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INEQUALITIES FOR THE GREEN FUNCTION AND
BOUNDARY CONTINUITY OF
THE GRADIENT OF SOLUTIONS OF ELLIPTIC
DIFFERENTIAL EQUATIONS

KJELL-OVE WIDMAN

1. Introduction.

In the first part of this paper we establish various inequalities for the
Green function of Laplace’s operator in a Liapunov—Dini region Q< R»,
n2 3. In the case of Liapunov regions in R3 they were previously known,
see [6] and [4], but apart from being more general, our derivation seems
easier and more natural.

As a consequence of these inequalities we can give an elementary
proof of a theorem of Schauder [7], assuring the Holder continuity of
the gradient of a harmonie function in 0, given that » has Hélder continu-
ous tangential derivatives on the Liapunov surface 2. In fact we shall
establish a more general theorem involving Liapunov~Dini surfaces and
Dini continuity instead of Holder continuity, and by an easy example
we show that this condition is the right one to ensure boundary con-
tinuity. One should also compare the situation in two dimensions.

In the second part the corresponding theorem for solutions of a rela-
tively wide class of semi-linear second order elliptic equations is proved.
This class contains e.g. the uniformly elliptic equation

au, + bu, + cu = f,
t7] ()

where a¥/ are boundary Holder continuous and where b%, ¢, and f are
meagurable with a limitation of their growth near the boundary. For
details, see Section 3 and Theorem 3.1. A somewhat wider class of elliptic
equations was considered in [9], and we shall use several results and
methods from that paper.

The literature dealing with the boundary behavior of solutions of
elliptic equations is rather formidable. We refer the reader to the funda-
mental work of Agmon, Douglis, and Nirenberg in [1] and [2], where
also extensive bibliographies can be found. However, to the author’s
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18 KJELL-OVE WIDMAN

knowledge the results in this paper are more general than existing ones
for the case of second order operators, since we have considerably weaker
regularity assumptions on both the coefficients and the boundary. A
comparative discussion will be found at the end of Section 3.

Since we believe that the first part of this paper might be of interest
to a wider audience, we have tried to include more details there, in con-
trast to the second part, where the proofs are more sketchy.

The author would like to acknowledge several interesting discussions
on these matters with professors Lennart Carleson and Yngve Domar.

NoraTions. We place ourselves in R™, n> 3, the points of which are
denoted by X,Y,..., and X=(,,...,2,), X'=(2q,...,%,_4). The Eu-
clidean distance (2,2 + ... +x,%)! is denoted |X|. Integrals over n-dimen-
sional regions will be denoted by [(-)dX, over (n — 1)-dimensional surfaces
by [(+)dS, dS being the surface element.

By a Dini function we shall mean a non-negative, monotonic, continu-
ous function &(¢), £ > 0, having the properties that £(¢)/¢ is also monotonic
and

fi(i)dt<oo.
t
0

The important property here is of course the integral condition, the
other ones being introduced for technical reasons. A common type of
Dini funetions are ¢(f)=1%*, O0<x<1.

A Liapunov-Dini surface is a closed, bounded (n — 1)-dimensional sur-
face § satisfying the following conditions:

1°. At every point of § there is a uniquely defined tangent (hyper-)
plane, and thus also a normal.

2°, There exists a Dini function £(f) such that if § is the angle between
two normals, and r is the distance between their foot points, then the
inequality 8 <é(r) holds.

3°. There is a constant ¢ >0 such that if X, is a sphere with radius ¢
and center X, € §, then a line parallel to the normal at X, meets 8 at
most once inside Z,.

A Liapunov-Dini surface is called a Liapunov surface if &(¢)==Fkt*
0<a<1. Liapunov-Dini and Liapunov regions are regions bounded by
Liapunov-~Dini and Liapunov surfaces respectively. For the properties
of Liapunov regions see Giinther [5]. Important properties are carried
over to Liapunov-Dini surfaces; in particular the Green formula is valid
in a Liapunov-Dini region.
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The boundary of any set D is denoted by 2D, and D is the closed hull
of D. The distance from X to oD is denoted by §(X).

