;. The existence of the coefficients a;, and the
second equivalence are ensured by Assumption (A4). Hence, the Galerkin
equations represent an initial value differential algebraic equation

A(Decy, (1)) + B(t)en(t) = r(t) (4.37)
Dc,(t)) = Day, (4.38)

for the coefficients ¢,;(t) if we introduce the vector function c,(-) as

Cn(t) = (an<t>>j:1 .... n forall te [to,T]
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and the vector o, = (n(t)) =1

.....

with

drj = (Dwjlzr)y — and  by(t) = (B(t)w;, wi)y,
for7s,7=1,...,nand k = 1,...,m,. Finally, the vector function for the right
hand side reads as

with r;(t) = (q(t),w;), for j =1,...,n.

Proposition 4.19 The differential algebraic equation (4.37) arising from
the Galerkin approach for the IVP (4.29)-(4.30) has a proper stated leading
term, that means

ker A @®im D = R™".

Proor. We shall show first that the intersection of the spaces ker A and
im D is trivial. We assume y € R™" to belong to this intersection, that
means

mn

Zaikyk =0 forall 1=1,...n.
k=1

Furthermore there exist p; € R” for j = 1,...,n such that

n

Yp = Z(ij|zk)Hpj for all k=1,...,m,.
j=1
Multiplying the last equations by a;; and summing over k =1, ..., m,, we get

n

Z(Dwﬂ Zaikzk)Hpj =0 foralli=1,...,n.

j=1 k=1

This implies
(ijij\Dwi)H =0 foral i=1,..,n
j=1

because of the definition of the coefficients a;;. Multiplying this by p; and
building the sum over ¢ = 1, ...,n we obtain

I ijijHf{ = 0, which implies ijij = 0.

j=1 j=1
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Consequently,

n

Ye = Z(pjpwjlzk)}[ =0 forall k=1,...,m,.

Jj=1

It remains to show that the sum of the spaces ker A and im D spans the
whole space R™~. For this, it is enough to verify that

dimker A > m,, — dimim D.

Let d be the dimension of im D. If d = m,, we are done. If d < m,, then
let, without loss of generality, the first d rows of D be linearly independent.
Then, we find for all £ with d < k < m,, real values A1, ..., A\gg such that

k
dki :ZAk]dﬂ Vi= 1,...,mn.
j=1
Regarding the definition of dj; we may rewrite this equation as

k
(,Dwi|zk_z)\kj2j)H:0 Vi=1,..,m,.

