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Abstract

The existence of global-in-time weak solutions to reaction-cross-diffusion sys-
tems for an arbitrary number of competing population species is proved. The equa-
tions can be derived from an on-lattice random-walk model with general transition
rates. In the case of linear transition rates, it extends the two-species population
model of Shigesada, Kawasaki, and Teramoto. The equations are considered in a
bounded domain with homogeneous Neumann boundary conditions. The existence
proofis based on arefined entropy method and a new approximation scheme. Global
existence follows under a detailed balance or weak cross-diffusion condition. The
detailed balance condition is related to the symmetry of the mobility matrix, which
mirrors Onsager’s principle in thermodynamics. Under detailed balance (and with-
out reaction) the entropy is nonincreasing in time, but counter-examples show that
the entropy may increase initially if detailed balance does not hold.

Mathematics Subject Classification 35K51 - 35Q92 - 92D25 - 60J10

1. Introduction

SHIGESADA et al. [24] suggested in their seminal paper a diffusive Lotka-Volterra
system for two competing species, which is able to describe the segregation of the
population and to show pattern formation when time increases. Starting from an
on-lattice random-walk model, this system was extended to an arbitrary number of
species in [30, Appendix]. While the existence analysis of global weak solutions
to the two-species model is well understood by now [3,4], only very few results
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for the n-species model under very restrictive conditions exist (see the discussion
below). In this paper, we provide for the first time a global existence analysis for
an arbitrary number of population species using the entropy method of [15], and
we reveal an astonishing relation between the monotonicity of the entropy and the
detailed balance condition of an associated Markov chain.

More specifically, we consider the reaction-cross-diffusion equations

n
dui —div [ Y Ajj@)Vu; | = fiw) inQ, 1>0, i=1....n (1)
j=1

with no-flux boundary and initial conditions

n
ZA,-j(u)wj.vzo ondQ, t >0, u(-,0)=ud inQ. )
j=1
Here, u; models the density of the ith species, u = (u1, ..., u,), 2 C R (d > 1)
is a bounded domain with Lipschitz boundary, and v is the exterior unit normal

vector to d2. The diffusion coefficients are given by

n

ap; .
Aij) =8 piw) +uim @), piG) =aio+ Y awuy, i j=1,....n,

J k=1
3)
where ajo, a;j = 0 and s > 0. The functions p; are the transition rates of the
underlying random-walk model [16,30]. The source terms f; are of Lotka-Volterra

type,

n
Si(u) = u; biO_Zbijuj , i=1,...,n, “4)
j=1

and we suppose that bjg, b;; = 0 (competition case). Note that (1) can be written
more compactly as

du —div(A)Vu) = fu), fu) = (fi(w), ..., fu()).

State of the Art

From a mathematical viewpoint, the analysis of (1)-(2) is highly nontrivial
since the diffusion matrix A (u) is neither symmetric nor generally positive definite.
Although the maximum principle may be applied to prove the nonnegativity of the
densities, it is generally not possible to show upper bounds. Moreover, there is
no general regularity theory for diffusion systems, which makes the analysis very
delicate. Equation (1) can be written in the form

duj — Aui pi(u)) = fi(u), &)

which allows for the proof of an L>*$ estimate by the duality method [8,21], but
we will not exploit this method in the paper.
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The case of n = 2 species and linear transition rates s = 1 corresponds to the
original population model of SHIGESADA et al. [24]:

dur — Aui(aro + anuy + apuz)) = fi(uw),
duz — Auz(azo + aziur + anuz)) = fo(u).

The numbers a; are the diffusion coefficients, a;; are the self-diffusion coefficients,
and g;; for i # j are called the cross-diffusion coefficients. This model attracted
a lot of attention in the mathematical literature. The first global existence result
is due to Kim [17] who studied the equations in one space dimension, neglected
self-diffusion, and assumed equal coefficients (a;; = 1). His result was extended
to higher space dimensions in [11]. Most of the papers made restrictive structural
assumptions, for instance supposing that the diffusion matrix is triangular (a>; = 0),
since this allows for the maximum principle in the second equation [1,18,20].
Another restriction is to suppose that the cross-diffusion coefficients are small,
since in this situation the diffusion matrix becomes positive definite [11,28].

Significant progress was made by AMANN [1] who showed that a priori esti-
mates in the W7 norm with p > d are sufficient for the solutions to general
quasilinear parabolic systems to exist globally in time, and he applied his result to
the triangular case. The first global existence result without any restriction on the
diffusion coefficients (except positivity) was achieved in [14] in one space dimen-
sion and in [3,4] in several space dimensions. The results were extended to the
whole space in [12]. The existence of global classical solutions was proved in, for
example, [19], under suitable conditions on the coefficients.

Nonlinear transition rates, but still for two species, were analyzed by DESVIL-
LETTES et al. [9], assuming sublinear (0 < s < 1) or superlinear rates (s > 1) and
the weak cross-diffusion condition ((s — 1) /(s + 1))2a12a21 < ayaz; [10]. Similar
results, but under a slightly stronger weak cross-diffusion hypothesis, were proved
in [15].

As already mentioned, there are very few results for more than two species. The
existence of positive stationary solutions and the stability of the constant equilib-
rium was investigated in [2,23]. The existence of global weak solutions in one space
dimension assuming a positive definite diffusion matrix was proved in [27], based
on Amann’s results. Using an entropy approach, the global existence of solutions
was shown in [10] for three species under the condition 0 < s < 1/ V3 (which
guarantees that det(A(u#)) > 0). To our knowledge, a global existence theorem
under more general conditions seems not to be available in the literature. In this
paper, we prove such a result and relate a structural condition on the coefficients
a;jj with Onsager’s principle of thermodynamics.

(6)

Key Ideas

Before we state the main results, let us explain our strategy. The idea is to find
a priori estimates by employing a Lyapunov functional approach with

H[u]:/ h(u)dx:/ > ihg(u;) dx, (7
@ iz
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where 77; > 0 are some numbers and

z(logz—1)+1 fors =1,
h =17z - 8
@=1E2% 0 s L ®)
s—1
Because of the connection of our method to nonequilibrium thermodynamics [16,
Section 4.3], we refer to H[u] as an entropy and to /(«) as an entropy density.
Introducing the so-called entropy variable w = (wy, ..., w,) (called chemical
potential in thermodynamics) by

9h 7; logu; fors =1,
Y e T @ = fors £ 1,
5 —
equations (1) can be written as
du(w) — div(B(w)Vw) = fu(w)), Bw)=A@w)Hu)™", )

where u(w) := (h')~!(w) is the inverse transformation and H (1) = h” (u) is the
Hessian of the entropy density. We claim that if f = 0 and B(w) or, equivalently,
H (u)A(u) is positive semi-definite, H[u] is a Lyapunov functional along solutions
to (1).! Indeed, a (formal) computation shows that

d

—H[ul=— | Vw:Bw)Vwdx <0,

dr Q

which implies that + +— H[u(z)] is nonincreasing. The entropy method pro-
vides more than just the monotonicity of H[u]. If, for instance, z ' H (u)A(u)z >

S, cju®2z? for some constants & > 0, ¢; > 0, it follows that
d 4 [+
- _ X /22 <
Ml + — /Q;cl|Vui ?dx <0,

which yields gradient estimates for u?/ 2. This strategy was employed in many
papers on cross-diffusion systems; see, for example, [3,4,9,12,14,15,30]. In this
paper, we introduce two new ideas which we explain for the case s = 1 (s # 1 is
studied below).

It is known that the entropy (7) with m; = 1 is a Lyapunov functional for the
two-species model (6) with f; = f> = 0. This property is generally not satisfied
for the corresponding n-species system. Our first idea is to introduce the numbers
w = (my, ..., m,) in the entropy (7). It turns out that (7) is a Lyapunov functional
and H () A(u) is symmetric and positive definite if

mwia;j = wjaj; foralli,j=1,...,n. (10)

I We say that an arbitrary matrix M € R"*" is positive (semi-) definite if z T Mz > ()
Oforall z € R", z #0.
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More precisely, this property is equivalent to the symmetry of H(u)A(u) (see
Proposition 19). We recognize (10) as the detailed balance condition for the Markov
chain associated to (;;). The equivalence of the symmetry and the detailed balance
condition is new but not surprising. In fact, the latter condition means that 7 is a
reversible measure, and time-reversibility of a thermodynamic system is equivalent
to the symmetry of the so-called Onsager matrix B(w), so symmetry and reversibil-
ity are related both from a mathematical and physical viewpoint. We detail these
relations in Section 5.1. In Section 2.1, we derive a refined estimate for H () A ()
leading to

d n n
SH+a [ S manlvyatar+2 [ S malvaPas<o.
Q= Q

dr ‘
i=1

and thus giving an H! estimate for Jui (f ajo > 0) and u; (if a;; > 0). This is the
key estimate for the global existence result. (Below we also take into account the
reaction terms (4).)

