INEQUALITIES FOR A SYMMETRIC ELLIPTIC INTEGRAL!

B. C. CARLSON

ABSTRACT. Inequalities are found for an incomplete elliptic inte-
gral of the first kind which represents the reciprocal of the capacity
of an ellipsoid with semiaxes x, y, 2. One sequence of symmetric
algebraic functions of x, ¥, 2 converges to the value of the integral
from below and two from above. Among the elements of these se-
quences are upper and lower approximations due to Pé6lya and

Szegb.
1. Introduction and summary. Let x, y, 2 be positive numbers and
define
1 0
1.0 R=— f [+ 29+ y)(t + )],
0

The electric capacity of a conducting ellipsoid with semiaxes x, y, 2
is 1/R [1]. In terms of Legendre’s elliptic integral F(¢, k) and the
symmetric elliptic integral Rr(x, ¥, z) [2], we have

x ZZ —_ y2 1/2
(1.2) R = Rp(x?% v?, %) = (3% — «%)~V%F |:<:os‘l — < > ]
2 \z? — x?

It is useful for numerical and analytical purposes to approximate
R by an algebraic function, preferably one which, like R itself, is
symmetric and homogeneous of degree —1 in x, y, z and has the value
unity if x=y=2=1. Some possible candidates are

a=3/2yz/x, B =@/ oy =G/ x)
8 =3/ (xy)1% e = (xy2)713, t=321/x
13) =@ X1/, 0=32 x/yz =3/ %
2 4 1 1/2
“TlatotaErare T " <? @+ )@ +2) ) ’
2 6
01=_3—Ex+y’ az:Z[(x-l-y)(x‘l‘z)]l/Z’

Received by the editors November §, 1969.

AMS Subject Classifications. Primary 3319, 6525, 4130; Secondary 7831, 2670.

Key Words and Phrases. Elliptic integrals, inequalities, ellipsoid, capacity, dupli-
cation theorem, hypergeometric R-functions.

1 Work performed in the Ames Laboratory of the U. S. Atomic Energy Commis-
sion.

698

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



INEQUALITIES FOR A SYMMETRIC ELLIPTIC INTEGRAL 699

where D denotes a summation over the three cyclic permutations of
X, 9, 2.

We henceforth exclude the case x=y=2z. In 1917 Pélya [3] stated
the inequality

(1.4) a<R<0
in a problem. The solution given by Szegs [4] showed further that
(1.5) a<B<R<e<ny<e.

Indeed, R< e is a special case of Poincaré’s theorem [5] that a sphere
has a smaller capacity than any other conductor of the same volume.
In 1945 Pélya and Szegs [1] proved a still sharper inequality,

(1.6) a; < R <.
It has recently been shown [6] by W. H. Greiman that
(1.7) a < R < €1
and by Carlson [7] that <3.
Let as, - - -, 0, denote the result of replacing «, ¥, 2 in the expres-
sions for e, + - +, 0 by Xn, ¥», 2, where
Xo = X, Yo =13, 20 = 2,

(x,.+y,. Zn +zn>”2 (yn+zn y,.-l-o'c,.>”2
Xn. = =
g 2 2 A 2 2 '

20t %n 22+ ya\2
zn+l=( 2 Zy) ’ ”=0)1)2)°"'

Thus oy, €, 71, 01, a2 have the values given in (1.3). In the present note
we prove that if n=2

(1.9 a<B<ar<B1<---<an<PBs <R,
(110) R<{n <<l < -+ <1 <m<6:; <<y <,
R<ym<tp<en<{Hmn <m<-:--

1.11
(1.11) <n<h<a<Hi<m<y<i<e<{<n

These inequalities contain all the results quoted earlier, and B, ¢,
and v, approach R as n—«. Two sequences of upper bounds are
given because 0,41 is not comparable with 4,, 8,, or €,. The inequali-
ties tend to be sharp when the ratios of x, y, and z are close to unity.

One reasonable compromise between accuracy and algebraic sim-
plicity is as <R <¢, i.e.
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For example, in the case x=1, y=2, z2=3, R=0.5086446 - - -,
Equations (1.5), (1.6) and (1.12) yield

(1.12)

T

(1.5") 0.37 < 0.46 < R < 0.55 < 0.67 < 0.78,
(1.6") 0.500 < R < 0.536,
(1.12) 0.5081 < R < 0.5109.

Inequalities for inverse circular and hyperbolic functions follow
from
(1.13) Re(2%,1,1) = (1 —a9)2cost s, 0=x<1,

’ Rp(x2,1,1) = (x? — 1)~Y2 cosh™! x, x> 1.
For example (1.12) implies

6(1 — x)1/2 2:3(1 — x)l2
(1.14) <cosle < ————r) 0=sx<1.
22+ (1 + 2)12 (14 a)us

The ratio of the third member to the first increases monotonically
from 1 atx=1 to 1.013 at x=0.

