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Abstract This paper concerns the problem of global
exponential synchronization for a class of memristor-based
Cohen—Grossberg neural networks with time-varying dis-
crete delays and unbounded distributed delays. The drive-
response set is discussed. A novel controller is designed such
that the response (slave) system can be controlled to syn-
chronize with the drive (master) system. Through a nonlin-
ear transformation, we get an alternative system from the
considered memristor-based Cohen—Grossberg neural net-
works. By investigating the global exponential synchroni-
zation of the alternative system, we obtain the corresponding
synchronization criteria of the considered memristor-based
Cohen—Grossberg neural networks. Moreover, the condi-
tions established in this paper are easy to be verified and
improve the conditions derived in most of existing papers
concerning stability and synchronization for memristor-
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based neural networks. Numerical simulations are given to
show the effectiveness of the theoretical results.
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Introduction

Menmristor is a contraction for memory resistor, which was
firstly postulated by Chua (1971) and Chua and Kang (1976).
However, memristor did not cause much attention of
researchers until the papers Strukov et al. (2008) and Tour
and He (2008) announced that a memristor of nanometer-size
solid-state two-terminal device has been fabricated by a team
from the Hewlett-Packard Company. In this memristor, the
value (memristance) depends on the magnitude and polarity
of the voltage applied to it and the length of the time that the
voltage has been applied. When the voltage is turned off, the
memristor remembers its most recent value until it is turned
on next time. Because of this feature, the passive electronic
device has generated unprecedented worldwide interest
because of its potential applications (Itoh and Chua 2008;
Wang et al. 2010; Kvatinsky et al. 2013). For instance, based
on the memristor technique, the next generation computers
may be powerful brain-like “neural” computers and turn on
instantly without the usual “booting time” currently required
in personal computers (Itoh and Chua 2008).

Neural networks can be constructed by nonlinear circuits
and have been extensively studied because of their immense
potential applications in different areas such as pattern rec-
ognition, parallel computing, signal and image processing,
and associative memory (Balasubramaniam et al. 2011;
Yang et al. 2010; Zhu and Cao 2010; Chen and Song 2010;
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Tsukada et al. 2013). Recently, dynamical behaviors of
memristor-based neural networks have attracted increasing
attention of researchers because this class of neural networks
is a new model to emulate the human brain (Itoh and Chua
2009; Thomas 2013). It is known that memristor-based
neural networks is a special kind of differential equations
with discontinuous right-hand side (Liu and Cao 2011),
which indicates that this class of systems may not have any
solution in the classical sense. In fact, Filippov proposed a
novel method, i.e., Filippov regularization (Filippov 1988),
to transform differential equations with discontinuous right-
hand side into a differential inclusion (Aubin and Cellina
1984). By utilizing theories of differential inclusion,
dynamical behaviors of differential equations with discon-
tinuous right-hand side can be investigated under the
framework of Filippov solution (Shen and Cao 2011).
Recently, authors in Wu and Zeng (2012, 2013), Zhang
et al. (2012, 2013a, b), and Wu et al. (2011, 2012) studied
the stability and synchronization of a class of memristor-
based neural networks with discrete time delays by using
differential inclusion method. However, the main conditions
in Wu and Zeng (2012, 2013), Wu et al. (2011, 2012), and
Zhang et al. (2012, 2013a, b) were not correct.

The study of synchronization for neural networks with
discontinuous right-hand sides is not an easy work, since the
conditions for the stability of neural networks with discon-
tinuous right-hand sides cannot be simply utilized to study
synchronization. In Liu and Cao (2011), attempted to inves-
tigate the synchronization of neural networks with discontin-
uous activation functions, but the obtained synchronization
criterion is local. Moreover, when the usual control techniques
are considered, only qusi-synchronization results can be
derived (Liu and Yu 2012; Liu et al. 2012). Recently, in Yang
and Cao (2013), the authors investigated exponential syn-
chronization of delayed neural networks with discontinuous
activations by designing discontinuous state feedback con-
troller and adaptive controller; the authors in Yang et al.
(2013) studied finite-time synchronization of complex net-
works with nonidentical discontinuous nodes by designing
special discontinuous state feedback controllers. Although
memristor-based neural networks are also belong to the non-
linear systems with discontinuous right hand sides, their dis-
continuities are different from those of neural networks with
discontinuous activations, and hence the analytical technology
utilized to study the synchronization of neural networks with
discontinuous activations may not be applicable to investigate
the synchronization of memristor-based neural networks.
Therefore, in this paper, we shall study the drive-response
synchronization issue of memristor-based neural networks
and improve the results in Wu and Zeng (2012, 2013), Wu
et al. (2011, 2012), and Zhang et al. (2012, 2013a, b).