One may ask whether the detailed balance condition is necessary for the mono-
tonicity of the entropy. It is not. We show that if self-diffusion dominates cross-
diffusion in the sense

s ‘ 2

mo = min | @i = 5= ; (Vai; — Ja;i)~ | >0, (12)
and detailed balance may be not satisfied, then the estimate leading to (11) still holds
(with different constants), and global existence follows. (Throughout this paper, we
set 1; = 1 when detailed balance does not hold.) However, if conditions (10) or
(12) are both not satisfied, there exist coefficients a;; and initial data 10 such that
t — H[u(t)] is increasing on [0, 7] for some 7y > 0; see Section 5.3. Numerical
experiments (not shown) indicate that after the initial increase, the entropy decays
and, in fact, it stays bounded for all time. We conjecture that the entropy is bounded
for all time for all nonnegative coefficients and nonnegative initial data and that
global existence of weak solutions holds for any (positive) coefficients a;;.

Our results can be extended to nonlinear transition rates of type (3). One may
choose more general terms a;; u”! with different exponents s; but the results are
easier to formulate if all exponents are equal. Coefficients with exponents s # 1
were also considered in [9,10,15] but in the two-species case only. We generalize
these results to the multi-species case for any n = 2. The entropy method has to
be adapted since the inverse of 4} (z) = (s/(s — 1))(z*~! — 1) cannot be defined
on R and thus, u(w) = (')~ (w) is not defined for all w € R”. This issue can be
overcome by regularization as in [9,15]. In fact, we introduce

n
he(u) = h(u) + & Z (ui(logu; — 1) +1).
i=1
Then 4., : (0, 00)" — R" can be inverted and (k)™ : R" — (0, 00)" is defined
on R”. As a consequence, u; = (h/e)’1 (w); is positive for any w € R" and even
strongly positive if w varies in a compact subset of R”.



720 XI1UQING CHEN ET AL.

Unfortunately, the product H, (1) A(u), where Hy(u) = h//(u), is generally not
positive definite and we need to approximate A(u). In contrast to the approxima-
tions suggested in [9, 15], we employ a non-diagonal matrix; see (23) below. More
specifically, we introduce Ag(u) = A(u) + eA%(u) + e" Al (u) with non-diagonal
A®(u), diagonal A'(u), and n < 1/2 such that

2 Ho WA, (w)z = 2" Hu)A(u)z forall z € R™.

The choice of the non-diagonal approximation satisfying this inequality is nontriv-
ial, and this construction is our second idea.

Main Results

First, we show that global existence of weak solutions holds for linear transition
rates (s = 1). In the following, we set Q7 = Q x (0, T).

Theorem 1. (Global existence for linear transition rates) Let T > 0, s = 1 and

u® = (u(l),...,ug) be such thatu? >O0fori=1,...,n andeh(uo)dx < 0.
Let either detailed balance and a;; > 0 fori =1, ...,n; or (12) hold. Then there
exists a weak solution u = (uy, ..., uy) to (1)-(2) satisfying u; =2 0in Q, t > 0,
and

ui € L*(0,T; H'(Q)), u; € L™(0,T; L1(Q)),
up € L**Y14Qr), ou; € LYO, T; WH(Q)), i=1,....n,

where g = 2(d + 1) and g’ = 2d + 2)/(2d + 1). The solution u solves (1) in the
weak sense

T T T
/ (8,u,¢)dt+/ fw):A(u)vudxdz:/ /f(u)-qbdxdt (13)
0 0 Q 0 Q

for all test functions ¢ € L1(0, T; Wh4(RQ)), and the initial condition in (2) is
satisfied in the sense of W4 ().

The theorem can be generalized to the case of vanishing self-diffusion, that is
a;; = 0 if detailed balance, a;o > 0, and b;; > 0 hold; see Remark 12.

Our second result is concerned with nonlinear transition rates (s 7% 1). The
entropy inequality yields the regularity u; € L>*%/¢(Q7) which may not include
L? for “small” exponents s < | and large dimensions d. For this reason, we need to
suppose, in the sublinear case, the lower bound s > 1 — 2/d and a weaker growth
of the Lotka-Volterra terms:

n
fiwy =ui | bio—=Y bijul|. i=1....n. 050 <2s—142/d. (14)
j=1

The superlinear case (s > 1) is somehow easier than the sublinear one since
the entropy inequality gives the higher regularity u; € L?(Qr) with p > 2. On the
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other hand, we need a weak cross-diffusion constraint. More precisely, if detailed
balance holds, we require that

. s—1 -
n = i:nlnn aj; — s +1 ' Z 'a,'j > O, (15)
J=Lj#

and if detailed balance does not hold, we suppose that

Form =2 2 and 1 £ ¢ < oo we introduce the space
Wma(Q) = {p € W™9(Q) : Vo - v =0 on 9K}, (17)

Theorem 2. (Global existence for nonlinear transition rates) Let T > 0, s >
max{0, 1 — 2/d}, and u® be such that u® > 0 fori =1, ...,n and [, h(u®) dx <
oo. If s < 1, we suppose that (14) and either detailed balance and a;; > 0 for
i=1,...,n;0or(12) hold. If s > 1, we suppose that (4) and either detailed balance
and (15) or (16) hold. Then there exist a number 2 < q < o0 and a weak solution
u=uy,...,uy,) to(1)-(2) satisfying u; = 0in Q, t > 0, and

ul € L*(0.T; H'(Q))., u; € L™(0, T; L™ 9 (Q)),
i € LP(Q7), dui € LT, T: W), i=1.....n,

where p(s) = 2s + (2/d) max{1, s}, 1/q +1/q' = 1, and m > max{1, d/2}. The
solution u solves (1) in the “very weak” sense

T T n T
/ (atu,(]))dt—/ /Zuipi(u)A¢i dxdt:f /f(u)~¢dxdt (18)
0 0o Jaio 0 Jo

forall g = (1, ..., ¢n) € L0, T; Wy (RQ)), and the initial condition holds in
the sense of Wy (Q)'.

In the superlinear case, it can be shown that the solution satisfies (1) in the weak
sense (13); see Remark 16. Moreover, for any s > max{0, 1 —2/d}, it is sufficient
to consider test functions from L#(0, T WVZ”S(Q)) with 1/8 4+ 1/p(s) = 1, and
the initial condition holds in the sense of WV2 # (2)’. We can generalize the theorem
to the case of vanishing self-diffusion if either s > max{l,d/2};0or0 < s < 1,
d=1,and o < s + 1 hold; see Remark 17.

The lower bound s > 1 — 2/d can be avoided if the regularity u; € L>**(Q7)
holds, which is expected to follow from the duality method [8,21]. Unfortunately,
this method is not compatible with our approximation scheme (see (24) below).
This issue can possibly be overcome by employing the scheme proposed in [10]
which is specialized to diffusion systems like (5). In this paper, however, we prefer
to employ scheme (24).
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The paper is organized as follows. Section 2 is concerned with the positive
definiteness of the matrices H (#)A(u) and H,(u)A.(u). The existence theorems
are proved in Sections 3 and 4, respectively. In the final Section, number 5, we
detail the connection between the detailed balance condition and the symmetry
of H(u)A(u), prove a nonlinear Aubin-Lions compactness lemma needed in the
proof of Theorem 2, and show that the entropy may be increasing initially for special
initial data.