j=1

Using the definition of A we find

Mn, k
Zail(zllzk —Z)\ijj>H: 0 Vi
=1 j=1

This implies Ay, = 0 for yr, = (Yr1)i=1

I
3
S

~~~~~~

k
= (alz — Y Mgzi), Yi=1,...m,.
j=1

Consequently, dimker A > m,, — d holds if {yx; k =d+1,...,m,} is linearly
independent. We assume linear dependency, that means, we find pg.1, ..., ttm,

such that .
Z preYr = 0.
k=d+1

This implies

mn k
Z uk(zl|zk—z>\kaj)H:0 Vi= 1,...,mn.
k=d+1 j=1
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Defining
-y f1<5<d
0 else

forall k =d+1,...,m,, the last equation reads as

(2] Z Mkz&jzj)HZO Vi=1,..,my.

k=d+1  j=1

This yields

(Z Z i 21| Z Z pr€rjzi)y =0
=1 k=d+1 j=1 k=d+1
and hence o
Z Z prrizy =0
j=1 k=d+1

Since {z1, ..., Zm, } is linearly independent, we get

mn

Z ngkj =0 VQ = 1, ceey My,
k=d+1

Considering the definition of &;, we obtain that u; =0 for j =d +1,...,m,,
that means {yy; k =d+1,...,m,} is linearly independent.
([

Proposition 4.20 For the leading term matrix functions of the differential
algebraic equation (4.37) holds

(i) (im A)t =ker D,
(i) AD is positive semidefinite,

(111) B(t) is positive definite for all t € [to, T].

PrOOF. Ad(i) Any vector y € R™ belongs to ker D if and only if

n

Z(ij|zl)Hyj =0 Vi=1,.,m,

Jj=1
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or, equivalently,

n

Z(Z ajpzr|z)yy; =0 Vi=1,...,m,.

j=1 k=1

This is equivalent to
mn N
E E yjajrzr =0,
k=1 j=1

that means, Z;‘:l yja;, = 0 for all k = 1,...,m,, since {z;k = 1,...,m,} is
linearly independent. But this means nothing else than y € (ker A)*.

Ad(ii) For any y € R™ we have

yTADy = anzaikdkjyiyj = ZZ(DWHDW)H%%’

k=1 i=1 j=1 i=1 j=1

= O _yDw| Y yDw), = | y;Dw? > 0.
J=1 i=1

j=1

Ad(iii) Let y # 0 be any vector in R™. Then we get

Y Bty =D uiB(tyw;, wi)y; = <B(t)(z yjw;), Zyz’wi>v >0

i=1 j=1

since B(t) is strongly monotone and wy, ..., w,, are linearly independent.
(Il

Proposition 4.21 The differential algebraic equation (4.37) arising from
the Galerkin approach for the IVP (4.29)-(4.30) has at most index 1.

ProOOF. If AD is singular, then let ) be any projector onto ker AD. We
shall show that the matrix

is nonsingular. We assume y to belong to the null space of G, i.e.

ADy+ B(t)Qy =0 (4.39)
Multiplying the equation by (Qy)T we get

(Qu)TB(t)Qy = 0
since ker QT = im A (see Proposition 4.20). The positive definiteness of B
yields Qy = 0 and, regarding (4.39), we have ADy = 0. But the latter
equation means nothing else than y = Qy and, finally, y = 0.
(Il
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4.6 Unique Solvability

In order to obtain unique solutions via the Galerkin method we shall need,
additionally, the following assumption.

(A5) The null space of D splits the space V. This implies the existence of
a projection operator @ : V — V with im @ = ker D. The operator
P . V — V is the complementary projection operator, that means,
P =1 — Q where [ is the identity operator on V. Furthermore, the
basis {wy, ws, ...} is chosen such that

w; € imP  for odd i, and w; € im Q for even 7.

This assumption shall guarantee that the dynamic part of the solution will
be approximated by linear combinations of the basis functions with odd <.
Correspondingly, the non-dynamic part of the solution will be approximated
by linear combinations of the basis functions with even 7. In applications, it
should not be a problem to fulfill assumption (A5).

In the proof of the existence and uniqueness of solutions, we will need some
properties of the adjoint operator of the projection operator (). Therefore,
we summarize them in the following lemma.

Lemma 4.22 Let V and Z be Banach spaces. Furthermore, let D be a
linear, continuous, and surjective operator D : V — Z.

If Q: V. — V is a projection operator onto ker D, then the adjoint operator
Q" V* = V* defined by

(Q'0,v), = (w,Qu),, VoveV,veV

s a projection operator along im D* for the adjoint operator D* : Z* — V*
defined by
(D*z,v),, = (2, Dv), VzeZ, velV.

PROOF: (i) @ = Q. For all v € V* and v € V, we have
<Q*2777 U)v = <Q*777 QU>V = <777 Q2U>V = <7_)7 QU>V = <Q*7_)a U>V'

(ii) Continuity. Let v # 0 belong to V' and v € V*. This implies

- ey o \| oy ]
@ )| = 1o o) = | )| R = o
K " Tl "ol "o /| T < ot

V*




4.6 Unique Solvability 97

since @ is continuous. But this means ||Q*0||y+« < const |||

Ve
(iii) im D* C ker Q*. For all z € Z*, we get
(Q"(D*z2),v),, = (D*z, Qu),, = (2, D(Qu)), = 0.
(iv) ker @* CimD*. Let v € ker Q, i.e.,
0=(Q"0,v), = (v, Qu),, (4.40)

for all v € V. Since D is surjective, we find, for all z € Z a v € V such that
z = Dw. This allows us to define a functional z € Z* by

for any v € V with z = Dv. The functional z is well defined since, for any
v1, Uy € V with
Duvy = z = Do,

it follows v; — v9 € ker D = im Q and, consequently,
(0, 01)y, = (D, v2)y,
if we regard (4.40). Finally, for all v € V|
(D*z,v),, = (Z,Dv), = (0,v),,

which yields to v = D*z € im D*.
O

Note that the surjectivity of D was needed for the relation ker @* C im D*
only.

Theorem 4.23 Let the assumptions (A1)-(A5) be satisfied. Then, the ADA
system (4.29)-(4.30) has exactly one solution u € WQI,D(to,T; V.Z, H).

The following proof orients towards the existence proof for first-order lin-
ear evolution equations presented in [Zei90a]. The main differences are the
following.

1. We are looking for solutions u € Wy p(to, T;V, Z, H) instead of u €

2. The Galerkin equations represent a differential algebraic equation in-
stead of an explicit ordinary differential equation.
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3. Appropriate initial conditions are given only for Du(t,) instead of whole

4. Assumption (Ab) is needed to ensure the existence of the generalized
derivative (Du)’.
PROOF. For brevity we set W = W, p(to, T;V, Z, H).

Step 1: Uniqueness. We suppose u; and us to be two solutions of the system
(4.29)-(4.30). Then, the difference u = u; — uy satisfies the initial value
problem

ADu(t)] + B(t)u(t) = 0  for almost all ¢ € (t5,T),
Du(tg) =

with w € W. This yields

/t <A[Du(t)]’,u(t)>v dH/t <B(t)u(t),u(t)>v dt = 0.
Regarding Assumption (A1) and (A2), we have

(ADu)'(t),u(t)),, = (D) (t)|Du(?)) .

H
By the integration by parts formula (4.28) we get
T
HDUT)IE = Dutt)l = ~ [ (Bule).u(v), dr
to

Since B(t) is uniformly strongly monotone, there is a constant ¢ > 0 such
that

T
SIDu(D)|; = 3Dulto); < — C/t lu(®)]f3, dt.
0
The initial condition Du(ty) = 0 implies
T
DU+ e [ (ol de <o
to
and, consequently, u(t) = 0 for almost all ¢ € (¢y,T).

Step 2: Existence proof via the Galerkin method.
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(D

(IT)

Solution of the Galerkin equations. The Galerkin equations (4.37)-
(4.38) represent an initial value differential algebraic equation with in-
dex 1 (see Proposition 4.21). Since q € L*(to, T; V*), the right hand
side 7 of the Galerkin equations belongs to L*(ty, T;R™). Applying
Theorem A.9, the Galerkin equations have a unique solution in

L3 (to, T; R™) = {u € L*(ty, T;R™) : Du € C([to, T],R™)}.

A priori estimates for the Galerkin solution. Multiplying the Galerkin
equations (4.35) by ¢,;(t) and summing over j = 1,...,n, we obtain

((Dun) ()| Dun(t)),, + (B(t)un(t), ua(t)),, = (a(t), un(t)),,

Due to the product formula for real valued functions we get

%(Dun(t)mun(t))H = 2 ((Du,)' (1) Dus (1))

This implies
d
DO+ 2 (Bt (1), un (1), = 2 {a(t), (1)
Integration over t yields

[Dun(T)l = [Pun(to)

v

[H [

+2/ <B(t)un(t),un(t)>v dt = 2/ <q(t),un(t)>vdt.

to to

Since B(t) is strongly monotone with a constant Cj independent of ¢,
we get

T
D (T)|I7, + 200/ un ()2 dt <

to

Duntto)l+2 [ (alt) u(®),

to

Using the classical inequality
2lzy| < Cyta? + Coy?,
and the assumption that g belongs to Ls(to, T; V™), we find

T
| Du, (T2 + 200/ [un(B)][7, dt <

to

T T
||Dun(t0)||;+00_1/ lall5- dt+Co/ [l ()15, it

to to



100

Abstract Differential Algebraic Systems

(I11)

(I11-1)