As an important neural network model, Cohen—Gross-
berg neural networks were firstly introduced by Cohen and
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Grossberg (1983). Cohen—Grossberg neural networks model
is one of the most popular and typical neural network
models. Some other models, such as Hopfield neural net-
works, cellular neural networks, and bidirectional associa-
tive memory neural networks, are special cases of the model
(Kamel and Xia 2009; Mahdavi and Kurths 2013; Yang
et al. 2008, 2011). Stability and synchronization of contin-
uous Cohen—Grossberg neural networks with or without
discrete and distributed delays were studied in the literature
(Zhu and Cao 2010; He and Cao 2008; Song and Wang
2008). Recently, stability of Cohen—Grossberg neural net-
works with discontinuous activations were considered in
Chen and Song (2010) and Lu and Chen (2008). However, to
the best of our knowledge, few published paper considered
synchronization control of memristor-based Cohen—Gross-
berg neural networks. Moreover, according to our study,
results on stability of neural networks with discontinuous
activations and memristors can not be extended to investi-
gate the synchronization of discontinuous chaotic systems
due to the special requirements of stability on the connection
weight matrices of the neurons. For example, the connection
matrices of discontinuous activations must satisfy the
Lyapunov Diagonal Stable (LDS) condition (Chen and Song
2010; Cheng et al. 2007; Di Marco et al. 2012; Forti et al.
2006; Lu and Chen 2008; Wu et al. 2010). However, when
these special and strict conditions are satisfied, neural net-
works usually do not exhibit chaotic behaviors. Therefore,
the methods applicable to the stability of neural networks
with discontinuous activations and memristors can not be
directly employed to study the synchronization of memris-
tor-based Cohen—Grossberg neural networks.

Motivated by the above analysis, this paper proposes a
memristor-based Cohen—Grossberg neural networks model
with time-varying discrete delays and unbounded distributed
delays, and then investigates global exponential synchroni-
zation of the model. By using the sign function, we design a
novel state feedback controller, which is added to the slave
system such that its driven states can globally exponentially
synchronize with those in the master system. Based on the
characteristics of amplification function, behaved function,
and derivative theorem for inverse function, we first get an
alternative system from the considered memristor-based
Cohen—Grossberg neural networks. By investigating the
global exponential synchronization of the alternative system,
we obtain the corresponding synchronization criteria of the
considered model. The convergence rate is explicitly esti-
mated. Moreover, the conditions utilized in this paper are
easy to be verified and improve the conditions derived in
Wu and Zeng (2012, 2013), Wu et al. (2011, 2012), and
Zhang et al. (2012, 2013a, b). Numerical simulations are
given to show the effectiveness of the theoretical results.

The rest of this paper is organized as follows. In Sect. 2,
model of memristor-based Cohen—Grossberg neural
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networks with mixed delays is described. Some necessary
assumptions, definitions, and lemmas are also given in this
section. Exponential synchronization of the considered
model under state feedback control are studied in Sect. 3. In
Sect. 4, numerical example is given to show the effectiveness
of our results. Conclusions are finally reached in Sect. 5.

Model description and some preliminaries

Referring to the relevant models in Wu and Zeng (2012,
2013), Wu et al. (2011, 2012), and Zhang et al. (2012,
2013a, b) for memristor-based recurrent neural networks,
in this paper, we consider a memristor-based Cohen—
Grossberg neural network model with mixed delays which
is described as follows:

(1) = ai(“i(f)){bi(ui(f)) - zn:[wii(“i(f))
=1
X fi(uj(1)) + cij(ui(0))fi (i (1 = 755(2)))

i) [ K= siy(s)a] ~ 1.