2. Positive Definiteness of the Mobility Matrix

We derive sufficient conditions for the positive definiteness of the matrix
H(u)A(u). Let Ry = (0, 00). Recall that

n

K —1 -2

A,-j(u) = 5,']' (a,-o + Zaiku,i) + saijuiuj s Hij(u) = 8,-js7'r,-uf- .
k=1

The following result is valid for any s > 0:

Lemma 3. Let s > 0. Then, for any z € R" and u € R},

n n
2 Hw)A(u)z = s Zmaiouf_zzl? +s(l—s) Z n,-aijujuf_zz,-z
i=1 ij=1,i#j
2(s—
+ s Z (s + Dmia;; — 2 Z (\/”iaij - ‘/njaji) ui(s l)ziz.
i=1 j=1
(19)

Proof. The elements of the matrix H (1) A(u) equal

n
(Hu)A(u))ij = d;jsm; (a,'ou;_2 + Zaikuiuf-_2> + szmaij (I,t,'u.j)571
k=1
2(571))

)
= 51']' (SJT,'(Z,’()M;v + s(s + 1)7‘[[(1,',’141-
n
5—2 _
+ 8ijsTi Z ajugu;~ + (1 — 8ij)sPmia (upu ) "
k=1, ki

Therefore, for z € R”,

n n
THWAWz =5 Y maoul g} + s+ 1)y mau; V7
i=1 i=1
n n
+s Z niaiju;uffzziz—i-sz Z ma,-j(u,-uj)‘“lzizj
i,j=Li#j ij=li#]j
(20)

=1L+ -+ 1
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The sum /7 is the same as the first term on the right-hand side of (19), and I, equals
the first part of the last term on this right-hand side. The remaining terms are written
as

n n
2 s s—2_2 s s—=2_2
Li+1;=s Z Tidiju U, i +s(1—ys) Z Tidijuu; "7
i,j=1,i#j i,j=1,i#j
n
2 ai (i )V
+s wiaij(uin;) ~ ziZj.
i,j=1l,i#j

The second term corresponds to the second term on the right-hand side of (19).
Thus, it remains to prove that

n n
2 K -2.2 2 s—1
J =5 Z niaiju;-uf Z; + s Z 7'[1'(1,']'(14,'1,{]‘)Y ZiZj

i,j=1,i#j i,j=1,i#j

5% o 2 2(s—1)_2

o
> == > (Va; — ) w e
j=1

For this, we employ twice the inequality b + ¢> > 2bc:

n n
_ 2 s s=2 2 2 s 8§52 2
J=s E Tiajjuiu; "z + s E Tiaijuu; "z
ij=l,i<j ij=1,i>j

n n
2 s—1 2 s—1
+57 Y ma ) iz st Y mag i)' 2z
i,j=li<j i,j=1i>j
n

2 s,5=2.2 s,,5=2_2 s—1
s Z (rria,-jujui zj Fwjajiuzu; 2y 4 (miaij +wjaji)(uiu ) zizj)

j
ij=1.i<j
n
2 -1 -1
XY (2 miaijaz(uiu)' " |zizj| = (miaig + wiag) i) |ZiZj|)
ij=1.i<j
n
2 2 s—1 s—1
= —S Z (,/nl-al-j — ,/JTjaj,') ’(I/t; Zi)(u} Zj)|
ij=l.i<j
2 n
s 200 s—1_2 -1, 32
> - > (VEa - V) (@i + @) z)?)
i,j=1,i<j
2 n
I 2512
== Z ( /mia;j — ,/nja],) ;™ zi)".
ij=1i#j

This finishes the proof. O
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2.1. Sublinear and Linear Transition Rates

For s < 1, Lemma 3 provides immediately the positive definiteness of
H (u)A(u) if detailed balance (10) holds. However, we can derive a sharper result.

Lemma 4. (Detailed balance). Let 0 < s < 1 and mwiaij = mwiaj; foralli # j.
Then, forall z € R" and u € R,

n
dTH@AWz = s Y mul (a0 + (s + Daiju})z}

i=1

S2 " —1 uj uj; 2
+E Z ma,'j(u,'uj)éf (/u—iZi“r lu—ij> .2

ij=1,i#j
Proof. The sum of the terms /; and 1> in (20) is exactly the first term on the
right-hand side of (21). Using detailed balance, we find that
s = uj s " u;

—14j 2 -17t.2

L+ 1= 7 Z .Tfiaij(uiuj)s PR t3 Z '”i“ij(“jui)s u—jzj
i,j=1,i#]j i,j=1,i#]j
n

2 s—1
+s Z niaij(uiuj) Zilj

ij=1,i#]
2 n 2 n
N u;j N u;
s—17J 2 s—1%1 2
= — E maij(uiuj) —Z; + = E maij(ujui) —Zj
2. = Ui 2 uj -
L,j=Ll,i#j L,j=Ll,i#j

n
+57 Y maiuiug) T ziz;
Lj=L i

S " uj
—14j >

+ 50 -9 Z miaij(uiu)’' =z

2 = Ui

i,j=1,i#j

n
s -14i 2
+-(1—s miaij(uju;)' ™ —2z5.
5 >__Z.l,,(,,> ad
i,j=1,i#j ’
The sum of the first three terms equal the second term on the right-hand side of
(21), and the remaining two terms are nonnegative since s < 1. 0O

Remark 5. In the existence proof, we will choose z; = Vu; (with a slight abuse of
notation). Then the first term in (21) gives an estimate for Vuf./ %in L2 (if ajp > 0)
and the better bound Vu‘l? e L? (ifa;; > 0). If a;; = 0, we lose the latter regularity.
This loss can be compensated by the last term in (21) giving

u; u;
—Vu; + [—Vu;
u; u;
and consequently a bound for V (u;u ;)* /2 in L?. This observation is used in Remark
12. O

2
~ 4 .
()" = IV PP, i,
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Lemma 6. (Non detailed balance). Ler 0 < s < 1. If

S
i=l,..n 2(S+ 1)

Zw— Jag)' | zo.

then H (u) A(u) is positive semi-definite. Under the slightly stronger condition noy >
0, it holds for all z € R" and u € R’} that

TH(M)A(u)Z>SZa0uS 2 2+noS(S+1)Z 2512,
i=1 i—1

The lemma follows from Lemma 3 after choosing 7r; = 1 fori = 1,...,n.
Observe that ng > 0 holds if a;; > 0 for all i and (g;;) is symmetric.

It is possible to show the positive definiteness of H (1) A (1) without any restric-
tion on (a;;) (except positivity) if we restrict the choice of the parameter s; see the
following lemma:

Lemma7. Let a;j +aj; >0 fori,j=1,...,nand0 < s < s0, where
2 /aijdiji
so:= min YL <.
i,j=1,..,n a,j—i—aﬂ

Then, forall z € R" and u € R’}

Tl"*’(“)/‘\(u)z>S2a,0ué 2 2+S(S+1)Za” 2612
i=1 i=1

Proof. We choose 7; = 1 fori = 1,...,n. With the notation of the proof of
Lemma 3, we only need to show that I3 + Iy = 0. Employing the inequality
b% + 2 = 2be, we find that

n

L+1y=s Z (a,]u;uf 2z —}—aj,u‘uS -2 2—}—s(a,]+aj,)(u u;)’” z,zj>

i,j=1,i<j
n
-1 -1
s Z (2«/61[/!1/1(”1'4/)5 |zizj| = s(aij + aji)(uiu;)’ |ZiZj|>
ij=1,i<j
n
2 Jaijaj;
j4ji -
=s Y (@j+aj) (— - S> (uiu ) lzizjl,
L= aij +aji
i,j=1,i<j

and this expression is nonnegative if s < s9. O
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2.2. Superlinear Transition Rates
Again, we assume first that detailed balance holds.
Lemma 8. (Detailed balance) Let s > 1 and mja;; = mjaj; foralli # j. If

n

s —1

- : . 1 >0

1: min a a = 0,

7 i=l.n \ " s+1 Z oY
J=1j#

then H(u)A(u) is positive semi-definite. Furthermore, if n1 > 0, then, for all
ze€R"andu € R,

n n
THw) AWz = s Z ﬂiaiouffzzf +ns(s + 1) Z?Tiu,?(s_l)ziz.
i=l i=1

Proof. It is sufficient to estimate the sum /3 + /4, defined in the proof of Lemma

3:
n
5. 5=2 5,52
Btls=s Y (magulu; 2 4 mjajiul 2] + sCriay +7ja;0)
ij=1,i<j
-1
(ujuj)° ZiZj)
n
-1
s Z (2 miaimwiajiwin)’ " |zizjl — s(wiaij + 7jaji)
i,j=l,i<j
-1
(ujuj)’ |ZiZj|)
n
-1
=-s Y (S(?Tiaij+7Tjaji)_2 ﬂiaij”jaji>(”i”j)s 122
i,j=l,i<j
s n
—1,\2
z_z Z (S(T[,’Cl,’j'f‘ﬂjaji)_2\/”iai./n./a./i)((uls' Zi)
i,j=1,i<j

+ 5 '2))?)
s n
= (s(n,-aij +njaji)—2w)(uf”zi)2.

ij=1li#]
This expression simplifies because of the detailed balance condition:

n
BA+Lz-ss—1) > may ')
i,j=1,i#]j
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and we end up with

n
dTH@AWz Z s ) miaiou; 2} +5(s + 1)

i=1

n 1 n
s = 2(s—1) 2
X E i | aii — E aij | u; Zis
= s+1
1=

J=1

from which we conclude the result. O

Remark 9. Let n = 2. Then the condition n; = 0 on the coefficients (a; j) becomes
ap = ap(s — 1)/(s + 1) and ax > ax (s — 1)/(s + 1). The product

2
> s—1 da
aja = \ —— 12421
T A\s+1

is the same as the condition imposed in [10, Section 5.1] but weaker than

2
S (85— 1
apay = s apzazi,

which was needed in [15, Lemma 11]. Furthermore, under the slightly stronger
condition n; > 0, that is

s—1\?
apjaxy > apazy,
s+ 1

our weak solution satisfies the stronger estimate u; € L?(0, T; H'()) than that
in [10, Section 5.1]. O

Lemma 10. (Non detailed balance) Let s > 1 and let

. 1
Ny = min aii

i=loon - 25+ 1) } Z (S(aij +aji) — 2‘/aijaji) = 0.