Consequently, there is a constant C' such that

[ iz a <o (1Pu el + | s a).

to to

Weak convergence of the Galerkin method in Lo(to, T; V). Because of
Duy,(to) = zno — 20 in Z as n — 00, the a priori estimate (4.41) yields
the boundedness of the sequence (u,,) in the Hilbert space Lo(to, T; V).
Therefore there is a weakly convergent subsequence (u,) with

Uy — u  in Lo(ty, T; V) as n — 00. (4.42)

The goal is now to show that u belongs to W and that w is a solution of
the original equation (4.29)-(4.30). If this done, then we know because
of uniqueness (see Step 1) that all weakly convergent subsequences (u,)
have the same limit u and thus

Up, — u in Lao(te, T5 V) as n — oo.

We shall show the key equation

— (20/D0) p(to) — / (Du(t)Dv) o'(1) dt

to

+/ <B(t)u(t),v>vg0(t) dt:/t0 <q(t),v>v<p(t) dt (4.43)

to
for all v € V' and real functions
o€ Clty, T]  with ¢(T) =0. (4.44)
Let ¢ be as in (4.44). We multiply the Galerkin equations (4.35) by ¢

and use the integration by parts formula (4.28) in order to get

_ (z0|Dwi)Hg0(t0) —/ (Dun(t)|Dwi)H¢'<t) dt

to

—i—/t <B(t)un(t),wi>vgo(t) dt:/t <q(t),wi>vg0(t) dt (4.45)

for all = 1,...,n. In order to be able to apply the weak limit, we shall
show that the integral terms on the left-hand side are linear continuous
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ITI-2

functionals on the space Lo(to, T; V). Using the Holder inequality and
the continuity of D, we get

[ PP, ¢ < [ 1pu Do) o

to to

1
T 2
< il ([ @l dt) = Gl lnllaiory (440

to

for all : = 1,...,n. Since B(t) is bounded with a constant independent
of t, we find

[ o000 @ < [ @l o] o

to to

IN

Csllwillyllunll ooy (447)

for all i = 1,...,n. Applying now the weak limit (4.42) to equation
(4.45), we obtain

_ (z0|Dwi)Hcp(t0) —/ (Du(t)|pwi)H90/(t) dt

t

T ’ T

+ [ (Bt o) dt = [ (a0 ol0) dea.a9
to to

for all © = 1,...,n. By assumption (A4), there exists a sequence (v,)
with

v, — v inV as n — oo,

where each v,, is a finite linear combination of certain basis elements
w;. Regarding the continuity of D, the inequalities (4.46), (4.47), and

q € La(to, T;V*), we obtain that equation (4.48) is also satisfied if we
replace w; by v, that means the key equation (4.43) is satisfied.

Proof that u belongs to W21,D(t0, T;V,Z,H). Considering Assumption
(Ab5), the Galerkin equations (4.32) with basis elements with even i
imply that

(q(t) = B(t)un(t), wi)y, = (ADun(t)],wi)y
(Dun®) . D), = 0 (4.49)
for all n = 1,2, ... and almost all t € (t,T). Recall that w; € im Q =

ker D for even i. Due to (4.47), we may apply again the weak limit,
that means

[ a0t [ B@ute) welt) at =0

to to



102

Abstract Differential Algebraic Systems

for all ¢ € C§°(ty, T). Applying the variational lemma, we get

{q(t), i)y = (B(t)u(t), wi), = 0
for almost all ¢t € (ty,T"). For any v € im Q, we find a sequence (v,,)
with
Up — U in V as mn — 00

where each v,, is a linear combination of the basis elements w; with
even 7. Consequently,

{q(t), v}y — (B(t)u(t), v}, = 0 (4.50)

for all v € im Q. This allows us to define a functional z(t) € Z* such
that

(2(1), 2), = (q(t) = B(t)u(t), v), (4.51)
for almost all ¢ € (ty,T) and for all z € Z with z = Duv for some

v € V. Since D is surjective, the functional is defined for all z € Z.
Furthermore, Z(t) is well defined since

(2(t), Dvr), = (2(t), Dvy),

for any vy, v9 € V with Dv; = Duv,. This is a conclusion from the fact
that v; — ve belongs to im Q and (4.50). We shall show that z belongs
to La(te, T; Z*). We have

12(t) |- =”S||ur<>1\<5(t)72>z| = Q\(Q(t)—B(t)U(t)MV\
< sup  |lq(t) = B)u@) - llvlly-

IDv]|;<1, vEker Q

Note that D is bijective from ker @ to Z. Using the open mapping
theorem and regarding that D is also linear and continuous, we find a
constant C' > 0 such that

]|, < C||Dvl|, for all v € ker Q.
This implies
120l < Clla(t) = B@)u(t)]y- (4.52)
for almost all ¢t € (ty,T"). Since q € Lo(to, T;V*), u € La(ty,T; V), and

B(t) is uniformly bounded, we obtain z € Ly(to,T; Z*). Using the key
equation (4.43) and (4.51), we arrive at

—/:( u(t)[Dv) /<Z ,Dv) o(t)
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for all v € V and ¢ € C§°(ty,T'). Since D is surjective, we have
T T
- [ Duv). 210 = [ (a0 dt
to to
for all z € Z. This is equivalent to

<—/tOTDu(t)sO’(t) _/: 2(t)p(t) dt,z> 0 VYeeZ

z
since ¢'Du and @z belong to Ly(to, T; Z*) for all ¢ € C5°(ty,T). But
this means that
T T
- [ a0 = [ seet)
to to

and, finally, Du has the generalized derivative z € Lo(ty,T; Z*). Hence,
u belongs to Wy p(to, T;V, Z, H).
Proof that u fulfills (4.29). Since zZ = (Du)’, we have, by (4.51),

((Du)'(t), Dv), = (q(t) — B(t)u(t), v), (4.53)
for all v € V' and almost all ¢ € (ty,T). By Assumption (A2), we get

(A(Du)'(t),v)y, = {q(t) = B(t)u(t), v}y
But this means that (4.29) is satisfied.

Proof that w fulfills (4.30). Since u € Wzlp(to, T;V,Z,H), we can apply
the integration by parts formula (4.28). This yields

(Du(T), p(T)Dv),, — (Dulto), ¢(to) Do), =

/ (Du)' (1), o(t) Do), + (Du(t)|¢' (1) Do)y, dt

to

for all ¢ € Clty,T] and v € V. In particular, if ¢(t;) = 1 and
©(T') = 0, then equation (4.43) along with (4.53) yields

(Du(ty) — 20|Dv),; =0 forall velV.

Since D is surjective and Z is dense in H, we get Du(ty) = 2.
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4.7 Continuous Dependence on the Data

Theorem 4.24 Let the assumptions (A1)-(A5) be satisfied. Then, the ADA
system (4.29)-(4.30) has at most index 1, that means, the map G,(t) : V —
V* defined as

(Gi(t)u,v),, = (A(Du),v), + (B(t)Qu,v),,  forall veV
1s injective and densely solvable for all w € V. The system has index 0 if and
only if D 1is injective.
Remark 4.25 Here, Du is considered as the unique element of Z* satisfying
(Du, z) 7 = (Dulz)g Vze Z.
PROOF. Step 1. Injectivity of Gi(t). Let u belong to the null space of G;(t).
This implies
(A(Du),v), + (B(t)Qu,v), =0  forall velV.

Due to Assumption (A2) we have

(Du,Dv), + (B(t)Qu,v), =0  forall veV. (4.54)
In particular, for v = Qu, we get

(B(t)Qu, Qu),, = 0.

Since B(t) is strictly monotone, it implies Qu = 0. This yields Du = 0 if we
use v := u in (4.54). Consequently, u = Qu = 0.

Step 2. imG,(t) = V*. Since Gi(t) is linear, it is sufficient to show that
im Gy (t) is closed and

(imG ()" ={veV: (Gi(t)u,v), =0 VYueV}={0}.

(I) im Gy (¢) is closed. Let (v,) be a Cauchy sequence in imG(t) C V*.
Since A, D, B(t), and Q are linear and continuous, the map G (t) is
also linear and continuous. From step 1 we know that G;(t) is injective.
Hence, G;(t) is bijective from V — im G;(t) and the inverse G; () :
im G, (t) — V is continuous. This implies that (G, !(t)v,) is a Cauchy
sequence in the Banach space V. Thus, (G;'(t)v,) converges in V. We
denote its limit by u. Using the continuity of G;(t), we get

Up — gl(t)u € im gl(t),

that means, im G, (¢) is closed.
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(I) (im G (¢))* = {0}. Let v belong to (im Gy (¢))*. This yields
(A(Du) + B(t)Qu,v), =0  YueV.

It implies
(A(Du),v);, =0  Yu€imP.

Since D is surjective, we get

(Az,v), =0 Vz e Z.
Due to Assumption (A1) and (A2), we have

(2|Dv),; =0 Vz e Z.
It implies Dv = 0 if we choose z = Dv. Consequently, v € im Q and

0 = (B(t)Qu,v),, = (B(t)Qu, Qu),, VuelV.
Choosing u = v, we arrive at
0 = (B(t)Qv, Qu)y = C)|Qull,

since B(t) is strongly monotone. Finally, we have

v=Quv=0.

Step 3. If D is injective, then Q is the zero mapping and G = AD is bijective
due to step 1 and step 2. Conversely, injectivity of AD implies injectivity of
D. Consequently, (4.29)-(4.30) has index 0 if and only if D is injective.

(|

From the theory of DAEs we know that index-1 systems have solutions which
depend continuously on the data. The following theorem shows that this is
also the case for the solution of the index-1 ADA system (4.29)-(4.30).

Theorem 4.26 Let the assumptions (A1)-(A5) be satisfied. Furthermore,
let uw € Wyp(to,T;V, Z, H) be the unique solution of the ADA system (4.29)-