—00

i=1,2,...n, (1)

where u;(t) denotes the state variable of the ith neuron at
time ¢, I; is the external input to the ith neuron, «;(u;(t)) and
b;(u;(t)) represent the amplification function and
appropriately behaved function at time ¢, respectively; the
time-varying delay 7;() corresponds to the finite speed of
the axonal signal transmission; Kj;(f) is a non-negative
bounded scalar function defined on [0, +00) describing the
delay kernel of the unbounded distributed delay;
wii(ui(1)), c;j(u;(¢)) and d;(u;(z)) are connection weights
of the neural network satisfying the following conditions:

vf),-j, |ul(t)| <Ti

wii(ui(t)) = {w, |ui (1) > T;, @
¢y, |ui(2)| <T,

cii(ui(t)) = {éj, |u;(2)| > T, ?)
_ C?ij, |ui(1)| <T;,

dij(ui(l‘)) = {glu’ lui(2)| > T, “

where switching jumps T; > 0, vfz,-j,w,j,éij,c',-j,ﬁ,-j,d,-j, i,j=
1,2,...,n, are constants.

Remark 1 Model (1) includes the memristor-based recur-
rent neural networks studied in Wu and Zeng (2012, 2013),
Wuet al. (2011, 2012), and Zhang et al. (2012, 2013a, b) as
a special case since unbounded distributed delays are also
considered in Model (1).When w;(u;(1)), c;j(u;(r)),and
dij(u;(1)) are deterministic constants and Kj(r) = 1 for t €

[0, 0] (0 is a positive constant) and K;;(t) = 0 for ¢ > 0, the
model (1) turns out to the systems studied in Gan (2012),
Zhu and Cao (2010) and Song and Wang (2008). Therefore,
models in this paper are general.

In order to achieve our main results, the following
assumptions are needed:

(Hi) The parameters w;;(u;(t)),cij(ui(r)), and dj;(u;(t))
satisfy the conditions (3) and (4), and there exist
constants t; > 0 such that 0 <7;(f) <ty,i,j=1,2,...,
n,t € R.

(Hz)a;i(u) is continuous and there exist positive con-
stants g; and @; such that 0<g; <a;(u) <a;,u € R,
i=1,2,...,n

(H3) There exist positive constants /; such that bl(u) > [;,
where b!(u) denotes the derivative of b}(u),u € R and
bi(0) =0,i=1,2,....n.

(Hy) There exist constants L; such that [f;(x) — fi(y)]
<Lilx—y|, Vx,y e Ryx #y,i=1,2,...,n.

(Hs) There exist constants M; such that |f;(x)| <M; for
bounded x,Vx € R;i=1,2,...,n.

(Hg) The delay kernels Kj :[0,400) — [0,4+00) are
real-valued non-negative continuous functions and there
exist positive numbers f3; such that f0+ * Kij(s)ds < By,
i=1,2,...,n

From (H,), the antiderivative of ﬁ exists. We choose

an antiderivative h;(u;) of .~ that satisfies /;(0) = 0.
Obviously, ihi(u;) = ﬁ By a;(u;) > 0, we obtain that
hi(u;) is strictly monotone increasing about ;. In view of
derivative theorem for inverse function, the inverse func-
tion /;'(u;) of hi(u;) is differentiable and LA ' (u;) =
a;(u;). By (H3), composition function b;(z, ;' (z)) is dif-
ferentiable. Denote x;(¢) = h;(u;(2)). It is easy to see that
xi(1) :% and u;(t) = h;'(x;(f)). Substituting these

equalities into system (1), we get
5i(1) = = bi (b7 (xi(1)) + Y [wy (B (x:(2)))
=1

< £ (7 (1)) + e (7 ()
< (5 G = (1))

t

+dy (h7 (xi(1))) / Kyt — s)

X ﬁ(h;'(x,(s)))ds] + . (5)

From conditions (2), (3), and (4), one can see that system
(1) is a differential equation with discontinuous right-hand
side. In this case, the solution of (1) in the conventional
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sense does not exist. However, we can discuss the dynam-
ical behaviors of system (1) by means of Filippov solution.
In the following, we first recall the notation of set-valued
map, which is needed to define Filippov solution.