=1, j#i

Then H (u)A(u) is positive semi-definite. Moreover, if ny > 0, then, for all z € R"
andu € R,

n n
THWA®Wu)z = s Zaiouffzziz +ns(s+ 1) Z u,.z(s_l)z,»z.
i=1 i=1
Proof. We choose m; = 1 fori =1, ..., n. Then, as in the previous proof,

n

N 2(s—
B+lz—5 3 (s +a) —2yaa)u 3

i j=1 i)
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and

ZTHw)Aw)z >SZalouY 22 s+ 1)2%,“2@ 2
i=I i=1
s n
2(s—1
) Z (s(aij +aji)—2«/aijaji)ul.(s )Z,~2

ij=1,i#j
—sZa,ous 2 2—}—s(s—i—l)

n

2(s—=1) 2
XZ “”_m X:I#(S(ai/""a/i)_z\/aij“ji) iz

By definition of 77, the result follows. O

2.3. Approximate Matrices

Our theory requires that the range of the derivative 4’ equals R”. Since this is
not the case if s # 1, we need to approximate the entropy density and consequently
also the diffusion matrix. The approximate entropy density

he(u) = h(u) +¢& Y (uilogu; — 1) + 1) (22)
i=1

possesses the property that the range of its derivative is R". We set H (u) = h" (u) =
(5,jsn, ), ,j=1,....n for its Hessian and

He(u) = H() +eH(w), HY @) = 8;ju;",
Ac(u) = Aw) + eA%u) + "A (), (23)

where n < 1/2 and

A0 g Wi 1 _
ij(u)—fsij;lﬁi —(1- z;) ajh Ajj(u) = éijui,
1

n
T aji | dij .
p = — —— 4+ —), i=1,...,n.
Hi 2 Z (7‘[,' ﬂj)

J=L#

The approximation " A' (x) is needed to achieve bounds for ¢ "1/2vy; in L2,
which are necessary for the limit ¢ — 0. The off-diagonal terms in A%(u) are
needed to preserve the entropy structure in the sense that H, (1) A (1) is still positive
definite. This is shown in the following lemma:

Lemma 11. Let s > 0. Then, for all z € R" and u € R’

n n
TH A )z = 2 Huw) Az +&"s Y w27+ 22
i=1 i=1
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Proof. We decompose the product H (1) A (1) as

He (W) As () = HW)Au) + e"Ho (u)A' () + e (HO () A(u) + Hu) A ()
+2HO(u) A% (u).

The &2-term becomes
“ Uk U
(HOw) A" ))ij = > Sy (ak,-—uk —(1- 8kj)—ajk)
k=1 Tk Tk

i an
=8 — — (=8
4

T

We obtain for z € R":

n n

T 70 0 Ki o 4aji

2" HO ) A (w)z = X;;zi - X Tuy
=

' Lj=li#j "
n Wi 1 n aii
l l
EZ—Z?—— Z L (z,~2+z?)
Y~ 71 2.~ m
i=l1 i,j=1,i#j

n /_,(, 1 n n aii
— o2 i )
=> —a-32 | X = ]d
i=1"" i=1 \j=1,j#i '
1 n n aii
ij | 2
D B Dl k7
i=1 \j=1,j#i /
=0.

Next, we consider the e-terms:

n n
(HO(u)A(u));; = Z&'ku,-_l (5kj (ako + ZakeuZ + sakkMi)

k=1 (=1
+(1 — Skj)sakjuj_luk)

n

-1 —1 s—1 s—1

= §ij (aioui +E a,'gufzui + sajju; )+(l—81~j)sa[juj ,
=1

n
0 -2 Ui Uk
(Hw) A ());j = ;aiksmuf <6kjn—kuk - (- ak,->n—ka,-k>
= Sijsu‘;_lm - (1 - (Sij)saj,-u‘;_l.

Summing these expressions and neglecting some positive contributions, we find
that
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T (HY @AW + Haw) A )z = ) (aiou; ' + sajju) ")z}
i=1

n n
-1 -1
+s Y (1— Sijlaijuy zizj — s > =sipajiu) ziz;
i,j=1 i,j=1

n n

—1 s—1y.2 s—1_2

= E (a,-oui —i—sauui )Zi > E ajiu; - z;.
i=1 i=1

Here we see how we constructed A?j (u): The off-diagonal coefficients are chosen in
such a way that the mixed terms in z;z; cancel, and the diagonal elements (namely
w;) are sufficiently large to obtain positive definiteness of H 0u)A%(u). Finally, we
have (He (u)A' (w))i; = 8ij(smiul~" + &) and

n
2 HA )z =Y (smiu) ! + ),

i=1

which proves the lemma. O

3. Linear Transition Rates: Proof of Theorem 1

In this section, we prove Theorem 1. Let T > 0, N e N7 =T/N, ¢ > 0,
and m € N with m > d/2. This ensures that the embedding H™(2) — L°°(2)

is compact. We assume that u?(x) € la,b] forx € Q,i = 1,...,n, where
0 < a < b < oco. Then, clearly, w® = h’(u®) € L>®(Q; R"). For general u? >0,
we may first consider ug = (Qg(u?), R Qs(ug)), where 0 < ¢ < 1 and Q; is
the cut-off function
e for0 <z <e,
0:(2) =1z fore <z <12,
e 12 forz > e 12,

and then pass to the limit ¢ — 0. We leave the details to the reader.
Step 1: solution of an approximated problem. Given w*~! € L*®(Q; R") for
k € N, we wish to find wk € H™(Q; R") such that

l/(u(wk)—u(wk_l))~¢dx+/ V¢ : B(w*)Vw* dx
TJo Q

+s/ > p*wt DY +wk ¢ dx:/f(u(wk))-¢dx (24)
Q Q

lo|=m

for all ¢ € H™(Q;R"). Here, u(w®) = (#)~'wh), Bwh) = A®w@wb)
Hu) ™ o = (a1,...,0q) € Nj with |a| = a1 + ... +ag = misa
multiindex, and D% = 38!®l/(@x{" - - 9x4?) is a partial derivative of order m. If
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k = 1, we define w® = /' (u°). Equation (24) is an implicit Euler discretization of
(1) including an H™ regularization term.
We recall that the entropy is given by

H[u]:/h(u)dx:/ > wih i) dx, i) = ui(logu; — 1) + 1.
@ @iz

Then the entropy variables equal w; = 9dh/du; = m; logu;. In particular, 4" :
R — R" is invertible on R", that is, Hypothesis (H1) in [15] is satisfied. By
Lemmas 4 and 6, H (#)A(u) is positive definite, that is, Hypothesis (H2) in [15]
holds as well. (At this step, we only need that H (1) A(u) is positive semi-definite.)
Furthermore, f; grows at most linearly which implies that

> frwymilogu; < Cp(1+ h(w)),

i=1

where C; > 0 depends only on (b;;) and 7. This means that Hypothesis (H3) in
[15] is also satisfied. Thus, we can apply Lemma 5 in [15] giving a weak solution
w* e H™(Q; R™) to (24) satisfying the discrete entropy inequality

a —cfz)/ h(u(wk))dx—i-r/ Vuw* : Bw®)vwF dx
Q Q

+8r[ > D% wF P+ k| dx
Q

lo|=m

< / h(u(w*=1)) dx + Cyrmeas(Q). (25)
Q

Step 2: uniform estimates. We set u*¥ = u(w*) and introduce the piecewise
in time constant functions w(® (x, ) = wf(x) and 4@ (x,1) = u¥(x) for x €
Q,t € ((k— Dt kt]. At time r = 0, we set wP(-,0) = A'u°) = w° and
u@,0) = ul Letu™ = (uir), -, u™). We define the backward shift operator
(oru™)(x, 1) = u(w*~1(x)) forx € Q, 1 € ((k — 1)1, kt]. Then u™ solves