(4.30). Then, the map

(207 Q) = u
is linear and continuous from Z x Ly(to, T;V*) to Wyp(te, T;V, Z, H), i.e.,
there is a constant C' > 0 such that

lullwy,, < Clzolly + llgllzoiove)),

forall zg € Z and b € Ly(ty, T; V*).
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PROOF. In the proof of Theorem 4.23 we have seen that
Up, — U in  Lo(ty, T;V) as n — oo.
From the Banach-Steinhaus theorem it follows that

[l Lo to. vy < T (| 2y 10,720 -

n—oo

Using the a priori estimate (4.41), the continuity of D and Assumption (A4),
we find a constant C; > 0 such that

ull Lotto,rivy < Cr (1z0lly + Nlall £ageoriv)) (4.55)

Using inequality (4.52), we obtain

||(DU')/||L2(150,T;Z*) < 02 (Hu”Lz(to,T;V) + HqHLz(tmT;V*))

if we regard that z = (Du)’ in the proof of theorem 4.23. Together with
(4.55), it implies the assertion with the constant C' = C1Cy + Cy 4+ Cy > 0.
a

4.8 Strong Convergence of the Galerkin Method

Theorem 4.27 Let the assumptions (A1)-(A5) be satisfied. Then, for all
n=1,2,..., the Galerkin equations (4.37)-(4.38) have ezxactly one solution

U, € Wyp(te, T;V, Z, H).

The sequence (u,) converges as n — oo to the solution u of (4.29)-(4.30) in
the following sense:

Up — u in Lo(te, T5 V) and max_||Du,(t) — Du(t)|,; — 0.

to<t<T

PROOF. In the proof of Theorem 4.23, the Galerkin equations (4.37)-(4.38)
are shown to have a unique solution u, € W217D(t0,T V. Z,H). Further-

more, it was shown that the unique solution w of (4.29)-(4.30) belongs to
Wip(to, T;V, Z, H).

Step 1. We shall show that max ||Du,(t) — Du(t)||; — 0. Since

to<t<T

W21(t07T7 ‘/7 H) g C([tmT]?H))
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we get Du € C([ty, T], H) and Du,, € C([ty,T], H). We introduce
H, = span{Duwy,...,Dw,} C Z C H.

Due to Assumption (A5),
H, = span{Dw;, 1 <i <mn, i odd}.

Since the set of all polynomials p : [ty,T] — Z is dense in Wy (to, T; Z, H)
we find, for u € WQ{D(tO, T;V,Z, H) and each ¢ > 0, a polynomial

p(t) = Z t'a;

with coefficients a; € Z and

T 1
D= plhagrzm = ([ IDut) = dt)’

to

+( / 0w - FOI dt)% <e.

to

Due to the fact that UH,, is dense in Z, we obtain that the set of all polyno-
mials with coefficients in UH,, is dense in W3 (to, T; Z, H). Thus there exists

a sequence (p,) of polynomials
pn [, T) — H,

with
pn — Du in W)(to,T; Z, H) as n — oo.

The continuity of the embedding W3 (to, T; Z, H) C C([to,T]), H) implies

tglglftigXT [ Du(t) — pn(t)HH < const [|[Du — pn||W21(t0,T;Z,H) — 0. (4.56)

Since

_ < _ _
0% [ Dua(t)~Du(t) ly < max [Dun(t)—pal®)lly+ mavs [1Du(t)~pa(t)

it is enough to show that

max ([ Dun(t) = pu(t)lly =0 as n— oo (4.57)
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Regarding Du,,(tg) = 2,0 — 20 in Z as n — o0, the inequality (4.56) yields

[Dun(to) = pulto)lly < [1Pun(to) = Dulto)lly + [[Dulto) — palto) Iy
= llzno = 20lly + [[Dulto) = palto)lly
— 0 as n— oo. (4.58)

Here we have used the continuity of the embedding Z C H. Since p,(t)
belongs to H,, for all ¢t € [ty, T], we find coefficients (;,(t) such that

pa(t) = Z Fin(t) Dwi.

Introducing
va(t) = Bin(t)w;.
i=1
we have p, = Duv,. From the Galerkin equations (4.34) we get

(Dun)', Dun — pu)y = (4 — B(t)un, ttn — vn)y-

In the proof of Theorem 4.23 we have seen that the generalized derivative
(Du)' satisfies (4.51) with z = (Du)’. This implies

(Duy,)', Duy, — pp), = ((Du)', Duy — p), + (Bt)u — B(t)un, ty — vp)y-
Since B(t) is strongly monotone, we have
(B(t)u — B(t)tn, v — ty)y, > 0
and, consequently,
(Duy)', Dup,—pp), < (D), Dup —py),+ (B(t)u—B(t)un, u—1vy),. (4.59)
The equation (4.49) yields
(g —B(t)un,v),=0 VoveimQ.
Together with (4.50) it implies
(B(t)u — B(t)un,v),,=0  VoveimQ.
Using this equation in (4.59), we get

<(Dun>lv Du,, — pn>Z < <(Du>/7 Du,, — pn>z + (B(t)u — B(t)un, P(u — Un))v-



4.8 Strong Convergence of the Galerkin Method 109

If we apply the integration by parts formula (4.28), we obtain
31 Dun(t) = pa(t)ll}; = 31 Dunlto) — palto)l;
2 n n H ™ 2 n n H

= / (Duy,)'(s) — p,(5), Dun(s) — pn(s)), ds

to

< [ (O06) = (6. Duals) — puls)), d

to
t
+ / (B(s)u(s) — B(s)un(s), P(u(s) — va(s))), ds
to
< (Dw) = pyllLacto ;27
+ [|Bu — By || 1, (10, 1;v7)

Dun - anLQ(to,T;Z)
P(U - Un)||L2(to,T;V) (461)

Since D|jmp : iImP — Z is linear, bijective and continuous, its inverse
D|.!n: Z — im P is continuous. Hence, we find a constant C' > 0 such that

“P(u - Un)HLz(to,T;V) <C HDU - pnuLz(tmT;Z)' (462)

The a priori estimate (4.41) shows that (Du,) is bounded in Ly(to, T; Z).
From Theorem 4.23 we know that u € La(to, T; V). Since D is continuous,
we have Du € Lso(ty,T;Z). Therefore, (p,) converges in Ly(to,T; 7). In
particular, (p,) is bounded in Ly(to,7; Z). The uniform continuity of B(t)
implies Bu € Ly(to, T;V*) and the boundedness of (Bu,) in La(to, T; V™).
Thus, we obtain from (4.61) and (4.62) that

3IDun(t) = pa(B)Ilf; = 31 Dun(to) — palto)l;
< Cl||Du_pn||W21(to,T;Z,V) — 0 as n — oQ.

Regarding (4.58), the estimation (4.57) is proven.

Step 2. Strong convergence of (u,) in Lo(to, T; V). From Theorem 4.23 we
know that
Up — U in Ly(to, T;V) as n — oo.

Since B is linear and uniformly continuous, we get
Bu, = Bu  in  Ly(ty, T; V™) as n— oo

and, hence,

T T
/ (Bup, u),, — / (Bu,u),, as n — oo. (4.63)
to to
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Furthermore, the assumption g € Ly(tg, T, V*) yields

T T
/ (g, un)y — / (q,u),, as n — oo. (4.64)
to to

From the integration by parts formula (4.28) , we have

HI(DUT) — Dun (DI, — 1| (Dults) — D (1), =
/t (Du) (t) — (Dun) (1), Du(t) — Duuy (1)), dlt

and

(Dun(T)|Du(T)), — (Dun(to)|Dulto)), =

| (@0, Dute)) + (Puy (), Du 1), .

to

Using again (4.51) for the generalized derivative (Du)" = Z, we obtain

S1(DUT) = Dun(T) I, — 5(Dulto) — Dun(to)ll; =
/t (q(t) = B(H)u(t), u(t) — un(t))y — (Dun)'(t), Du(t) — Dun(t)), dé.65)

as well as
(Dun(T)|Du(T)), = (Dun(to)[Dulto)), =
/t (Dun)' (1), Dult)), + ((q(t) — B(t)u(t), un (1)), dt. (4.66)

From the Galerkin equations (4.34) we get
(Dun)'(t), Dun(t)), + (B(t)un(t), un(t))y = (a(t), un(t))y- (4.67)
The strong monotonicity of B(¢) implies

Cllu = unllZy o) < / (B(t)u(t) = B(t)un(t), u(t) = un(t))ydt,

to
where C'is a positive constant. Applying (4.65), we obtain
T
Cllu =ty < [ {at) = BOun(0), () = (1)
to

- / (D) (t), Du(t) — Dun (t)),dt + 1| Dua(ts) — Duy(t0) 3.
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Regarding (4.67), it yields
T
C = B < [ (0(0) = BOhun(t)ute) = )
0

- / (Dun) (2), Du() t + L[ Duto) — Duun(to).

Using (4.66), we get
Clu = w2y < / (q(t) — B(tyun(t), u(t)),dt
+ / (4(t) — Btyu(t), un(t))dt — (Duy(T), Du(T))

+ (Dun(to), Dulto))u + 3l Dulto) — Dun(to) |- (4.68)

If we apply (4.63) and (4.64), we see that the right hand side of inequality
(4.68) converges to

2/ {q(t) = B(t)u(t), u(t))ydt — (Du(T), Du(T))u + (Dulto), Dulto)) -

to
(4.69)
as n — 0o. Note that we have already proven in step 1 that

| Du(to) — Duy(to)|| g — 0 as m — 00.

Applying once more the integration by parts formula (4.28) and regarding
(4.51) for the generalized derivative (Du) = z, we get

(Du(T), Du(T)) i — (Du(to), Dulto))n =
2 / ((Du)(t), Du(t)),dt = 2 / (q(t) — B(t)u(t), u(t)),dt. (4.70)

to to

Summarizing (4.68)-(4.70), we obtain
l =l oy = 0 as n— oo

which implies the assertion.
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Summary and perspectives

The further miniaturization of optic and electronic components demands a
refined network analysis describing certain semiconductor elements by con-
tributed models. Using the instationary drift-diffusion model, the device
equations represent a system of elliptic and parabolic differential equations.
The network is described by a differential-algebraic system. Both systems
are mutually coupled via boundary conditions and integral relations.

The coupled system can be analyzed as an abstract differential algebraic
system in infinite-dimensional Hilbert spaces. For the one-dimensional case