Definition 1 Filippov(1960). The Filippov set-valued
map of f(x) at x € R" is defined as follows:

Fx)= (1 [ @lf(B(x,8)\ Q)

6> 0pu(Q)=0

where ¢o[E] is the closure of the convex hull of the set
E,B(x,0) = {y:|ly —x|| <4}, and u(Q) is the Lebesgue
measure of set Q. For the convenience of later study, we
introduce the following notations: w; = max{Ww;, w;},
W = min{w;;, w; }, ¢; = max{¢;,¢;},c Ci = = min{¢y, ¢;},
dlj = max{d,j,d,j}, d; = mln{dij,d,j}.

Based on Definition 1 and theory of differential inclu-
sion, it can be obtained from (5) that

—I— Z [co [WU, w,,}

xﬁ(h; (5(c >>) + @olcy, &
FURCTERON)

x%i(1) € —b;(

t

+co[d,],d} /K,-j(t—s)

X ];(hj—'(x,-(s)))ds} s (6)

or equivalently, there exist y;(t) € colw;,w;], d;(t) €

colcyj, ¢, {y(1) € coldy;, dj] such that

ijs

(1) = = bi(h ! (xi(0))) + Z[%j(f)
< £ (7 () + 300 £ (5 e = 75()) )

t

+4(0) [ Kie-)

xﬁ(h_;l(xj(s)))ds] + . (7)
Let system (1) be the driving system. We construct a
controlled response system described by

vi(t) = — di(Vi(f)){bi(Vi(f)) - z": lwu("i(’))

x hj(vi(t)) + cij(vi(1)) £i(vi(t — ©35(2)) ) +dy (vi(t))
/ K,] gj V]( ))dsl —I,} + Ri(1), (8)
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where the feedback control term R;(¢) is
Ri(t) = — pi(vi(t) — ui(r))

— msign(vi(r) — ui(1)),
where p;,n; are the control gains to be determined.

Similar to the analysis of (5), (6), and (7), we have from
(8) and (9) that

©)

t>0,

¥i(t) = = bi(h;!

)+ 3 [0 050)

+ 0y (O (hy (3 (¢ - 7(1))))

t

50 [ Kyl = 9050 005

B Pi 1y oy
e Gy ) A 0)
i . 4
i oy e )
7 (), o)
where  y;(t) hl(vl(t)),ﬁ](t) IS co[mj,wl]],gl](t) c co[cij,

Eij}a Cl]( ) € CO[Q alj]
The initial values ¢(s) = (¢,(s), 5(s), ..., @,(s))" of
(1) and $(s) = (1(5), §2(5), . » by(5))" of (8) are of the

following form

Lti(S) = QD,‘(S), V,'(S) = ¢i(s)7 (11)
where s <0,i =1,2,...,n,¢;(s) and ¢;(s) are continuous
functions.

Then the initial values A(@(s)) = (hi(@(s)), ha
(©2(9)); - > 1u(@,(5)))" of (7) and h(¢p(s)) = (i (¢ (s)),
B (dy(5)), -, hu(,(5)))" of (10) are of the following
form

xi(s) = hi(9i(s)), yi(s) = hi(¢(s)),

where i =1,2,...,n.

s<0, (12)

Remark 2 The assumptions in this paper are very mild
and can be easily verified. Recently, the authors in Wu and
Zeng (2012, 2013), Wu et al. (2011, 2012), and Zhang
et al. (2012, 2013a, b) investigated the stability and syn-
chronization of neural networks with memristors under the
following condition (H.,):

colwy;, wilfi (x;) — colwy;, wylfi(¥;)
C colwy;, wy(fi(x;) — £()),
7[ 855, 04l () — €oldy, 95l (v))
co[0y;, Wy (f;(x;) — £i(3))
co[{ S gulfj( i) — COKU Culfj(yj)
Ceol¢ Sip Wil (fi(x) = £i07))-