1 T T
—/ /(W) — opu'™) ~¢dxdt+/ / V¢ : Bw™)Vw'™ dxds
T Jo Q 0 Q

T
+ 8/ / Z D*w™ . D% + w® - ¢ | dxdr
0 Q

la|=m
T
:/O /Qf(u(’))-qﬁdxdt (26)

for piecewise constant functions ¢ : (0, T) — H™(2; R™). By a density argument,
this equation also holds for all ¢ € L%0, T; H™(Q; R™)) [22, Prop. 1.36].
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By Lemmas 4 and 6, we have
n
Vut s Bwh )Vt = Vit s H@M AW ) Vit = 200 Y [Vuf |,

i=1

where n9 = min;—;, _, m;a;; > 0 if detailed balance holds, and ny > 0 is given
by (12) otherwise. By the generalized Poincaré inequality [26, Chapter 2, Section
1.4], it holds that

f 3D WP 4 kP | i 2 CplluF m g,
Q

la|=m

where Cp > 0 is the Poincaré constant. Then the discrete entropy inequality (25)
gives

a —sz)/gh(uk)dwrznof/g|wk|2c1x+ecpr||wk||%1m(9)
§/h(uk_1)dx+cfrmeas(§2).
Q

Summing these inequalities over k = 1, ..., j, it follows that

k k
4! —cfr)fgh(uf)dx+2n012/9|w’<|2dx+ecprZ||w’<||%,m(m
j=1 j=1

j—1
< f h®)dx + Cyt Z[ h(u*) dx + CT'meas().
Q e

By the discrete Gronwall inequality [6],if T < 1/Cy,

k k
/Qh(uf)dxHZ/Q|Vuk|2dx+ar2||w"||?,m<g) <c,
j=1 j=1

where here and in the following, C > 0 denotes a generic constant independent
of T and e. Then, observing that the entropy density dominates the L' norm and
consequently, u@ is uniformly bounded in L*°(0, T'; L! (22; R™)), we obtain

”“(T)HLC’O(O,T;L'(Q)) + ”“(T)“LZ(O,T;H'(Q)) + 81/2”w(r)||L2((),T;H"‘(Q)) < C.
(27)
We wish to derive more a priori estimates. Set Q7 = Q2 x (0, T'). The Gagliardo-
Nirenberg inequality with p =2+ 2/d and 0 = 2d(p — 1)/(dp + 2p) € [0, 1]
(such that Op = 2) yields fori =1, ..., n,

T T
0 1-60
117 oy = /0 117y di < C /0 [ P A P

< (0 (1=0)p () 0p <
= C”I/ll ||LOO(0’T;L1(Q))||Mi ||L2(0,T;H1(Q)) = C. (28)
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In order to apply a compactness result, we need a uniform estimate for the discrete
time derivative of u(™. Let g = 2(d + 1) and ¢ € L4(0, T; W™4(2; R")). Then
1/p+1/q + 1/2 = 1 and, by Holder’s inequality,

T
/0 /Q(u(” —ou™) - ¢ dxdt

n
<Y 1A @) Lo IVES 20 1V 201
ij=1

1
T

+efw™® l20,7: 5m @) 1@ 20, 7: B ()

+ 1 @) o) I1DllLa 07
where ¢’ = (2d + 2)/(2d + 1). Estimate (28) and the linear growth of Ajj ™)
with respect to u(™) show that the first term on the right-hand side is bounded. The

second term is bounded because of (27). Finally, | f; )] is growing at most like
u'™)2 such that
i

1F @)y gy S COF NP2 ,,) S C.

since 2¢’ < p. We conclude that
o1 = oty g rowmacy) S C- 29

Step 3: the limit (¢, T) — 0. In view of (27) and (29), we can apply the Aubin-
Lions lemma in the version of [13], which yields the existence of a subsequence,
which is not relabeled, such that, as (z, ) — 0,

u® >y strongly in L2(QT) and almost everywhere, (30)

u™ —~ y weakly in L*(0, T; H' (), (31)

ew® — 0 strongly in L%(0, T; H™()), (32)

' w® — o,u™) —~ d,u weakly in L (0, T; W™ (Q)), (33)
where u = (uq, ..., u,). In view of the almost everywhere convergence (30) and

the uniform bound (28), we have
u™ — u strongly in LY (Q7) forall y <2+ 2/d. (34)
Then, together with (31),
ul@VuS.T) — u;Vu; weaklyin L'(Q7).
We deduce from the Lq,(QT) bound for A(u™)Vu'™ that
Bw)Vu® = Au®)Vu® —~ A(u)Vu weaklyin LY (Q7).

Furthermore, taking into account (34) and the uniform bound for f,-(u(f)) in

L7 (Q7),
£:w™) =~ fi(u) weaklyin LI (Q7).
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Then (32) and (33) allow us to perform the limit (g, 7) — 0 in (26) with ¢ €
L9(0, T; W™4(R2)), which directly yields (13). Since d;u = div(A(u)Vu) +
fu) e LY 0,T: Whi(Q)), a density argument shows that the weak formulation
holds for all ¢ € L4(0, T; Wh4(R)). Moreover, u; € Wh4'(0, T; Whi(Q))
— 90, T7; W'4()"), which shows that the initial condition is satisfied in
W14(Q)'. This ends the proof.

Remark 12. (Detailed balance and vanishing self-diffusion). In the detailed bal-
ance case, we may allow for vanishing self-diffusion. If a@;; = 0 but a;p > O,
Lemma 4 implies that only V(ul@)l/ 2 is bounded in L2(Q7). This situation was
considered in [4] for the two-species case, and we sketch the generalization to the
n-species case.

Applying the Gagliardo-Nirenberg inequality similarly as in Step 2 of the pre-
vious proof, we conclude that (ulfr))l/2 € L’N’(QT) with p =2+ 4/d. Then

IVl icory = 20 5o IV@) 2200, S €0 § =,

and thus, (u") is bounded in L7 (0, T; W14 (R)) instead of L*(0, T; H'(<)). This

loss of regularity is problematic for the estimate of the discrete time derivative of

ul(f)' In order to compensate this, we need the last sum in (21). Indeed, Remark

5 shows that for any i # j, (ugr)uj.r))l/z is bounded in L2(0, T; H'(R)). More-

over, (ulgr)uﬁr))uz is bounded in L>®(0, T'; L'(£2)). We infer from the Gagliardo-

Nirenberg inequality that (ufr)ug.r))l/2 is bounded in L”(Qr) with p =2+ 2/d.
Next we exploit the structure of the equations,

n n
3 A Vu = V@ pi@®), piu®) =aio+ Y ayu'.
j=1 j=1

Thus, to show that Aij(u(’))Vu(f) is bounded, we only need to verify that
V(u?f)uﬁf)) is bounded:

@ @ @ (Oy1/2 @ (172
IV w5 e oy S 2057w 2 1 1V 0P ui™) Pl 2oy < C.

where ¢’ = (2d + 2)/(2d + 1). The estimate for the Lotka-Volterra term is
more delicate since we have only the regularity ul@ e L'*Y4(Qr). Here, we
need to suppose that b;; > 0, since this assumption provides an estimate for
(ufr))2 log ul@ in L'(Q7). Then the discrete time derivative of ul@ is bounded
in L10, T; W™4()') — but not in L4 (0, T; W™4(Q)'). By the Aubin-Lions
lemma, there exists a subsequence (not relabeled) such that, as (e, 7) — 0,

uEr) — u; strongly in L9 (Q7).

The problem now is to show that (a subsequence of) the discrete time derivative

of ul@ converges to d;u; since L0, T; W™4()') is not reflexive. The idea is

to apply a result from [29] which provides a criterium for weak compactness in
LY0, T: X), where X is a reflexive Banach space. For details, we refer to [4]. O
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4. Nonlinear Transition Rates: Proof of Theorem 2

The strategy of the proof is similar to the proof of Theorem 1 but the nonlinear
transition rates complicate the proof significantly. As outlined in Section 2.3, we
approximate the entropy density by (22) and the diffusion matrix by (23). Again,
we assume without loss of generality that u?(x) €la,blforx e Q,i=1,...,n,
where 0 <a < b < 0.