(with respect to space), network topological criteria for the index of the
coupled system are described. Furthermore it is shown that the index does
not exceed 2. This corresponds exactly to the results for networks with
compact models instead of distributed models. It is still an open question
whether the results remain true for a higher-dimensional case.

Finally, a Galerkin approach for handling linear ADASs with monotone op-
erators is proposed. It is shown to provide solutions that converge to the
unique solution of the abstract differential-algebraic system. Furthermore,
the solution is proven to depend continuously on the data. The most in-
teresting point of the Galerkin approach for ADASs is the choice of basis
functions. Choosing the basis functions properly (in certain subspaces), the
Galerkin solution is enforced to satisfy the constraints of the system.

It remains to answer the problem whether the nonlinear coupled system has
a unique solution and how to solve it numerically. We consider the pre-
sented Galerkin approach for linear ADASs as a starting point for an excit-
ing research about the numerical treatment of linear and nonlinear abstract
differential-algebraic equations in general. Thus, we expect interesting re-
sults not only for coupled circuit and device systems but also for coupled
systems of DAEs and PDEs in other application fields.
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Appendix A

Basics

In this chapter, we collect basic definitions and results from different math-
ematical fields used in the Chapters before. It is devoted to readers who are
not familiar with one or another field.

A.1 Graph Theory

We start with basic definitions.

1. Graph. A graph is a set of branches. If all branches are equipped with
an orientation, then the graph is called a directed graph. The ends of
the branches are called nodes.

2. Path. A set of branches {by, bs, ..., b,} of a graph G is called a path be-
tween two nodes j and k, if the branches have the following properties.
(i) Successive branches b; and b; ;1 have always one common node.
(ii) Each node belongs to maximal two branches of the set.
(iii) The nodes j and k belong to exactly one (usually not the same)

branch of the set.

EXAMPLE. In Figure A.1, the set {d, h,i, f,b} is a path. The sets
{e, f,4,9} and {e, f, g, h,i,c} do not represent paths.

3. Connected graph. A graph is called a connected graph, if there exists
at least one path between any two nodes of the graph.
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1 d 5
e
a C
3 j 4
g
2 b 6

Figure A.1: Example circuit with 6 nodes and 10 branches

4. Loop. A subgraph G, of a connected graph G is called a loop, if G} is
connected and each node of (G; connects exactly two branches of Gj.

ExAMPLE. In Figure A.1, the set {a,b,c,d} is a loop. However, the
set {a,e, f,g,j} does not represent a loop.

5. Tree. A subgraph G, of a connected graph G is called a tree, if

(i) Gy is connected,
(ii) G; contains all nodes of G,
(iii) Gy has no loops.
ExXAMPLE. In Figure A.1, the set {a,e,d, g,i} is a tree. The sets
{a,e, h,c} and {a,b,c,d, g,e} are not trees.

Note that, for each connected graph, one can construct a tree (see e.g.
[CDK87]). Furthermore, each tree of a connected graph consists of
exactly n — 1 branches for n being the number of nodes.

6. Cutset. A set of branches G, of a connected graph is called a cutset if

(i) removing all branches of G from G leads to an unconnected graph,
(ii) adding, afterwards, any branch of G, leads again to a connected
graph.

ExAMPLE. In Figure A.1, the set {a,e,d} is a cutset. The sets
{e,h, g, f,b} and {c,d} are not cutsets.

7. Incidence matrix. Let a directed graph G with n nodes and b branches
be given. The incidence matriz A, € R is defined as A, = (a;;) with

1 if the branch j leaves the node 1,
a;; = § —1 if the branch j enters the node i,

0 else.
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The rows of the incidence matrix A, of a connected graph are linear depen-
dent. More precisely, the sum of all rows of this matrix equals zero. This
is caused by the fact that each column contains exactly one 1 and one —1.
All other entries of A, are zero. This becomes clear if one regards that each
column corresponds to exactly one branch, and each branch leaves and en-
ters exactly one node, respectively. Consequently, one row of the incidence
matrix is needless for the description of the network.

If one erases one row of A,, then we obtain the so called reduced incidence
matrix A. For electrical networks, one usually neglects the row corresponding
to the mass node.

In literature, the reduced incidence matrix A is often called only incidence
matrix A.

Theorem A.1 The (reduced) incidence matriz A of a connected graph with
n nodes has n — 1 linear independent rows and, hence, full row rank.

Proor. Let, without loss of generality, the mass node be the node with
number n. Furthermore, let a; denote the k-th row of the (reduced) inci-
dence matrix A for k = 1,...,n — 1. We assume that the rows a; are linear
dependent. The, we find coefficients A1, Mg, ..., A\,_1 such that

n—1
Z /\kak = O,
k=1

We numerate the nodes such that A\, # 0 for all 1 < k < ny and Ay = 0 for
all ng +1 < k < n — 1. Because of the linear dependency, we have ng > 1.
This yields to

ai

. .
_ _ (AN [
;/\kak =0 und A= \Al} = anoil

Ap—1

A, has at least one column with not only zero entries. Otherwise the nodes
{1,...,n0} and the nodes {ny + 1,...,n} would not be connected. Now we
permute the columns of A, such that the first by (by > 1) columns contain
at least one 1 or one —1 and all other columns have zero entries only. This
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implies
Ay = (Aul | Aur) = ( * | 0 ) )
~ =~~~
bp  b—1bo

where b is the number of branches of the network and the number of columns
of A, respectively. Since each column of A,; contains maximal one +1 and

maximal one —1, and
ko
E )\kakj =0
k=1

holds for all j = 1,...,b, each column of A,; contains exactly one +1 and
exactly one —1. This yields to

_(* 0\ ng
A_(O *) n—1—mng’

i.e., the nodes {1,...,no} and {ng + 1, ...,n} are not connected. This contra-
dicts the assumption of a connected graph.
O

Theorem A.2 A subset G; of a connected graph G with | branches has loops
if and only if the columns of the incidence matriz A corresponding to these |
branches are linear dependent.

PRroOOF.

(=) Let, without loss of generality, by, ..., b. be branches of G; that form
a loop. Let aq, ..., a, be the columns of A corresponding to these
branches. We introduce

1 if the branch j has the same orientation as the loop
! —1 if the branch j has the opposite orientation of the loop

for all j = 1,...,r. Since each node of (G; connects exactly two nodes of
(4;, each row of the matrix

(01a1 Colly ... CTCLT)

contains exactly one 1 and exactly one —1. This implies

r
E Cia; = 0,
=1

that means, the columns a4, ..., a, are linear dependent.
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(<) Let the subgraph G; has [ branches. Let, without loss of generality,

the first [ columns of A correspond to these branches. Due to our
assumption, these columns are linear dependent. If G; is not connected
itself, then GG consists of finite many connected, disjunct subgraphs G;;
(1 =1,...,r). The subgraphs may be sorted such that

0 Ay ... 0
Aa = . . . .

. . T . *

0O 0 ... A x

Gn G ... G

Then we find at least one ig € {1, ...,7} such that the columns of A4, are
linear dependent. Let k be the number of nodes of G;,. If Gj;, would
not contain a loop, then Gy;, would be a tree with k£ —1 branches. Since
Ay, represents an incidence matrix for Gy, k — 1 rows of A;;, would be
linear independent. But this would mean that also all £ — 1 columns
of Ay, are linear independent. This contradicts the assumption. It
follows that Gj;, contains at least one loop and, hence, G; contains a