K denotes a generic constant changing its value from one occurrence
to another, and w,, is the area of the n-dimensional unit sphere.

2.

We start with a lemma on the Green function for the Laplacian in a
half space. Since this function is explicitely known and has a very
simple form, the following estimates follow without difficulty with ele-
mentary methods.

Lemma 2.1. Let (X,Y) be the Green function for x,>0. Then for
t.j,k=1,2,...,n,

IX_ YIZ—YL >
HX,Y) S Ky, | XY,
Kxnyan— Y]—n
9 K|X—TYp»,
2 ax, 1) <
L
o KIX-TY|,
GX, 1) <
o, 5D (kg 12 711,
P
|.-— X, Y)| < K|X=T7}1n,
0y, 0x, 0x;

In the next theorem we consider a region D of special form: Let
@(t) = [te(s)ds. We note that ¢(f) is convex and that }ie(t) <p(t) <te(t),
a fact we shall use several times. Now D is defined by

D ={X||X'|<1, —~p(X") <z, <2}.
In D we define a harmonic function » by requiring that « be equal to

zero on ¢o'D=0Dn{|X’'|<1,z,<0} and equal to one on §”"D=03D\3'D.

THEOREM 2.2. If u is defined as above, then
%(0,...,0,z,) £ K=z,,
where K depends on ¢ and n only.

Proor. We construct the region D, by taking away from D its inter-
section with the ball

n—1
E xi2+(xn+r)2 é r?
—=1

9.
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and denote the harmonic function that is one on "D, and zero on &'D,
by w'.

The regions D), have the following property: If we shrink D, by a
length factor 16, say, and denote this region by D,’, and place a region
D, ,, congruent to D,’, with the node of o'D; , at (X', —2¢p(s)), |X'|=s,
and its axis parallel to the x,-axis, then o'D], will not intersect &'D,
(see Fig. 1). This follows by using elementary geometric considerations
and the fact that £(2t) < 2¢(2).

Dy

Dy g
X N
TN
oD, a'D,

Fig. 1.

Now we note that — K < ou"/on <0 on 9"’ D,nfx,>0}, K independent
of r, and represent u”(0,...,0,y,) by using the Green function @ of
{z,>0} in D,n{x,>0}. We get, if Y =(0,...,0,y,),

oG ou’ 0
Zwr—aas f 2
{37& “ on } xt 0
8D n{zp>0} lej<st

w, u(Y) = (X', Y) ur(X') dX'.

Nx

Using the estimates of Lemma 2.1 and
b =1, |ow/[on| = K,

we see that the first integral is less than Ky,, K independent of r.
Next by using the maxium principle, we see that for s small enough
u"(X") is less than the corresponding function in D, ,, with s=|X’|. Hence
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w(X') £ un0,...,32 ¢(|X'|)).
In the second integral we use this estimate to conclude

u(0,...,32 ¢(|X']))

Xore X

u(Y) = Ky, +Ky,
1X=1
Now put

m, = Sup0<yn<2 u ( . !yn)/yn *
Since %" is certainly less than y, times a constant depending on r, m, is
finite for every r>0. We get, with [u"| =1,
m, ¢(|X’]) X’
————dX'+ K e
xoyp T XY

a=|X’|<1

[N

K + K
| X|ga

my

Felt K
K+Km,ff(t—)dt+—.
4]

&

lIA

Obviously we can choose an ¢, independent of r such that

£

—
Ixf-—t—dt<=}

0

Then
m, £ K + Kle, .

Since the right hand side is independent of r it follows that

u(0,...,y,) = Ky,

either by letting r — 0 and noting that " — % or by the maximum prin-
ciple. The theorem is proved.

TueoreM 2.3. Let 2 be a Liapunov-Dini region. For X,Y e,
6,j=1,2,...,n, the Green function G(X,Y) of Q2 satisfies

i) X, Y)=KéX)|X~-YP-m,

(ii) %G(X, Y) ‘ <K|X- Y,

i) |2 6(x, ) SKa(1)X- Y|,
ox;

i) | -2 ex, Y)l

IX—Y\_” ’
ox; 0yY;

where K depends on Q only.
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Proor. Let the diameter of 2 be d. There is some s,<1 such that
regions congruent to D shrunk by a factor 1/s can be placed at every
point of 92 in such a way that the bent part intersects 602 at this point
only, and the symmetry axis is along the normal, for all s<s,.