©|
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However, the condition (H,) is not right. We take the first
inclusion relation as example. When &, = w;; and & = wy;,

then, for any x;,y; € R, there exists ¢ € co[w,,,wu] such

that

Sufi () — Safi () = wyfi(x5) — wirfi () (13)
= <) = fi(3)-

Obviously, ¢ # w; and ¢ # wy;. Otherwise, ¢ = w; = wy;,
which contradicts the condition Wy <wjj. Hence,

wy; <E<wy. (14)
It follows from (13) and (14) that

Wy = &
—¢

which means that

filx) = 1), (15)

Wij

wi — &
) = i) = [Wf - I]fjuf). (16)
On the other hand, one has from (14) that 2= <O So, the
equality (16) implies that f;(x;) <0. From ti’le arbitrariness
of x; € R we get that f;(u) is an negative-valued function

w,, C

on R. However, considering f;(x;) <0 and <0, we

obtain from (15) that f;(y;) > 0, which 1mplles that]j-( ) is

a positive-valued function on R, this is a contradiction.
Hence, there is no ¢ € cow;, w;| such that the equality
(13) holds, and so the first inclusion relation (H,) is not
correct.

If fi(u),j =1,2,...,n,u € R satisfy the Lipschitz con-

dition, i.e., there exist positive constants L; such that
Ii(x;)) — i) <Ljlx; —y;| for all x;,y; € R, then other
contradiction can also derived. It is obtained from (16)
that

) — o0l = | (2=~ 1))

i\ i\ w; — ¢ A (17)

< Ljlx; — yjl.

Letting x; —y;, the above inequality implies that

fi(yj) =0, which contradicts the practical meaning of
neural networks. This contradiction also means the Lips-
chitz condition of the activation and the condition (H.)
cannot coexist.

Definition 2 The controlled system (8) is said to be
globally exponentially synchronized with system (1) if
there exist positive constants M and o such that

vi(t) — ui(r)| < M|[(s) — d(s)l|exp(—ou),
i=1,2,..,n, hold for t>0, where |@(s)—
sups <o maxi <;<n |@;(s) — ¢ (s)].

Lemma 1 (Chain rule) Clarke (1987). If V(x) : R" — R
is C-regular and x(t) is absolutely continuous on any

o)l =

compact  subinterval of [0,+00), then x(t) and
V(x(1)) : [0,4+00) — R are differentiable for a.a. t¢
[0, +00) and

d

g Y (0) =2(0)x(), V(1) € BV(x(0)), (18)

where 0V (x(t)) is the Clark generalized gradient of V at
x(2).

Synchronization control of memristor-based Cohen—
Grossberg neural networks

In this section, synchronization criteria for memristor-
based Cohen—Grossberg neural networks with time-varying
and unbounded distributed delays under the controller (9)
is derived by rigorous mathematical proof. One corollary,
which is applicable to memristor-based recurrent networks,
is also derived.

Theorem 1 Assume (H;)—(Hg) hold and the following
inequalities are satisfied:

a;
p,->— a;li + a;Li(w;; + ¢
(e Soanton "

n; 2 a; (Wi —wyi| + |5 — &5
(20)

+|dy — dyl BIM;) = A,
i=1,2,...,n, then the controlled system (8) is globally

exponentially synchronized with system (1) under the
controller (9).

Proof Set z(1) = (z1(1),22(t), . . ., za(1))" = y(1)
follows from systems (7) and (10) that

—x(1). It
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2i(t) = = bl (3i(0))) = bl (xi(1))]
> ["Pij(t)ﬁ(hf'(yj(t)))- -
+Z[ (O (y
=050y (1 — w(r))))}

+Z 5,0 / — S)fi(h

—Cy(1) / Kij(f—S)j(hjl(xj(S)))dS]

—75(1))))

H((5)))ds.

Construct the function ¢;(1) as follows:

n
pig; _ - N
— +§ a;L;(wy + cye™™
1 .
j=1

+00
+c?,j/ |kij(s)|e’~fds), i=1,2,...,n (22)

0

qi(4) =4 — ali —

It follows from (19) that ¢,(0) < 0. Moreover, g;(1),i =
1,2,...,n, are continuous functions about / € R, and

+00
G = 1+ al (e +dy [ hy(olseds) > 0
0

Jj=1

and g;(+00) = 400, hence ¢;(4),i=1,2,...,n, are
strictly monotonically increasing functions. Therefore, for
any i € {1,2,...,n}, there is a unique 4; > 0 such that

n

Pig; - R

Ai = @il ===+ D Ly + et
i —1

+00

+d; / ey (5)]e*ds) = 0.