loop.

O

Theorem A.3 Let A be the (reduced) incidence matriz of a connected graph
with n nodes. Then, n — 1 columns of A are linear independent if and only
if the branches of these columns form a tree.

Corollary A.4 If A will be partitioned into A := (A, A,) such that the
columns of A; correspond to the rows of the tree, then A; is nonsingular.

PROOF.

(=)

Let A, € R=Dx(=1) he a nonsingular quadratic sub-matrix of A.
Then, A, belongs to a subgraph G of G consisting of n nodes and n—1
branches. Since the columns of Ay are linear independent, Theorem
A.2 implies that G does not contain loops. Consequently, G is also
connected and, finally, a tree.

Let the matrix of all branches belonging to the tree be denoted by A;.
Then, A; is the reduced incidence matrix of a connected subgraph with
n — 1 branches. From Theorem A.1, it follows that A; is nonsingular.

g

For more information about network graphs, we refer to [CDK87, CL75].
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A.2 Properties of Projectors

Here, we shall summarize important properties of projectors. We begin with
some definitions [Zei86]. Let X be a Banach space and V, W be linear
subspaces of X.

1. A linear continuous operator P : X — X is called a projector or
projection operator if P? = P.

2. A projector P projects onto a linear subspace V of X if imP =V.
3. A projector P projects along a linear subspace V of X if ker@) = V.

4. The sum X = V@ W is called a direct sum if, for all z € X, there exist
exactly one v € V and exactly one w € W such that x = v 4 w.

5. The direct sum X = V @ W is called a topological direct sum if the
operators P and () defined as

Pr=v and Qzr=w fore=v+w, veV,weW

are continuous, that is, projection operators.
Thus, we have the following properties.

1. Let P: X — X be a projector and I : X — X be the identity map.
Then, ) := I — P is also a projector. If P projects onto V', then @)
projects along V. If P projects along V', then ) projects onto V. This
is a simple conclusion of the fact that

im P = ker ) and ker P = im Q).

2. If V and W are linear subspaces of X such that
VeW =X,

is a topological direct sum then there is a projector ) : X — X such
that
im@ =V and ker @ = W.

3. The sum X =V @& W is a topological direct sum if and only if it is
a direct sum and V', W are closed in X. Thus, each projector has a
closed nullspace and a closed image space.
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4. As a consequence of 2. and 3., we have for the finite-dimensional space
X = R™ that there is always a projector () : R™ — R™ such that

im@ =V and ker@QQ = W.
ifR"=VaoW.

A.3 Index and Solvability of DAEs

A.3.1 Linear DAEs

In correspondence to the type of equations arising from circuit and device
simulation, we shall consider DAEs with a so called properly stated leading
term (see [M&r02a, Mar02b, Mar02c|)

A()(D()z(t)) + B(t)x(t) = q(t), (A1)
where

A € C([to,T), L(R™R"), D € C([to,T], L(R",R™)),
B € C(ty, T],L(R",R™)), q(t) € R

and ¢ € [tg, T] with to < T in R.

Definition A.5
The leading term of (A.1) is stated properly if the coefficients A(t) and D(t)
are well matched in the sense that

ker A(t) @im D(t) =R™ YVt € [ty,T]
and there is a continuously differentiable projector function
R: [ty,T) — L(R™,R™)
such that im R(t) = im D(¢) and ker R(t) = ker A(t) for all ¢ € [to, T).
Remark A.6 If a DAE has a properly stated leading term, then we have
im A(t)D(t) = im A(t)R(t) = im A(t)

and
ker A(t)D(t) = ker R(t)D(t) = ker D(t).
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Formulating DAEs in such a form provides advantages for the numerical inte-
gration. In this case, the discretization and the decoupling into the dynamic
and non-dynamic parts commute if im D(t) and certain subspaces of it (de-
pending on the index of the DAE) do not vary with ¢ (see [HMTa, HMTD]).
This implies that methods for ordinary differential equations remain there
stability properties if applied to DAEs with properly stated leading term.
Effects that implicit methods behave like explicit ones if applied to DAEs
(cf. [AP91]) can be avoided.

The following index definition (see [Mar02c|) for DAEs of the form (A.1) gen-
eralizes the so-called global index proposed in [GP84] as well as the tractabil-
ity index (see e.g. [Mar92]). Regarding the Galerkin equations from Chapter
4, we need solutions with only week smoothness assumptions. Consequently,
other index notions related to derivative array systems and reduction tech-
niques (e.g. [Cam87, KM94, RR96]) are not well suited for our considerations.

Definition A.7

An equation (A.1) with properly stated leading term has the index pu, if
there is a continuous matrix function sequence G; and a continuous projector
function sequence (Q; such that

(i) Qi(t) is a projector onto ker G;(t) for all t € [ty, T],
(ii) G,(t) has constant rank r; > 0 on [to, T,
(ili) 741 <714 =n,
(iv) Qi(t)Q;(t) =0for j=0,...,1—1, ¢>0, ¢te€lty,T], and

(v) DPy..P,D~ € C\([ty, T], L(R™ R™))

where

Giy1 = G+ BiQ;, Go=AD,
B/L'Jrl == BZIDZ - Gi+1Di(DP[)...IDiDi)/Dpo...Pi, BO = B,
Pi = I- Qia

and D~ denotes the reflexive generalized inverse of D such that

D DD =D, DD D=D, DD =R, D D=P,
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Obviously, the natural solution space for (A.1) is given by
Ch([to, T),R™) := {x € C([to, T],R™) : Dz € C*([ty, T],R™)}.

Indeed the following theorem holds for initial value problems of index 1 (see
[Mar02c])

A@)(D@)x(t) + Bt)x(t) = q(t), (

A.2)
D(to)xg = 2o € im D(ty). (A.

2
3)
Theorem A.8 If q € C([to, T],R™), then the index-1 IVP (A.2)-(A.3) has
a unique solution x € Ch([to, T],R™). Furthermore, the solution depends
continuously on the data. More precisely, there is a constant C' > 0 such
that

max |z(t)]| + max [[(Dz)'(t)[| < C (|lzoll + max [la(®)]]).

to<t<T to<t<T to<t<T

However, the Galerkin equations obtained in Chapter 4 have right hand sides
q that belong to L?(ty, T; R™) only. Therefore, we need to generalize Theorem
A .8 as follows

Theorem A.9 If q € L*(ty, T;R™), then the index-1 IVP (A.2)-(A.3) has a
unique solution x in

L3 (to, T; R™) := {z € L*(to, T;R"™) : Dx € C([ty, T],R™)}.

The equation (A.2) holds for almost all t € [to,T)|. Furthermore, Dx is
differentiable for almost all t € [to, T] and there is a constant C > 0 such
that

2| 2 o,5mm) + | D]l o(ito,11,2m) + (D) || 210,17
< C (llzoll + llall 2o 757 ) -

For continuous solutions, the right hand side belonging to the non-dynamical
part has to be continuous. The next theorem describes this more precisely.

Theorem A.10 If q € L*(ty, T;R™) and QuGi'q € C([to, T); R"), then the
solution x of the index-1 IVP (A.2)-(A.3) belongs to C([to, T]; R™) and we
find a constant C' > 0 such that

|2l eqto,1mm) + [1(D2) ]| L2101

< C (llzoll + llall 2to,rmmy + 1Q0GT dlleito,12m)) -
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PrROOF OF THEOREMS A.9 AND A.10: The proof is straightforward. We
simply have to combine standard techniques from DAE and Volterra operator
theory. Due to the index-1 assumption, the matrix

G1(t) = A(t)D(t) + B(t)Qo(t)

is nonsingular for all ¢ € [ty,T]. Recall that Qo(t) is a projector onto
ker A(t)D(t). Multiplying (A.2) by D(t)G~'(t) and Qo(t)G~(t), respec-

tively, we obtain the system

(Dz)'(t) — R'(t)(Dz)(t) + (DG ' BD)()(Dx)(t) = (DGy'r)(t)
(Qox)(t) + (QuGT'BD™)(1)(Da)(t) = (QuGy'r)(t

which is equivalent to (A.2). Here, we have used the properties
(DGT'A)(t) = R(t),  (GT'BQo)(t) = Qo(t)

for all t € [ty,T]. Recall that R(t) = D(t)D~(t) is a continuously differen-
tiable projector onto im D(t) along ker A(t) and D~ (t) is a generalized inverse
that satisfies D~ (t)D(t) = Py(t).
For z := Dz, equation (A.4) together with (A.3) represents an ordinary
initial value problem of the form

2(t) = A(t)z(t) + b(t), 2(to) = 20 (A.6)

with A € C([to, T], LR™,R™)) and b € L2(ty, T; R™). Since A is linear and