Step 1: solution of an approximated problem. We employ the transforma-
tion w; = dh,/du; and define B,(w) = Ay (u(w))Hs(u(w))~'. Given w1 e
L% (2; R™), we wish to find wk e H™(Q: RY) solving

l/(u(wk)—u(wk_l))-qbdx—i-/ Vo : B (w)VuwF dx
T Jo Q

+g/ > p*wt D% +uwk ¢ dx:/f(u(wk))-¢dx (35)
Q Q

lo|=m

forall ¢ € H™(Q; R"). If k = 1, we define w® = AL (u°) such that u(w®) = u°.

The construction of %, ensures that Hypothesis (H1) of [15] is satisfied. By
Lemma 11, Hypothesis (H2) holds as well. Also Hypothesis (H3) holds true since,
for some Cy > 0,

n

n
fay-w=>Y"|bio— Y bijuf | (suj + euilogu;) < Cr(1 + he(u)),
=1 j=1

where o = 1ifs > 1 and 0 £ 0 < max{0,2s — 1 + 2/d} if s < 1. We apply

Lemma 5 in [15] to deduce the existence of a weak solution w* € H™(2; R") to
the above problem, which satisfies the discrete entropy inequality

(1 —cfr)/ hg(u(wk))dx+rf Vwk : B (wb)Vuw* dx
Q Q

+£t/ |D*w ? + |wk? | dx
P>

|la|=m

< / he u(w*™1)) dx 4 C prmeas(Q2). (36)
Q

Setting u* := u(w*) and employing Lemma 11, the second integral can be estimated
as follows:

/ \VILE Bg(wk)Vwk dx
Q

=/ u* s Ho (AL *) vk dx
Q

n
2 566+ 1) [ Y minfasm o, i na) )2 9t d
QY
i=1
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n n
+s’7s/ Zni(uf.‘)s—1|w{f|2dx+s"+1/ > IVuf|? dx (37)
-1 i1
n
> cs/ ZIV(uf)‘Izdx
Q i

4eM
1 if)z/ meuk)(””/zlzdx+8"+1/ ZW” *dx,
S

where C; = s~ (s + Dmin{ay 171, . ... @GunTn. 10, MTT1s - - M7, M2}
To finish this step, we wish to write the “very weak” formulation for the solution
u(®, which is defined from u as in the previous section. First, we observe that

(B: (W) Vwb); = (A ) Vi), = e(A°w*)Viub); + e7(A b)) Vi),
+ V(uk pi ) = e(A°Wh) Vi), + %vw{f)z + V(b pi(u*)).

Next, we choose a test function ¢ = (¢1,...,¢,) € L9(0, T; w4 (2)), where
m > max{l,d/2} and ¢ = 2 will be determined below. Recall that W, 7 () is
defined in (17). Integrating by parts in (35), u‘™ solves

1 T T n
! / / (™ = oou™) - ¢ drdr — [ / S ul® pi ) Agy dxdr
TJo Ja 0 Jaei;
T el T n
+£/ /vas:AO(u(f))w(” dxdt — —/ /Z(u?))zmi dxdt
o Ja 2 Jo Ja'im
+5/ / ZD“ © . D% +w . ¢ | dxdt

|la|=m
T
:/0 /Qf(u<f>)-¢dxdt. (38)

Step 2: uniform estimates. Arguing as in Step 2 of the proof of Theorem 1,
we obtain from (36) and (37) for suffiently small 7 > 0 the following uniform
estimates.

Lemma 13. It holds fori = 1, ..., n that

||u§t)”LOO(O,T;LmaX(l,s)(Q)) + ||(M§T))S ||L2(0,T;H1(Q)) =C, (39)

21w R 20 @y + eI 20, @n S € @0)

31/2||w lL20.7:Hm@) = C. @1)

Here, we used the fact that fQ he(u®) dx is uniformly bounded and that s < 1
implies that u™ < C(1 4+ h(u(®)) for some C > 0, from which we deduce that
(ufr)) is bounded in L>(0, T; L1(2)). We need more a priori estimates.
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Lemma 14. Let s > max{0, | — 2/d}. It holds that
11 oo gy + & NP o0y E C. (42)
where p(s) = 2s + (2/d) max{l, s} and r(s) = s + 1 + (2/d) max{l1, s} > 2.

Proof. The estimates are consequences of Lemma 13 and the Gagliardo-Nirenberg
inequality. First, let s < 1. We employ the Gagliardo-Nirenberg inequality, with
0 =ds/(ds+1) € (,]1):

T
(@) p©s) _ (D)5 P(5)/5
”ui ”LP(J)(QT) _‘/‘0 ”(ul )Y”LP(J)/AV(Q) dt

T
9 1-6
=c /0 ™) W ™) U™ de

T
(), (1=0)p(s) (T)\s 0P (s) .
< Clluy* ||Loo(0f’TfL1(Q))/O I IGRe de, i =1, n.

It holds that 6p(s)/s = 2. By (39), lu™ || .p 0,y < C.
Next, let s > 1. Then, with6 = d/(d + 1) € (0, 1),

T
¢ 12+2/d g0 (2+2/d 1-6)(2+2/d
1@ 15, < € /O [[CO rl TC N p S

(T)ys 2 (1) s(1-6)(2+2/d)
§ C”(I/ll )SllLZ(O’T;HI(Q)||ui ||L°°(0,T;LS(Q)) g C,

again taking into account estimate (39). This shows that (1(*)) is bounded in
LP9(Qr).

Finally, let max{0, 1 —2/d} <s < 1. Thenr(s) =s + 1 +2/d. We apply the
Gagliardo-Nirenberg inequality with 6 = d(s + 1)/(2 + d(s + 1)) € (0, 1) such
that 6 - 2r(s)/(s + 1) = 2,

(T) ) r(s) _ (T)\(s+1)/2 2r(s)/(s+1)
eMu;” 1750 gy = €N 2100,

T
K 2r(s)0/(s+1
<erC [ IR

(1) 1)/2,2r($)(1=0)/(s+1)
G R A S

(T)\(s+1)/2)2 (1), (1=0)r(s)
< €M YL g 1o 147 w0 1 @) =

using (39) and (40). If s > 1, we have r(s) = s + 1 4+ 25/d, and applying the
Gagliardo-Nirenberg inequality with 0 = d(s + 1)/(2s +d(s + 1)) € (0, 1), we
obtain in a similar way as above

(T) | r(s) _ (T)\(s+1)/2,2r(s)/(s+1)
8nl|ui “Lr(,r)(QT) — gn”(ui )(S )/ ||L2r(s)/(s+l)(QT)

T
< N (D) (s+1)/2,2r($)8/(s+1)
:ec/O ™2
(T)\(s+1)/22r()(1=6)/(s+1)
[ e A

< Ce" () O 2 oot ors @y < C-

2
IZ200.7: 11 2] L®(0,T;LS

This shows the lemma. O
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Lemma 15. Let s > max{0, 1 — 2/d} and m > max{l, d/2}. Then there exist
2 < g < ooand C > 0 such that

™ = o Ly o pawma iy = C (43)
and 1/q +1/q" = 1.

Proof. Let ¢ € L9(0, T; W, (S)), where ¢ = 2 has to be determined. Recall
that W9 (Q) is defined in (17) and that m > max{1, d/2}. Then, by (38),

‘L'71

/Q(u(t) - Uru(r)) ¢dx‘ = 8||w(r)||L2(o,T;Hm(Q))||¢||L2(0,T;Hm(gz))

n
+ 3 M pi ) g 0, 1Al Lacor)

i=1

n
+e Y AL @V Ly 0 1V a0
ij=1

¢ (1)42
+ 32 16 W 0 oy 1Al Lacory + 1F @) 0 o, I61Le 001
1=
(44)
=N+ +1s,

where 1/q + 1/¢' = 1.
By (41), I; is bounded. We deduce from (42) that u?r)(uy))‘ is uniformly

bounded in L?®/6+tD(04), and so does ulmp,- ™). Ass > 1 —2/d, we have
q1 := p(s)/(s + 1) > 1. We conclude that I, is bounded with ¢’ < min{2, g;}.
Since A?j (u™) depends linearly on u‘™, it is sufficient to prove that sul@Vu(.T)
is uniformly bounded in some L92(Q7) for all i, j. Let g = 2r(s)/(r(s) + 2),
where r(s) = s + 1 4+ 2/d is defined in Lemma 14. As r(s) > 2, it holds that

g2 > 1. Then, by Holder’s inequality, (40), and (42),

8'7/?(5)+(77+1)/2||M§T)Vu('f) SU/V(S)”u§
i j i

Iz op) = oo

n+1)/2 ()
- & n ”VMJ ”LZ(QT) é C.