0

Taking o = min{Ay, 22, ..., 4, } yields

gi() =0 — gl; — 24

n
o
L+ @l + cye”
14 j:l
+00

+d;; / |kij(s)|e*ds) <0, i=1,2,...,n. (23)
0

@ Springer

Define a Lyapunov functional by V;=e"|z(f)|,i=
1,2,...,n. In view of Lemma 1, it can be obtained from
system (21) that

Vi(e) =e"sign(zi(e)) {~[bi 7 ((1))
byl ()] + D |70 07 05(0)))
—w,-(r)ﬁ(h;‘(xj(t)))]

+Z[ SO0 Oy = (1))

030k (s w(r))))}
+i[&j<r> [ Kot 508 0360

—hi ! (xi(1))} + o™i (0)]-

Since b;(u) and h;'(A) are strictly monotonically
increasing and differentiable, b;(0) =0, and h;'(0) =
0,b;(h;'(Z)) is strictly monotonically increasing and
differentiable about 1 € R and

(24)

— bi(h; ' (xi(1)))
= i(t) = xi(1)),

where b}(h; ' (4))],_: denote the derivative of b;(h;'(1)) at
the point 2 = ¢, ¢ is between y;(f)andx;(t). It is obvious
that bj(h;'(2))],—; is unique for any y;(r)andx(t).

Moreover, bj(h;'(2))|,—: > a;l;. Therefore, it is obtained
from (25) that

bi(h; ! (vi(1)))

25
= (7)) >

— sign(zi(0))bi(h; ' (vi(0))) = bi(h; (xi(0)))
Lo (26)
= =bi(h; ()] j=elzi()] < — aililzi(1)],
and
— sion(z: I B A — i (x;
Sg (Zl(t))ai(hfl(yi(t))) (hz (yl(t)) hz ( l(t)))
< Bz ). 27)

Moreover, since h; (1) strictly monotone increasing and
h'(0) =0, we get 0i(0) = b (xi(1))) =

l

sign(z;()). Thus,

sign(h;
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— sign(z (1)) — 7111,- . sign(hfl(yi(t)) It is obvious that
I T o OIS0 K< o) gl

~ k) = _ai(hfl(yi(t))) - (28) for t<0,i=1,2,...,n. We claim that
It is derived from (Hl), (H4), (H5) and (H(,) that Vi(l) _ |Zi(t)|e%t < ”h(q)) _ h(d))” (34)
|771'1'0) f(hfl(y/(t))) - Vﬁ(t)j(hfl(xj(t)))| for all t>0,i=1,2,...,n. Contrarily, there must exists
<|p;(1) j(hj_l( (1)) — 7 ()i (h '_1( ()] io €{1,2,...,n} and ¢ > 0 such that
0 (0 0507 0 B o) . oP >0, a5
< wiLyalz(0)] + Wy — Wy |M;, (29)

_ and

|05 (0)f; (R (3t = 75(1)))) N

— S(Of(h (it — (1)) Vi(t) <|[lh(p) — h(P)ll, Vi<ii=12,....n (36)

y J y

< cyLiaj|zi(t — (1)) + |é — ¢|M; (30)  Together with (33), (35), and (36), we obtain that
and 0< V(7

) t < I _on_lo V.

G(1) / Kij(t — s)fi(h;" (v;(s)))ds _(a “l T, ) o)

o . + Z WiiLia@;iVi(t) + Cipje™ v Liaj x
mo£m< (k! ((s)))ds Vi i)
<dia; [ Kyle=9l(0)ds +ldy - dylpM () Hdy [ K= 90

—00

Substituting (26)—(9) into (24) produces the following
inequality:

Vi(r) < e“’{ (fx —al; — l%) |zi(1)]

n

+ 3 [Walyd|5(0)] + elyalz(t

J=1

t
+dyL;a; / Kij(f—S)|Zj(S)|dS]

= 7(1))]

n
+ D [y — g+ [ = &1

j=1

5 9 i
Hdy— g~ 1}, 32)

Considering the condition (20), we get from (32) that

Vi(t)<(oc—al _p,,> —|—ZwULaJ

+ ¢ Lia; Vit — (1 ))+diijaj

1

/ Kyt — )V, (s)ds], i=1,2,..m.