continuous, the map )
x— At)x

is Lipschitz continuous as map from L?(ty, T; R™) into L*(to, T; R™) with a
Lipschitz constant that is independent of . Consequently (see e.g. [GGZT4],
pp. 166-167), the IVP (A.6) has a unique solution z € C([to,T],R™) with
2" € L*(ty, T;R™). The solution z satisfies (A.6) for almost all ¢ € [t, T] and
it is differentiable for almost all ¢ € [ty, T]. Furthermore, there is a constant
C > 0 such that

2llcqtoyzm) + 12 220 rmm) < Cr (lz0ll + 1]l 220 mimm) ) - (A7)

In [GGZT74], this was proven not only for maps into the finite-dimensional
space R™ but also for maps into any Banach space. In the finite-dimensional
case, the unique solvability of (A.6) and the validity of the estimation (A.7)
follow also from the theorem of Carathéodory (see e.g. [Zei90b], [Kam60]),
an a priori estimate and the generalized Gronwall lemma (see e.g. [Zei86]).
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For convenience reasons, we omit an extended explanation of the second way.
Multiplying (A.4) by I — R(t), we obtain that

(I = R)2)'(t) = = R(H)((I = R)2)(t)

for the solution z and almost all ¢ € [ty, T]. Since zy belongs to im D(ty), we
get
(I = R)z)(to) = 0.

Using again the unique solvability, we obtain that
(I —=R)z)(t)=0  for almost all t € [ty, T]. (A.8)
Regarding (A.5), we see that all solutions of (A.2)-(A.3) are given by
x(t) = D™ (t)2(t) — (QoGy " BD7)(t)2(t) + (QoGy 'r)(1), (A.9)

where z is the unique solution of (A.6). Obviously, Dz = z belongs to
C([to, T],R™). Since D, R and P, are continuous on [ty, T], the generalized
inverse D~ is continuous. It implies x € L%(to, T; R"™) since r € L*(ty, T; R™).
Recall that Gy is continuous due to the index-1 assumption. If, addition-
ally, QoG ~1r is continuous on [tg, T], then the whole solution z belongs to
C([to, T],R™). The estimations of the Theorems A.9 and A.10 are a simple
conclusion of the solution representation (A.9) and the estimation (A.7).

O

Remark A.11 Similar Ly-results for DAEs of the form
A(t)2'(t) + B(t)z(t) = q(t)

are given in [Han89).

A.3.2 Nonlinear DAEs

Regarding the form of the network equations (1.17)-(1.19), we consider quasi-

linear DAEs q
A&d(x(t), t)+ b(x(t),t) =0 (A.10)

with continuous matrix functions
b(x,t): Qx[te, T] = R", d(z,t): Qx[ty,T] - R™

and 2 € R™ is an open, connected domain. The partial derivatives b, d,,
dy, dyy and d,, are assumed to exist and to be continuous. Having positive
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definite capacitance and inductance matrices for network equation systems in
mind, we only need to consider DAEs with a constant nullspace ker AD(x,t)
for D(x,t) := d,(x,t). Additionally, we may assume the leading term to be
properly stated, i.e., the decomposition

ker A®im D(z,t) =R™ forall x € Q, t € [ty, T]
is valid and im D(x,t) is constant. Obviously, we have again
imAD(z,t) =im AR =im A

and
ker AD(x,t) = ker RD(x,t) = ker D(x,t)

for the projector R onto im D(x,t) along ker A.

Remark A.12 If one uses

= ()

for the network equations (1.17)-(1.19), then the image space im D(z,t) does
not need to be constant. However, the formulation with

= Ac 0
d(z,t) = (P oae(Ace, t)) a0 1
, ¢L(jL7t) ’ 0 0

yields a DAE of the form (A.10) with a properly stated leading term for any
projector Po along the nullspace ker Ac.

A computation of such a projector Pr is not necessary in practice but it
simplifies the analysis significantly.

The natural solution space for DAEs of the form (A.10) is given by
Calfto, T], R") := {x(-) € C([to, T], R") = d(a(-), ) € C'([to, T}, R™)}.

Remark A.13 If P, is any constant projector along the constant nullspace
ker AD(x,t), then the natural solution space can be formulated, equivalently,
as (see [M&r02b))

Ci([to, T),R™) = {z € C([to, T],R™) : Pyx € C*([to, T],R™)}.

This follows, via the implicit function theorem, from the facts that AD(z,t)
maps im Py bijectively onto im A and ker AD(x,t) = ker D(x, t).
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Definition A.14
The DAE (A.10) with a properly stated leading term has index p [Mar02b],
if there is a continuous matrix function sequence G;(z'~!,...,z', z,t) and a
continuous projector function sequence Q;(z*~1, ..., x', x, ) such that, for all
o at eRY, w e Q,t € ty, T:
(i
(ii

) Qi(xt, ... 2l 2, t) is a projector onto ker G;(z*7, ..., zt, 2, t),
) G

(ili) rp—1 < 7p=n,
) @
)

(271 .. xl x t) has constant rank r; > 0,
(iv) Qi(z Y, . ot 2, 0)Q; (7, . atxt) =0for j=0,...,i—1, >0,

(v) DP,...P,D~ is continuously differentiable,

where

Gg(z,t) = AD(;B t),
Gi+1(xi,...,x1,x,t) = G( =1z xt)—f-B( U xth(:r’ Loatat),

_ Ob(z,t)
Bo@y = =5,
Bij1@ ™t atat) = Bil,.alat) Pttt
— Gi+1D Dlﬁi+1(mi+1,.,.,xl,x,t)(DP(]...B)(azi’l,..‘,xl,x,t),
. _ O(DPoPiD7)(x,t) 1 O(DPyPi D™ )(x,t)
Dlﬁl(xl,x,t) = e T+ BT ,
. : _ 9(DPy...Py1D7)(a?,.... 2t \w,t) j+1
Dlﬁi+1(zz+1,...,xl,x,t) = E +18$] x’
DPy...Piy1 D= ) (2. at it DPy...Piy1 D) (a..at st
+a( b Pes D)o el i) 1y DPyePis D)ot )

Pi(xi’l,...,zl,z,t) = ] - Qi(xi’l,...,wl,w,t),
and D~ (x,t) denotes the reflexive generalized inverse of D(z,t) such that

DD =D, DD D=D, DD =R, D D=D,.

This index definition is closely related to the index of linearizations of DAEs
of the form (A.10). Let z, belong to the natural solution space CJ([to, T], R")
with x(t) € Q for all ¢ € [ty, T|. Then, the linearization of (A.10) along z, is
given by
d
A5 (Du(t)z(t)) + Bu(t)z(t) = 4(t) (A.11)

9
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with
D,(t) := D(z.(t),t) and B.(t):= Zb(z.(1),1).

T

Theorem A.15 [Mir02b] Assume the DAE (A.10) to have index p1 and x.
to belong to C*([t, T|,R"™) with x(t) € Q for all t € [to,T]. Then, the
linearized DAE (A.11) has also index p. Furthermore, the characteristic
values r; of the linearization equal the characteristic values r; of (A.10).

The next theorem shows that index-1 DAEs of the form (A.10) completed
by consistent initial conditions are uniquely solvable provided that d(z,t) is
linear in x. Furthermore, the solution depends continuously on perturbations
of the right hand side and the initial data.

Theorem A.16 [HM] Let the DAE (A.10) have the index 1 and d(z,t) =
D(t)x(t) be given.

(i) Through each xo in {x € D(ty) : b(x,t) € im A} passes exactly one
solution of (A.10).

(ii) For a solution in C},([te, T],R™), all perturbed IVPs
d
A%D(t)x(t) +b(x(t),t) = q(t), D(to)(x(ty) —2%) =0, (A.12)
2% € R", q € C([ty, T),R™), are uniquely solvable on CL([ty, T], R")
supposed the perturbations | D(ty)(x.(tg) —a°)| and ||q||eo are sufficiently
small.

(11i) For the solution x of (A.12) it holds that
[ = z.]loo < const(|D(to) (2« (to) — z(to)| + llqlloo)

Remark A.17 Theorem A.16 was also shown for more general leading func-
tions A depending on z and ¢ in [HM].

Remark A.18 The matrix Go(z!, x,t) is nonsingular if and only if the ma-
trix B
Ga(z,t) == Gi(x,t) + Bo(z,t)Py(z,t)Q1(z,t)
is nonsingular since
Go(x', 2,t) = Go(a,t)[I — (P.D™)(z, t)Diffy (2", 2, 1) (DPyQy) (, 1))

and [ — Py (z,t) M Q1 (z,t) is nonsingular with the inverse I+ Py (z, t) M Q1 (x, t)
for any matrix M with appropriate matrix dimensions. Obviously, the com-
putation of G is easier than that one of G5. Therefore, we have used G5 for
the index determination of the network equation systems in Chapter 1.
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A.4 Basics for Evolution Equations

This section summarizes basic spaces and their properties for the treatment
of evolution equations (see e.g. [Zei90al).

1. Dual space. Let V be a real Banach space. Then, V* denotes the
set of all linear continuous functionals on V, i.e., the set of all linear
continuous maps f: V — R. Furthermore,

(f,v) == f(v) forall veV

and

1/]

ve = sup [(f,v)].
lelly<1

This way, V* becomes a real Banach space. It is called the dual space
to V.

2. Reflexive Banach space. Let V be a real Banach space. Then, V is
called reflexive if V.= V**.