Now let Y be fixed. If 6(X)=s, we have

0(X) 282 Kd 2 K| X-7|
and hence
G2 X-Y" 5 K§(X)| XY=,
The same type of argument holds if
X) <8, but |X-Y| < 26X).
Thus it is sufficient to consider the case

8(X) < 8y, OX) < }X-T7].

Let X* € 02 be such that §(X)=|X*— X|. At X* we place a region D’
congruent to D shrunk by a factor

4/ XY i | X-7]| < 4s,,

ls = 1/s, otherwise .

It is easy to see that the distance from Y to 8D’ is greater than | X — Y|/4,
which means that

GZ,Y) s K| X-Y|2" for ZedD .
By the maximum principle and Theorem 2.2 we find
GX,Y) = KX)s 1| X-Y]2" = K§(X) | X-Yp"
if | X—7Y|<4sy, and

G(X: Y) é K (S(X) SO—IIX_ Y]2—n
< K§(X)d1 | X-Y*" < K §(X) | X - Y[

in the opposite case, and (i) is proved.

To prove (ii), if 8(X)<|X — Y| represent @ by its Poisson integral
over a sphere with radius }6(X) and use (i) after having differentiated
under the integral sign; if | X — Y| < §(X), take a sphere of radius £ {X — Y|
and use the inequality G(X,Y)<|X — Y|*",

To prove (iii) we first show that for fixed X € £,

0

0x;

(X, Y)->0 as Y —-00.

When Y is on a sphere around X with radius g, we have G(X,Y)z
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1| X —Y*™ if g is small enough. Now let & be a vector with length
< }po. The difference quotient satisfies

(X +1,Y)-HX,Y)
J

< |X—YK < Ko'&(X, Y)

for |X — Y|=p. Since the difference quotient is zero on 92 the stated
inequality between the quotient and G holds in 2 minus the sphere.
After fixing Y we let & — 0 and see that

0
— GX,Y)>0 as dY)->0.
ox;
Now, using (ii), (iii) follows as in the proof of (i), and then (iv) follows
from (iii) as (ii) followed from (i).
The theorem is proved.

REMARK. (i) was proved in [6] with n=3 for Liapunov regions, and
in [8] for regions with stronger regularity but for general =. (ii) was
proved by Eidus in [4] for Liapunov regions in R3, with the help of
integral equations.

THEOREM 2.4. Let uw be a harmonic function in a Liapunov-Dini
region 8, continuous in 2, and with the property that to every X, oQ
there is a linear polynomial Lx (X) such that

[(X) - Lx(X)| £ e(|X—Xo]) [X-X,[, Xed,

where the Dini function e(t) satisfies the additional condition that &(t)[t" is
monotonic for some y, 0<y<1.

Then oufdx; are continuons in 0.

In partioular, if Q is a Liapunov region and &(t)=kt*, then the functions
oufox; are a-Hélder continuous in $.

Remark. It is clear that Dini or Holder continuity of the tangential
derivatives of w on 2 implies the respective conditions in the theorem.
It is also clear that the additional requirement on the Dini function is a
fairly mild one.

Finally, we remark that the « appearing is the same as in the defini-
tion of the Liapunov surface; if the Hélder exponent of the function is
smaller than that of the surface, we can always diminish the latter.

Proor or THEOREM 2.4. It is easy to see that the coefficients of Lx (X)
can be chosen so as to be uniformly bounded on 02
Our first step will be to prove that |gradu| is bounded in £.
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"~ Let Y be an arbitrary point with §(Y) small, say < le, where p is the
number appearing in the axiom 3° of Liapunov-Dini surfaces. If

Y*edQ, |Y-Y* =47),

let X be the intersection of 2 with a ball of radius }o and center Y*,
To simplify notations we assume that

Y* = 0, Y=0(0,..,9.), v,>0.