—00

—00

Pira;
((]’))”{Oﬁ 10 lo - y
aj,
n
+ > GL(Wiy + e
=
+oo
+diy [ aslo)le ).

0

<|la(p) —

Hence,

n
O<o — [ _pioQio + _'L‘(_‘ Ry OTig
Ligtio =~ aiLj(Wigj T Cigj€
=

io

+00

+iiy [ las(o)les),

0

which contradicts (23). Hence (34) holds. It follows that

|zi(1)] < [lh(@) — h()lle™™, (37)
for Vt>0,i=1,2,...,n. It follows from (37) that
vi(t) = ui()| = |7 (7i(0)) — ki (a(0)))]
< aj|zi(1)]
a —ot
S;pr—cbl\e (38)
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for Vt>0,i=1,2,...,n, where a=max{a;,i=
1,2,...,n} and @ = min{q;,i = 1,2,...,n}. According to
Definition 2, the controlled system (8) is globally expo-
nentially synchronized with system (1) under the controller
(9). This completes the proof.

Remark 3 We first transform the Cohen—Grossberg neural
network (1) and (8) into (7) and (10) respectively, then we
get the exponential synchronization criteria between (1) and
(8) through investigating the exponential synchronization
criteria between (7) and (10). By this way, we need not to
introduce special condition as those in Gan (2012) for
Cohen—Grossberg neural network to derive synchronization
criteria. Moreover, the transformation technique used in this
paper also enables us to simplify Lyapunov function to
prove our main results. However, the conventional Lyapu-
nov functions for studying stability and synchronization of
Cohen—Grossberg neural network are not so simple.

Remark 4 How to deal with the general amplification
function a;(u;()) is a key technology in studying synchro-
nization of Cohen—Grossberg neural networks. In Zhu and
Cao (2010) and He and Cao (2008), the amplification func-
tion a;(u;(t)) was constant, which simplified the research
greatly. Hence the methods in Zhu and Cao (2010) and He
and Cao (2008) are invalid for the models of this paper.

When a; =a; =1 in (H,), then the memristor-based
Cohen—Grossberg neural networks in this paper turn out to
the models considered in Wu and Zeng (2012, 2013), Wu
et al. (2011, 2012), and Zhang et al. (2012, 2013a, b). We
derive the following corollary from Theorem 1.

Corollary 1 Assume (H,)—(Hg) hold and a; = a; = 1,
and the following inequalities are satisfied:

pi> — i+ ZLj(Wij +cij + a,‘jﬁ[j), (39)

J=1

ni=> ) Wy — Wyl + |65 — ¢
2, 0

+ |dyj — dy| B;1M;;,

i=1,2,...,n, then the controlled system (8) is globally
exponentially synchronized with system (1) under the
controller (9).

Remark 5 The designed controller (9) synchronizes the
memristor-based Cohen—Grossberg neural networks
effectively. One may notice that the designed controller
consists two parts: —p;(v;(t) — u;(t)) and —n;sign(v;(¢)
—u;(t)). It can be seen from the proof of Theorem I that
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the part —n;sign(v;(t) — u;(t)) in the controller plays an
important role in dealing with the uncertain differences
between the Filippov solutions of the drive and response
systems, while the other part —p;(v;(t) — u;(t)) is to drive
the state of the slave system to synchronize with the
master system.

Examples and simulations

In this section, numerical example is given to show
the effectiveness of our theoretical results obtained
above.