The property r(s) > 2 also implies that n/r(s) + (n + 1)/2 < 1. This shows the
bound on I3 with ¢ < min{2, ¢»}.

Set g3 = r(s)/2 > 1. Using the second estimate in (42) and 1 — 2/r(s) > 0,
we find that

—2/r(s ; 2
e e op = 'O O N o o,)” < €.

proving that I4 is bounded with ¢ < min{2, ¢3}.

Finally, in view of (14), | f; (u‘™)| grows at most like (u?”)”", where o = 1if
s>lando < 2s—1+2/difs < 1. Therefore, we have ¢4 := p(s)/(14+0) > 1
and

1+ 1+
1£ @ zssor) £ C+ 01y ) = €O DI ) S C.
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Hence, I5 is bounded with ¢’ < min{2, g4}. We conclude that the lemma follows
with ¢" := min{2, g1, 2, g3, q4} > landg = ¢'/(¢' = 1). O

Step 3: the limit (¢, 1) — 0. Estimates (39) and (43) allow us to apply the
nonlinear Aubin-Lions lemma (Theorem 21 if s = 1/2 or Theorem 22 if s <
1/2) to obtain the existence of a subsequence which is not relabeled such that, as
(e,7) = 0,

u'® — u stronglyin LY (Q7) foralll <y < p(s).

In particular, u‘™ — u almost everywhere in Q7. By estimates (39), (41), and
(43), we have, up to subsequences,

@) — u! weakly in L*0, T; H'(R)),
cw™ — 0 strongly in L%(0, T; H™(Q)),
' w® = ou™®) —~ d,u weakly in L (0, T; W™4()).
We have shown in the proof of Lemma 15 that (ul@ p,-(u(’))) is bounded

in LP®/6TD Q7). Taking into account the almost everywhere convergence
ulmp,- u ™) — u; pi(u) in Q7, we infer that

ugf)pi(u(t)) — u;pi(u) stronglyin L'(Q7).

Furthermore, we proved that (5’7/’(‘)+(’7+1)/2A?j(u(’))Vui-t)) is bounded in
L®(Q7) with g» = 2r(s)/(r(s) + 2) such that

64D u)Va'T) = 1T OED 2 n/rOHD/2 A, (4 (D)7 (0

— 0 strongly in L](QT).

Here, we used the fact that /7 (s) + (n+1)/2 < 1 such that ¢! =7/7)=0+D/2 _
as ¢ — 0. We know from (42) that (en/r(s)ulgr)) is bounded in L2(Q7). Conse-
quently,

8’7(u§7))2 = g"1=2/r(s) (e”/r(s)uf))z — 0 strongly in L' (Q7),

since "172/7()) 5 0 as ¢ — 0 because of r(s) > 2. Finally, f;(u®) —
fi () almost everywhere and the uniform bound || ﬁ(u(f) lLea o) < C withgg =
p(s)/(1 4+ o) > 1 imply that

fi@™) — fi(u) strongly in L'(Q7).
Then, performing the limit (g, ) — 0in (38) with ¢ € L0, T; W]"°(Q)), it

follows that u solves (18) for such test functions. A density argument shows that,
in fact, u solves (18) for ¢ € L9(0, T; W,,""?()), finishing the proof.
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Remark 16. (Weak formulation). In the superlinear case s > 1, the solution con-
structed in the previous proof satisfies (1) even in the weak sense (13) with test
functions ¢ € L1(0, T, W14 ()). In order to see this, it is sufficient to show that

Aij )Vl —~ A u)Vu; weakly in L (Qr)
for some 1 < ¢" = 2. Because of the structure of A;;, we only need to verify that

ulgr)(uﬁr))s_IVu;r) — uiujf]Vuj weakly in LY (Q7),
”)y'Vu'l? — uiVu; weaklyin L (Qr).

(7)

Indeed, we have the convergences u; © — u; strongly in LY (Q7) forany 2 < y <

p(s) and (u,(r))s — u? weakly in L*(0, T; H'(Q)) and hence,

ul(t)(u;r))‘v_1Vu;t) = s_lul(t)V(u;f))‘Y — s_lu,-Vu‘;- = u,-u‘;._IVuj
weakly in L7 (Q7),

choosing ¢’ = 2y/(y + 2) > 1. For the remaining convergence, we need to
integrate by parts. It holds for ¢; € L4(0, T, Wv2 “9(Q)) that

T
/ f (ul(’))swﬁ.” -V dxdr
0 Q

T T
= —/ / u(‘r)V(ulgT))“ - Ve; dxdt —/ /(u?r))su(.r)Aqbi dxdr
/ - Vi dxdr — / / ujuj Ag; dxdt
/ /u Vuj - Ve dxdt.

A density argument shows that the weak formulation also holds for ¢; €
L9(0, T; Wha(Q)). o

Remark 17. (Vanishing self-diffusion). Assume that a;o > 0 and @;; = 0. The dif-

(T))S/2 instead for V(u(r))s

ficulty is that we obtain a uniform bound only for V (u
L%(Q7). In order to compensate this loss of regularity, we need additional assump-
tions, namely either s > max{1, d/2} (superlinear rates); or0 < s < 1,d = 1, and
o < s + 1 (sublinear rates). Under these conditions, the statement of Theorem 2
holds true.

For the proof, we remark that the regularity for (ul@)s in L2(0, T; HY())
is employed in the estimate of ul@ in LP®)(Q7). If only (ulm)s/2 is bounded in
L%(0, T; H'(R)), the Gagliardo-Nirenberg inequality gives a weaker result: for
O0<s<1withd =ds/(ds+2)and p =5+ 2/d,
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22
1™ Wiy = 1621500 6,
T
20 2(1-6
<c /0 IO R i N O R I

(T)\s/2)2 (7)) (1=0)p
g C”(Ml ) ||L2(0,T;H1(Q))”ui ||LOO(0,T;L1(Q)) g C7

since 20p/s = 2; and for s > 1 with6 =d/(d +2) and p = s + 2s/d,

[ el [N

(0 (1-6)p <
Lo(Qr) = I @) =G

”iz(o,T;Hl(sz))”“i L>®(0,T;L$
since 20p/s = 2. Consequently, (ul@) is bounded in L°(Q7) with p = s +
(2/d) max{l, s}.

We claim that this estimate is sufficient to derive a bound for the discrete time
derivative. Since the e-terms in (44) do not need the estimate for ulfr) in LP(Q7),
it is sufficient to bound ul@pi (™) and (ul@)‘”‘l in some Lq/(QT) with ¢’ > 1.
This is possible as long as p > s + 1 and p > o + 1, respectively. If 0 < 5 < 1,
these two inequalities are equivalenttod = lando <s —14+d/2 =5+ 1. If
s > 1 (inthis case o = 1), they give the restriction s > d /2, thuss > max{1, d/2}.
This shows the claim. 0O

5. Additional and Auxiliary Results

5.1. Detailed Balance Condition

We wish to interpret the detailed balance condition (10) and to explain how
the numbers 7; can be computed from the coefficients (a;;). We assume that the
coefficients are normalized in the sense that a;; = Oand 3, 4.  ar; = 1 for
all 7, j. The idea is to use a probabilistic approach, interpreting the coefficients
a;j as the transition rates between two discrete states i and j of the state space
S:={1,...,n}. Then

ajj = P(Xp = j|Xg—1 =1)

is the conditional probability for a random variable X : N — S. This variable
represents the Markov chain associated to the stochastic matrix Q = (Q;;);,; €
R™" definedby Q;; = a;jfori # jand Qi; = 1-3 ",y ;,;aijfori =1,...,n.
A Markov chain is called reversible if there exists a probability distribution 7 =
(1, ..., m,) on S (called an invariant measure) such that

wiai; = mwiaji, i, j=1,...,n. 45)

The Markov chain can be interpreted as a directed graph, where the states i € S
are the nodes and the edges are labeled by the probabilities a;; going from state i
to state j.

The state space S can be partitioned into so-called communicating classes. We
write i — j if there exist ig, i1, ..., ix4+1 € S such that a; ;,a;, i, - - @iy ipyy > 0
forigp =i and i,y = j. We say thati communicates with j ifbothi — jand j —
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i. A set of states 0 C § is a communicating class if every pair in o communicates
with each other. This defines an equivalence relation, and communicating classes
are the equivalence classes.