Since the coefficients of the linear polynomials are uniformly bounded
we may subtract L, from u and assume that u satisfies

lw(X)| = K|X|e(|X]), Xeo.
Put
ut = w(xy,. .., %, 1,2, +1), £>0.

Then grad ! is continuous in X and if 9Q is given by z,, = ¥(X’) we repre-
sent Du' in

2'=2n{x,>r+¥P(X")}, >0
as follows:

w, Du(Y) = f {u‘(X)Dé%G(X, Y)- 5% WX)DG(X, Y)| dSx +

axtnx

+ [ (s,

Xt ngx

where D denotes differentiation with respect to any Y-variable and @
is Green’s function for 2. Now for fixed Y and ¢ we let v —~ 0. DoG[on
tends in weak (L?) sense, say, to some function on 6XnoR2 satisfying the
same inequalities as Do@[on. Since ! and gradw' are continuous in X
no other convergence problems arise here. We observe that the second
term in the first integral disappears after this operation.

In view of Theorem 2.3 and the elementary inequality

igradu!(X)| < KMéYX), M = maxjul,

where K is independent of ¢, there is no difficulty involved in letting
t—>0. We get

2
w, Du(Y) = y ! . wX) D - G(X,Y) dSx +
2 2

+ f {u(X)Da—nG(X, ¥)-

EnQ

w(X)DG(X, Y)} dSx .
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Now
o
[ (rasx|=x 8"X' liw sk [Wa gk <o,
2xrneq |X’|< de ! 0 s
ds
f(-)dsngM f e S KMt = K < .
eZne lX|=§gl =T

The next step will be to prove that
(2.4.1) |[D2u(X)] £ Ke(8(X)) 64X .

To do that construct an egg-shaped region E the boundary of which
consists of the part of the surface z,=Fk¢(|X’|) that lies below z,=s,
plus a cap put on top so as to make F convex, of diameter 2s, say, and
symmetric with respect to the x,-axis. If k is large and s small enough,
a region congruent to E can be placed inside 2 at every point of 4R in
such a way that the symmetry axis lies along the normal, and the node
of F is the only point common with 02.

Keeping the notation, we take ¥ =(0,...,y,), Y*=0, and represent
%(Y) by its values on X, using the Green function G of z,>0. After
having differentiated twice we get

9 9
w, Du(Y) = f {u(X) D*— G(X,Y)~ -a-—: DX, Y) dSy ,
on

D? denoting any second derivative with respect to the Y-variables. In
order to estimate the first term in the integral we note that on 9E

lu(X)] £ fu(X) — w(X*)] + [u(X¥)]
< K|X—~X* 4 Ke(|1X*))|X* £ Ke(|X])|X]

which follows since |gradu| is bounded and we have assumed that the
linear polynomial is already subtracted from ». Now we divide the domain
of integration into three parts:

0B, = 0E n )z, <8} n {IX'| <y}
0B, = 9E n {z,<s}n {|X'|>¥,}
0E; = 0E n {z,>s}.
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0 (| X]) | X|
X)D? —G(X < illanlLEbatl
fu( ) D* —G(X,Y) dSx _Kle_YIM .
oK, 8K,
sk [ ag, = Kewya,
In" 1Xi<yn
(| X1) 1X]
. <
f( )d8x| = K f[X—Y]Mld x
8Eq 0Ky
d
&(r)
<k [&
- j r d
Yn
dlyn
&(Ynt)
< Ky, [ 202
] =
< Kyaelyn) [ 072 dt < Ky, elya),
1
1 [ ()d8x| s Kie) maxjul .
| 823

The second term is estimated similarly, using the boundedness of du/on.

The continuity of grads in Q is a trivial consequence of (2.4.1) since
then gradw is continuous with the same modulus of continuity along
every normal onto 982, and since the direction of the normals is a continu-
ous function on Q.

In the case of Liapunov surfaces and &() =kt*, the Holder continuity
follows with a similar argument.

The theorem is proved.

Remarxk 1. That the Dini condition is actually necessary to ensure
even boundedness of the gradient is seen from the following example.