Consider a memristor-based Cohen—Grossberg neural
network model with mixed delays as follows:

2

(t) = — a,-(ui(t)){b,-(u[(t)) = [wii(ui(e))

x fi(ui(t)) + cij(ui(0) )i (u; (t — 735(2)))

i (ui(t /Ku

711'}3[ = a a (41)
1+u2’b (ul) =1.61

uy + sin(uy ), by (up) = 1.45u; + sin(up), I; = —0.01,1; =
—0.12, 711 () = 1 — 0.2] sin(7)], 712(t) = 0.9 — 0.1| cos(?)|
01(1) = [sin(1)], 122(t) = |cos(t)], Ky(t) = e O, filus)
tanh(u;), i,j = 1,2,

1.81, ‘M1| <0.3,
wii(ur) =

s)f;(u;(s))ds

where a; (u1) =6 + l+u2 Jap(up) =3 —

2.2, ||us] > 0.3,
—0.14, [|uy] <0.3,
wiz(in) = { 0.12, [lu| > 0.3,
—1.9, |luz| <1,
wan (1) :{ 222, ] > 1,
5, |luz| < 1,
waz(12) {5.2, lua| > 1,
—0.95, [|us] <0.3,
cu (i) :{ ~13, | > 0.3,
0.08, || <0.3,
enz(in) {o 15, || > 0.3,
202, |lus| <1,
c21(u2) { —0.18, |lua] > 1,
225, |wl <1,
cnu) { 23, [|us| > 1,
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Fig. 1 Trajectories of system (41) with different initial values:
a u(t)=(-02,12)"1re[-5,0], ut)=0 for te (—o0,—5);
b u(r) = (0.4,0.6)",t € [-5,0], u(t) = 0 for t € (—o0, —5).

di(u) = { 0.6, [|lus]<0.3,
0.65, ||lui| > 0.3,
date) = —%-1125,|||L21||<>063.S,
) ={ o,
dy(up) = { __00112: |||b;22|| <>li

Obviously, the assumptions (H;) — (Hg) are satisfied
witht); =1.2,tp = 1,10 =1 = 1,0, =6,a, =7,a, =
2, a=3,1 =061, =045L; =1, and B; =2,i,j=
1,2. Figure 1 describes trajectories of (41) with different
initial valves. Moreover, when u(r) = (—0.2,1.2)" 1€
[-5,0,u(t)=0 for 1€ (—o0,—5), we
M1 = 0.6206(1)’1sz =1.

have

0.8

0.7 +

0.6 -

0.5 |

0.4

e1(?)

0.3

0.2

0.1

ea(?)

0 02 04 06 08 1 12 14 16 18 2
t

Fig. 2 Time responses synchronization errors e (¢) (upper) and e, ()
(lower) between (41) and (42) under the controller (9)

The controlled response system is described by

vi(t) = — ai(Vi(f)){bi(Vi(f)) - [Wij(vi(f))-~
=1
X hj(v (1)) + (i) (vt = (1))
+d;j(vi(1)) / Ki'(f—s)gj("j(s))dS] —I,}

—00

+ R;(1),

where the feedback control R;(z) is defined in ((9).

By simple computation, we have ZE; = 36.8550,
E; =63.78, Ay = 9.0763, and A, = 1.9456. According to
Theorem 1, the response system (42) can globally expo-
nentially synchronize with the drive system (41) if we take
p1=067,py =64,n, = Ay, and 5, = Ay. In the simula-
tions, the initial condition of system (41) and (42) are the
same as those of (a) and (b) in the Fig. 1, respectively.
Figure 2 shows the time responses of synchronization

i=1,2, (42)
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errors, which implies that the states of the two systems
realize synchronization quickly as time goes.

Remark 6 Figure 2 shows that initial values have impor-
tant effects on the trajectories of memristor-based neural
networks. This is because the parameters of memristor-
based neural networks depend on the states. Moreover, the
numerical example demonstrates that the designed controller
(9) is powerful to synchronize memristor-based neural net-
works even though the different trajectories of the coupled
memristor-based neural networks.

Conclusions

In this paper, global exponential synchronization of
memristor-based Cohen—Grossberg neural networks model
with time-varying discrete delays and unbounded distrib-
uted delays has been studied. The considered model is
general and covers most of the existing neural network
models. By adding a new controller to the response system,
this paper shows theoretically and numerically that the
response system can globally exponentially synchronize
with the drive system, where the synchronization criteria
are easily verified. As a by product, numerical simulations
also show that the initial values of the memristor-based
Cohen—Grossberg neural networks have key effects on their
trajectories.
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