3. Evolution triple. The spaces V' C H C V* are called an evolution triple
if

(i) V is a real, separable, and reflexive Banach space,
(ii) H is a real, separable Hilbert space,

(iii) The embedding V' C H is continuous, i.e.,
|v]l; < constlv]|,,  forall velV,
and V' is dense in H.

Below, Proposition A.20 explains how the inclusion H C V* is to be
understood.

4. The Lebesgue space L,(to, T; V') of vector-valued functions. Let V' be
a Banach space, 1 < p < oo, and tyg < T < co. The space Ly(to,T;V)
consists of all measurable functions v : (tp,7") — V for which

: :
ol = ([ oty ar) " <o
to

The dual space of L,(ty,T;V) is given by L,(to, T;V*) where p~! +
-1
qg =1
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5. Generalized Derivatives. Let X and Y be Banach spaces. Furthermore,
let u € Ly(to, T; X) and w € Lq(to, T;Y). Then, the function w is called
the generalized derivative of the function u on (ty,T) if

/ " ut) dt = — / Do) At forall e CR(.T).

to to

The last equation includes the requirement that the integrals on both
sides belong to X NY.

6. The Sobolev space Wy (to, T;V, H). Let V. C H C V* be an evolution
triple and tg < T' < oo. Then, the Sobolev space

Wy (to, T; V. H) == {u € Ly(ty, T; V) : u' € Lo(to, T;V*)}
forms a Banach space with the norm

HUHWZ} = HUHL2(t0,T;V) + HUIHL2(t0,T;V*)'

The following proposition is a consequence of Riesz theorem.

Proposition A.19 Let H be a Hilbert space. Then for each uw € H, there is
a unique linear continuous functional Ju on V with

(Ju,v) = (ulv) forall w,veV,

where (-|-) denotes the scalar product of H. The operator J : 'V — V* is
linear, bijective, and norm isomorphic, i.e.,

1wl

ve = |lull,  forall ueV.

Therefore, one can identify Ju with u for all w € V. This way we get H = H*
and
(u,v) = (ulv) for all w,v € V.

The next proposition explains how the relation H C V* has to be understood.

Proposition A.20 Let V C H C V* be an evolution triple. Then, the
following is satisfied

(i) To eachu € H, there corresponds a linear continuous functional u € V*
with
(a,v),, = (ulv)y forall velV.
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(11) The mapping u — u from H into V* is linear, injective, and continu-
ous.

Proor: Ad(i) Let u € H. Then:
|(wlv)yl < llullglivlly < constllullllv]l,
is fulfilled for all v € V. Therefore, there exists a u € V* with

(@, v)y, = (ulv)y and ||la|

v+ < const||ul|,.

Ad(ii) The mapping u +— u is obviously linear and continuous. In order to
show injectivity, we assume that @ = 0. This implies

(ulv); =0 forall velV.

Since V' is dense in H, we get u = 0.

This allows us to identify @ with u such that

(u,v), = (ulv)y forall ue H veV,

v+ < const|ull,  forall ue H.

[l

In this sense, the relation H C V* is to be understood. Obviously, this
embedding is continuous.
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Appendix B

Notations

B.1 Symbols

set of natural numbers
set of real numbers
capacitance
diffusivity
electric displacement
electric field
current density
inductance
doping concentration
donor concentration
acceptor concentration
1. resistance (network element)
2. generation /recombination rate (drift-diffusion model)
T 1. temperature
2. end of a time interval
V' electrostatic potential
Vi built-in potential

2NN THOgQREZ

=~ | O+

=y

e nodal potential
J current
n electron density

n;  intrinsic density
P hole density
q charge
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Notations

208 *

LLI<E§\&QYE R = 0O

time

position variable
domain

permittivity
permeability /mobility
outer unit normal vector
charge density
surface charge

flux

barrier height

for all

it exists

B.2 General Notations

res
x ¢S
SCX
X xY
XY
L(X,Y)
C(X,Y)
CHX,Y)

dim X
rank A

AT

f: X—=Y
im f

ker f

f injective
f surjective
f bijective
8$f
Vf=grad f
div f

Af

(f,z)

(x[y)

-y

x is an element of the set S
x is not an element of S
S is contained in X
product set, = {(x,y) :
direct sum of X and Y

reX,yeY}

space of linear continuous operators from X into Y

space of continuous operators from X into Y

space of k-times Frechet-differentiable functions from

X into Y

dimension of a linear space X

rank of a linear operator A, rank A = dimim A
transpose of a matrix A

mapping from X into Y

image of f, im f = {f(z): z € X}

kernel of f, ker f ={z: f(z)=0}

ker f = {0}

imf=Y

f is injective and surjective

partial derivative of f in direction of x
gradient of f, grad f = (0, f, ..., O, f)
divergence of f, div f =0, f1 + ... + 0z, fn
Laplace operator, Af = div grad f

value of the linear functional f at the point z
scalar product of x and y in a Hilbert space
scalar product in R™
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Q

o0

Q, cl(Q)
()

Hg ()
H(div; Q)

H*(Q)

X*
f*
Ty — T
Ty — T

nonempty open bounded set in R¥

boundary of €2

closure of Q, Q = QU N

space of infinitely continuously differentiable functions
u: Q—R

space of all functions v € C*°(Q2) with compact sup-
port in €2

Lebesgue space of all measurable functions u : 2 — R
with [[ufl, = (fi Juf dz)'? < oo

Sobolev space of all measurable functions u : 2 — R,
for which the generalized derivatives d;u (i = 1,...,N)

exist and [Jull 2 = (fyllul? + XX, 10 dr) " < o
closure of C§°(€Q) in H'(£2)

space of all measurable functions u : Q — R for
which u € Ly(Q)F and divu € Ly(Q)

Sobolev space of all measurable functions u : 2 — R,
for which the generalized derivatives D%u (o] < 2)

1/2
exist and |lullz2 = (f( S | D%ul?) dx) < o0

Q |aL2
dual space of X
dual mapping of f
convergence of x,, to x
weak convergence of z,, to x

B.3 Physical constants

Boltzmann constant k
Elementary charge q

1.38066 - 107** J/K
1.60218 - 107" C

Thermal voltage at 300 K AL 0.0259 V

Permeability in vacuum po  1.25663 - 1078 H/cm
Permittivity in vacuum gp  8.85418 107! F/cm
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Qc-vs, 80

Qcrvs, 80

Qcrv, 17

WQI(tO,T; V,H), 130
W21’D(t0, T;V,Z H), 87
Qv_c, 17

abstract differential algebraic sys-
tem, 65, 70, 86

ADAS, see abstract differential al-
gebraic system

applied potential, 48, 50

BDF methods, 14, 29-31
built-in potential, 40, 50

capacitor, 8
carrier diffusivities, 35
charge conservation, 51-52
charge density, 37
concentration
acceptor, 38
donor, 38
doping, 38-40
electron, 37, 38, 40
hole, 37, 38, 40
intrinsic, 40
connected graph, 115
contacts, 39
metal-semiconductor, 39

Ohmic, 39-40
Schottky, 39-41
semiconductor-insulator, 39, 41
continuity equations, 36-37
coupled system, 56
classical form, 57-58
generalized form, 58-63
current densities, 38
current density, 37
current source, 8
cutset, 116
LI-cutset, 16, 17, 73

diffusion current, 35

diffusivities, see carrier diffusivities

diode, 42, 45, 50

direct sum, 120

doping concentration, see concen-
tration

drift current, 35

drift diffusion equations, 33-39

dual space, 129

electric displacement, 37

electric field, 35, 37

electron density, see concentration,
electron

evolution triple, 129

Galerkin method, 89-92
generalized derivative, 87, 130
generation rate, 36

graph, 115

graph theory, 115-119
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hole density, see concentration, hole
homogenization, 54-56

incidence matrix, 10, 12, 116-119
index

for ADASs, 72-73

for DAEs, 121-123
index criteria, 18, 73-85
inductor, 8
integration by parts formula, 89

Kirchhoft’s current law, 9, 10
Kirchhoft’s voltage law, 9, 11

loop, 116
CV-loop, 16, 17
CV S-loop, 73

mass node, 117

MNA, see modified nodal analysis
mobilities, 35

modified nodal analysis, 5, 11-14
MOSFET, 7, 42-44, 47
multi-port, 6

multi-terminal, 6

node potentials, 6

path, 115
permittivity, 37
Poisson equation, 37-38
projection operator, see projector
projector, 120-121

along, 120

onto, 120
properly stated leading term, 121

recombination rate, 36
reflexive Banach space, 129
resistor, 7

topological direct sum, 120
tree, 116

tunneling, 40

voltage source, 8