If exactly one of the numbers x, y, 2 is zero, then ¢, {, 5, and 6 are
infinite but the inequalities between finite quantities remain valid.
However, R is then a complete elliptic integral for which inequalities
preferable to (1.12) can readily be obtained from Gauss’ algorithm
of the arithmetic-geometric mean [2, Equation (5.3)], e.g.

2 2 2 2 \1l/2
- — 2 42 ) —1/4
(xllz + ylﬂ) < T RF(x ' 0) < (a’y) (x + y) ’

(x>0,y>0,z#y).

(1.15)

Some inequalities for integrals more general than (1.1), including
the capacity and surface area of ellipsoids in # dimensions, are given
in [8]. Some unsymmetrical nonalgebraic upper and lower bounds for
(1.1) can be deduced from [9].

2. Lower bounds. We shall sharpen an inequality such as (1.5) by
successive applications of the duplication theorem for elliptic inte-
grals. This theorem has been used for iterative computation of R [10],
but the quantities encountered in the iteration are not completely
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symmetric in x, y, 2. Besides the duplication theorem we shall use
only two elementary results. First, the harmonic mean, the geometric
mean, the arithmetic mean, and the root-mean-square form an in-
creasing sequence. Second, Maclaurin’s inequality for elementary
symmetric functions states that

ab+bc+ca>“2<a+b+c
3 3

(2.1) (abe)'’? < (

provided the positive numbers a, b, ¢ are not all equal. With ¢ =x2,
b=9? c¢=22 and t>0, (2.1) implies

’

1+ (90 < (4 0+ 590+ 2 < (1 +x_+_2_2>

as observed in [4]. Substituting in (1.1) we have
(2.2) B < R <y

a result which follows also from [8, Theorem 2].
Continuing to exclude the case x =y =z, we note that « <8 is im-
plied by the identity

2 2
(2.3) _9-_2 = Z(E) +2) a2 -3 a? =izx2<l—i) .

a? B2 x 2 2y
Another proof, given in [4], consists in applying (2.1) to (a, b, ¢)
= (yz/x, 2x/y, xy/2z). Furthermore the inequality of the arithmetic
mean and the root-mean-square implies 8 <ea;. Since a <8 <a; implies
an <PBn<aa1 by substitution of x,, ., 2, for x, ¥y, 2, we have

(24) a<,8<a1<,31<012<62<"'.

The duplication theorem for elliptic integrals [10], [6] states that
Rr(x3, ¥i, 22) is independent of #. Taken with (2.2) this implies

(2.5) Bo<R<e n=0012":--.

From (2.4) and (2.5) we deduce (1.9). Moreover, x,, ¥., and z, ap-
proach the common limit 1/R as n—® [10], and it follows that 8,
and e, approach R.

3. Upper bounds. We observe first that ¥ <8<e<{ <y <. The
inequality of the arithmetic mean and the root-mean-square shows
that v <6 and { <7, the inequality of the geometric and arithmetic
means shows that §<e, and the inequality of the harmonic and
geometric means shows that e<{. We deduce 7 <6 from the identity
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x? 1 1
92 —9n? =3 —+23 ——3) —
v x x

1 1/y z2\?
4zi-)
22\ z y
or alternatively, as in [4], by applying (2.1) to (a, b, ¢) = (x/yz, y/2x,
z/xy).
Now 6, is not comparable with v, 8, or € because §; <y <8<e if

x<Ky=2z whereas y <8 <e<¥, if x=y<K2. However, we may conclude
that 6;<¢{ from the identity

~ _l_i _1- _ 2 _i (x—y)?
(3.2) 3% —30=2, 2<x+y> Zx_l_y—zzxy(x-i-y)

or alternatively from Minkowski’s inequality [11, p. 30] for the har-
monic mean. Now 0, <{<9<0 implies 0,.1<{»<7,.<0, and hence

(3.1)

(3.3) e K<< <H<m<L<{<n<.

Since R<e, < by (2.5), we have proved (1.10).
To prove <7y we use the inequality of the arithmetic and geo-
metric means to show that

(3.4) (2 2)( 22 ) > 3(wy2) '/ 3(wy2)*/® = 9uys

and hence

69 GHNO+E+) = (ED(Em) - s> o (TS ).

It follows that

(3.6) m = 82,2 < 3
3E+0+aE+x)  Xay

Now mi<y<dé<e<{<n implies Nn11<Vn <0n<én<{n<ns, and hence

<< <e<h<p<n<a<a<ioi<n
<y<i<e<{<n
From (2.5) and (3.7) we deduce (1.11).

=y

(3.7
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