Let &(t) be a highly regular function on R*\{0}, satisfying the require-
ments of a Dini function, except that

OJvELt-t)dtz o .

Put
t

o(—t) = s(t) and f(l) = f &(s) ds .

0
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If w(x,y) is the harmonic function in y > 0 having f as its boundary func-
tion, gradw is not bounded in a neighborhood of the origin, because

1 1
t t
>K f() dt—K;Kf‘i)dt—K»oo, y—>0.
yE+12 ¢
Yy

y

2 u(0,9)
— u(0,
oy Y

REMARK 2. It is possible to avoid the limiting process involving 7 in
the proof above by first proving that the derivatives of the Green func-
tion are continuous in £, since in this case we know that |grad@| is
bounded by Theorem 2.3, and then we can apply the argument with the
region F immediately.

THEOREM 2.5. Let G(X,Y) be the Green function of a Liapunov-Dini
region 2. Then for fixed Y € Q2 there is a constant C > 0 such that

0
2 ex,7)= 0.

ony

Proor. Consider the egg-shaped region ¥ of the proof of Theorem 2.4,
and let
X=(0,...,2,), Y =(0,...,9,), y,>2z,.

If G%(X,Y) is the Green function of {z, >0} and G that of £, then

1 2
G(X,¥) = GHX,¥) - — f G*(T,X)5 - &(T,Y) Sy .
n op T

It is easy to check that there is a constant C' > 0 such that
G¥(X,Y) = Oz, | X-Y'» if |X-Y|>uy,/2.
Moreover from Theorem 2.3

oG

—(T,Y) £ K|/ T-Y*, 2 Ky, \T-Y|™.
ongp

This gives us for a>0

14
< Kz, J' " gs,
T X =Yt X T

|T"|<a

0
GYT,X)— G(T,Y)dSy,
onp

1T |<a

IIA

Kz, J‘ae(r)

Mdr,
X)) Y

0

A

ax(T,X) i G(T,Y)dSy| £ K(a) z, ¥, .
O

1T"|>a
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Now choose a 80 small that
K, J i < 30,
r
0

and then y, so small that
Y K(a) < }C.

Then
K(a)y, = K(@)2(y,~=,) = 1C|Y - X[
and hence
Cx Kz, [Se(r)|r dr
¥) > n _ 1%mJo - K .
G(X, ) = IX— Yln_l ‘X'— Y|,n_1 (a) xnyn
Cux,
P
T 2| XY

With z, - 0 we get
0
—G(0,Y) = 3C/|Y|*-1.
ong
The theorem then follows with the maximum principle and Harnack’s
inequality.

REmark 1. The proof of Theorem 2.5 is actually independent of the
rest of the paper; in fact, the only use of the earlier parts made were the
inequalities for 0G/dn,. But since E is convex, these follow immediately
with the maximum principle.

ReEMARK 2. The integrability condition on &(t) is necessary. To see
that assume that for fixed ¥

0Glony =z C > 0, X eok.
Here E is defined using &{f) as above. Put

T,+1
(X7 (24 (0, + )21

u(X) =
Then

1 oG
w¥) = = [ =2 (X,¥) u(X) dSx
n@E nx

C z,+t
> = L ds
B “al;[lX'PHan)z]*" x
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IX7] &(|X7]) is
OX 12+ (ke(| X )IX | + | X ()2l X

v

K

PEn (52| X' |28)
Tp<<sg

felr)
7
gKfe—dr»oo, t—-0,
r
t

r

; er) . _
of dr ,

whilst on the other hand
u(Y) =y /| Y|™.

REMARK 3. The inequalities for the Green function obtained in Theo-
rems 2.3 and 2.5 are of course valid for the Green function of any second
order homogeneous elliptic operator with constant coefficients. If we
consider a class of such operators the ellipticity constants of which are
all bounded below by A > 0, the constants in the inequalities can be chosen
uniformly with respect to the class, and depend only on 4 and n. To see
that we check that the only difference in the proofs will be the constants
in the inequalities for the Green function of a half space, and these con-
stants can be chosen uniformly with respect to the class, since the dila-
tation of distance is bounded above and below by A-! and A when ap-
plying a linear transformation which takes a given operator into the
Laplacian.