Consider the following properties:

(A1) Foralli, j € S, itholds that either a;; = a;; = 0 or a;ja;; > 0;
(A2) For any periodic cycle ig, i1, ..., imt+1 = o,

m m
l_[ Qig, ik = 1_[ iy, i
k=0 k=0

The detailed balance condition (45) implies (A1) and (A2). It is shown in [25] that
the converse is true and that the invariant measure 7 can be constructed explicitly.

Proposition 18. Let (A1)—(A2) hold. Then there exists an invariant measure T =
(1, ..., y) such that the detailed balance condition (45) is satisfied. Moreover,
7 can be computed explicitly by choosing an igy in each communicating class and
defining m; for ig and j belonging in the same class by

n—1 a
Qg0
;= Kok 1
ke Gtk
depending only on ig and j, where iy, iy, ..., i, = j are such that a;, ;,_., > 0 for

k=0,....,n—1.
For instance, if n = 3, we need to suppose (according to (A2)) that
a12a3a3) = a13a3as1, (46)

and the invariant measure is given by # = c¢(1, aj2/az1, a13/az1), where ¢ =

(1 +a/an +az/az)™".
The following result relates the detailed balance condition and the symmetry
of the matrix H (u«)A(u).

Proposition 19. The following three properties are equivalent:

(1) Graph-theoretical condition: (Al) and (A2) hold.
(ii) Detailed balance condition: m;a;j = m;aj; fori # j.
(iii) Symmetry: The matrix H (u) A(u) is symmetric.

Proof. The implication (i) <= (ii) is shown in Proposition 18. The converse can be
proved directly using the detailed balance condition. Finally, the equivalence (ii)
<& (iii) follows from an explicit calculation of H(u)A(x). O

Remark 20. The equivalence of the symmetry of H (1) A(«) and the detailed bal-
ance condition is related to the Onsager principle of thermodynamics. Indeed, the
diffusion matrix B = A(u)H(u)’] in

oiu — div(BVw) = f(u),
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where w = h/(u) is the vector of entropy variables, is the Onsager matrix which
is symmetric, according to Onsager, if and only if the thermodynamic system is
time-reversible. Time-reversibility means that the Markov chain associated to the
matrix (a;;) is reversible, and the symmetry of B is equivalent to the symmetry
of H(u)A(u). Thus, the equivalence (ii) <> (iii) corresponds to the equivalence of
the symmetry of B and the time-reversibility. For details on the detailed balance
principle in thermodynamics, we refer to [7]. O

5.2. Nonlinear Aubin-Lions Lemmas

Let @ ¢ RY (d > 1) be a bounded domain with Lipschitz boundary. Let (1(*))
be a family of nonnegative functions which are piecewise constant in time with
uniform time step size T > 0. We introduce the time shift operator (oru ) (1) =
u®@ —1)forr > 1.

If there exist uniform estimates for the gradient (Vu) and the discrete time
derivative T~ (u™ — o, u™), then, by the Aubin-Lions theorem and under suitable
conditions on the spaces, (u‘”) is relatively compact in some L? space. In the
case of nonlinear transition rates, we obtain uniform estimates only for (V (u(™)*),
where s > 0. Then relative compactness follows from a nonlinear version of the
Aubin-Lions theorem [5]. We recall a special case of this result:

Theorem 21. (Nonlinear Aubin-Lions lemma for s = 1/2) Let s = 1/2, m 2 0,
1 £ g < 00, and there exists C > 0 such that for all T > 0,

||(M(r))s ”LZ(O,T;WL‘J(Q)) + T_l ||M(r) — O'fl/i(r) “LI(‘L’,T;H"’(Q)’) g C.

Then there exists a subsequence of (u(’)), which is not relabeled, such that, as
T — 0,

u™ — u strongly in L*(0, T; LP* (),

where p > max({1, 1/s} is such that the embedding W9 (Q) < LP(Q) is compact.

Theorem 21 can be extended to the case s < 1/2 if (™) is additionally
bounded in L>(0, T'; L' (2)) which generally follows from the entropy inequality.
This result is new.

Theorem 22. (Nonlinear Aubin-Lions lemma for s < 1/2) Let max{0, 1/2 —
1/d} <s < 1/2, m 2 0, and there exists C > 0 such that for all T > 0,

()

””(I)”LOO(O,T;Ll(Q)) + ||(M(T))s||L2(o,T;H1(Q)) + r_1||u - Uru(r)||L1(T,T;Hm(Q)/)

<cC.

Then there exists a subsequence of (u(f)), which is not relabeled, such that, as
T — 0,

u® = u strongly in L' 0, T; L'(Q)).
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Proof. The result follows from Theorem 21 and the Holder inequality. Indeed, we
have

IV @) 2 20 7109y = @) @2V @ D) N 120, 7. 170-9 @)
< @)@ 0.7 120-20@p IV @V Nl 20,7 120020

(1-2s)/2
LOO(O,T;LI (Q) ”V(u(t))s ||L2(0,T;L2(Q)) é C

= [u@
Therefore, (1(™)!/2 is uniformly bounded in LZ(0, T; W1/(=9()). By Rellich-
Kondrachov’s theorem, the embedding wLVA=9)(Q) — L%(Q) is compact for
s >0ifd < 2ands > 1/2 —1/d if d = 3. Applying Theorem 21 with
s =1/2,g =1/(1 —s), and p = 2, we infer that @) is relatively compact in
L', T;L'(2). O

5.3. Increasing Entropies

If detailed balance or a weak cross-diffusion condition hold, we have shown
that the entropy is nonincreasing in time along solutions to (1)-(2). In this section,
we show that the entropy may be increasing for small times if these conditions do
not hold. To simplify the presentation, we restrict ourselves to the case n = 3 (three
species), s = 1 (linear transition rates), and 2 = (0, 1).

Lemma 23. (Vanishing diffusion coefficients a;o) Let aj3 = az» = az; = 1 and
ajj = 0 else. For any ¢ > 0, there exist initial data u® such that

In particular, if t — Hlu(t)] is continuous, there exists ty > 0 such that t +—
Hu(t)] is increasing on [0, ty].

Proof. Observe that (46) is not satisfied, and hence detailed balance does not hold.
Furthermore, we have

1/u; O 0 usz 0 uy uz/u; 0 1
Hw)A(u) = 0 1/up O uru; 0 | = 1 wui/uy O
0 0 1/u3 0 u3 up 0 1 ur/uj

Let 0 < ¢ < 0.5 and define u® = (u?, u3, u3) by uf(x) = 1 for x € (0, 1) and

3 for0 < x < 0.5,
Wx)=13—¢e(x—05) for0.5<x<05+e,
2 forO5+e<x <1,
9 for0 < x < 0.5,
ud(x) =1 9+¢e(x —0.5) for0.5<x <0.5+¢,
10 for0.5+e¢ <x <1,
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Then
1 0.5+¢

: 0
/ @xu®) H @) A@”)d5u’ dx = — ( L ”2(X)> "
0

&2 Jos ud (x) u3 (x)

111+3_1
e \2 9/ 6

which implies that (d’H/dt)[uO] > 1/(6e). O

A

One may ask if a similar result as above holds if the diffusion coefficients a;¢
do not vanish, since they give positive contributions to the entropy production. The
next lemma shows that the entropy may be increasing even if a;o > 0 is chosen
arbitrarily.

Lemma 24. (Positive diffusion coefficients a;q) Let ajz = azp = ax; = 1, ajo > 0
fori =1,2,3, and a;j = 0 else. For any ¢ > 0, there exist initial data u® such that

In particular, if t — H[u(t)] is continuous, there exists ty > 0 such that t —>
Hu(t)] is increasing on [0, ty)].

Proof. We choose the initial datum

O x) = a0 (2az0 + azo)
! 8ang + 4azo
dayg for0 < x < 0.5,
ud(x) = { ax(d — e '(x —0.5)) for0.5 <x <0.5+e¢,
3ang for0.5+e<x <1,
8ayo + 4azo for0 < x < 0.5,
ug(x) ={ ax@— & 1(x —0.5) +4azy for0.5 <x <0.5+e¢,
9ayo + 4azg for0.5+¢ <x < 1.

Then

1
/ @ THUAwW"0,u° dx
0

(W a0 ud + azo
N / (—é(axugﬁ + =5 @xu3)? + dcuddul + 2= (3:u3)? | dx
05 u) ul 0

ﬁ [ 0.5+s < 2a20 +azo  axo ) day + a3 ) &
0

&2 Jos 3(8azo + 4azo) 3ax 8azo + 4azo
2 2

< (L1 Ty _an

= 2 \12 3 2 12¢°

which proves the result. O
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