3.
In this section we study solutions of the equation

(*) aﬁ(X)ui" = F(Xau:ui3uij)

in a Liapunov region £2. Apart from measurability, we shall make the
following assumptions on a¥ and F':

lati(X)—ai(Y)| < K|X-Y]", XeoQ, Ye@, O<a<l,
AE? < ati(X) &8 < AYEE  Xef, E=(&,. ., E)+0,4>0,
atl = git

|F(-X’u9 ui’“’t")l

A

K& (X)|uyl + K& YUX) |uy| +

3

+ Ke(8(X))6-1X) ju| + Ke(8(X))6-4X),

where &(t) is a Dini function satisfying
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&(t)/t” decreasing for some y < 1.

We shall think of a solution u as a function with two continuous deriva-
tives in the interior of £, although it is possible to relax this condition
(see [9, p. 487]). We construct a regularization of (*) by taking functions
@' belonging to C%(2) and 0*(2), and satisfying @¥ = a¥/ on 00,

lgrad@¥] £ Ké(X).
A solution #(X) of (*) will then also be a solution of

For the construction of the functions @¥, see Lemma 3.9 of [9].

In [9, p. 523] a mapping was constructed which maps a neighborhood
2, of fixed size around any point X, € 92 onto a neighborhood of the
origin in such a way that the image of Z,n022 lies in the plane y, =0 and
the image of X, contains a hemisphere {|{X|<o, 0<y,}, and such that
to (*) corresponds an equation of the same type.

Before we continue with the theorem, we introduce some new nota-
tion. The integral f(-)dX, over a surface can be interpreted as
J(+) cosy; dS where cosy, is the scalar product of the ¢-th unit vector
and the normalized outer normal of the surface. By ¢/dv we denote the
conormal derivative a*/ cosy; 9/0x; where a'/ 0%/0x,0x; is an operator with
constant coefficients with respect to which we use Green’s formula.

The summation convention is used freely.

THEOREM 3.1. Let u be a solution of (*) in a Liapunov region Q, continu-
ous in 2, and with the property that to every X, € 68 there is a linear poly-
nomial Ly (X) such that

[u(X) — Lxy(X)| = e(|1X - X))|X—Xol, Xeol,

where &(t) is a Dini function as above. Then the derivatives oulox; are
continuous in 0.
In particular, if e(t) =kt*, then oufox; are a-Holder continuous in .

ReMark. We have used the same function ¢(f) in the assumptions on »
and on the equation. This is of course not necessary, but can be
achieved by taking at each point the maximum of £(f) and () and
taking the largest of the two »’s involved.

For the proof of the theorem we need some lemmata.

LeMma 3.2. Suppose w is a solution of (*) in a Liapunov region £,
continuous in 2. Suppose also that
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[u(X)—w(X*)] = K|X-X*,  0<p<1.
Then for all p=1 and all y >0 we have

f f SPL—A-14(X) [|uy|? + (X)) luyyP] dX < o0

Q

Proor. It is sufficient to assume p>1 since the finiteness for p=1
then follows by Holder’s inequality.

For a fixed X,e2 we put v(X)=u(X)—u(X,*) and apply Lemma
3.7 (i) and (ii) of [9]. We get with 1< }d(X,)

r ff lu;{PdX §lK

X-Xol5 s (1u(X) — (X g¥)|P + L22(|F}p +
J2p lugPdX < l = Xol =3t +[0%(X) — a¥(Xo*)]uyl?)} dX .
[X—Xol=f

Now the proof follows the pattern of the proof of Theorem 4.1 in [9],
and since the modifications are obvious we omit the rest.

LeMma 3.3. Assume w is a solution of (*), with &(t)=kt*, in a Liapunov
region Q. Suppose |gradu| is bounded, and that to every point X, e o2
there is a linear polynomial Ly (X) such that

[u(X)—-Lx (X)] £ K|X-X, /1%, 02f<a, Xe.
Then for every pz1 and every y>0
ffép(l_ﬁ)_1+y |uﬁlp dX < o0,
Q

The proof is identical to that of Lemma 3.2, with the exception that
for a fixed X, we consider

(X)) = w(X)—Lx(X).

Levmma 3.4. Let u be as in Theorem 3.1. Then

|gradu| £ Ko&-Y(X)
for some y>0.

Proor. Choose ¥ € 2 with §(Y) small, say < s. By the discussion in
the beginning of this section we can assume that Y*=0, that the inter-
section of 92 with a neighborhood {|X|<s} is plane, say, lies in z,=0,
and that the set
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={X| —-s<z;<s, t=1,...,n—-1, O<z,<s}
is a subset of 2. We put
oD =oDn{xr,=0} and 9"D = oD\9D.

Now translate D along the positive z,-axis by ¢ to D,, take the Green
function of z,>t for the operator a%(0) ¢%/ox;0x; and apply Green’s
formula to it and » in D,, use the fact that » is a solution of

ai(Oyuy = F + (@ —a%)u;; + [a¥(0)—aH(X)Juy ,
integrate partially in
DN{X]|1X=-Y—-(0,...,t) <}6(Y)},
and let ¢ — 0 (cf. formulas 7.1.5-11 in [9]). After differentiating we get,

modulo signs,

?
wna—y;u(Y)=f (X)-TG(X Y)dSy —

(4
oD Yr Vx

—jwm amWW@W;;—WXYW&n+

) d @ - 0
+ f i (X)u — —G(X,Y)dXy—a¥X) u; — G(X, Y) dXy +
D oYy, 0x; oYy,

+[] 2 X, 7) [F+ @ —ab)u,)dX +
5 Y

i} i} 2 o
+ f [@3(X) —a¥(0)] % — — (X, Y) dX —

oYy, 0x;
|X-Yi=13(Y)

7
~ [@4(X) — a¥(O0)] w; — (X, Y) dXy +
s

2
+ f [@4(X) —a9(0)] 4y — (X, ¥) dX +
1X~Y]s 46D %1

2
+ f {[an) el )]ui ? G(X,Y) +

D(X-Y|> (¥ O 02,0
0
+ @ u — ——G'(X Y)—a;9 u; ~—G(X YydX.
Yy, 0y
By Section 2 of this paper we know that the first integral over o'D
is bounded, and since u is bounded it is easy to see that the second one
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is £Ky,*'. By Theorem 4.5 of [9] we know that |gradu|< Ké-1(X)
which implies that the integral over 9"’D is < Ks-1. Using the bounded-
ness of « and the Holder continuity of @/ we see that the integral over
(X-7|=8(Y)[2} is SKy, L.

The integral over D we split into two parts:

. dX
Daf|X=Y | <ynl2}

A

K[ 1X- TPty ax
[X-Y|=yn/2

p
Ky, + g, o tamip-nip [ f f 2,7 gy, 10 X]
D

é K ynzx—l—y

IA

by Hoélder’s inequality and Lemma 3.2, where y is made arbitrarily
small by making p large enough.

x
dX = K ff IX——nY? {22+ 2, % uyl} dX
Dn{|X—YlIzyn/2}

skff 1; a;lndx - KU [anonte tuye ax ]M U / u; “;fnq]w

< Kyna—l—y .

The remaining two integrals are estimated in exactly the same way
as the first and second part respectively of the one just treated, and the
lemma is proved.

Proor or THEOREM 3.1. We need a more easily handled formula than
the one above, and we get one by omitting the extra partial integrations:

e
(D — U
9.%

= fu(X) 2% wx,v)as, + f X) 5 - ¢ % qx,v)ydsy +
oD

oy Ovy Y Wvx

) g i
+Lf37ch(X’ Y) {F +[a¥(0) —a¥(X)]uy} dX .

Due to Lemma 3.3 and 3.2 where we now can take §=x—y>0, the
double integral converges, for any y > 0.

We first prove that |gradw| is bounded by first using Lemma 3.4 and
then make repeated use of Lemma 3.3 and 3.2 and estimations of the
double integral, successively getting

Math. Scand. 21 ~— 3
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lgradu| £ K émev-14X),

m=1,2,...,N, where (¥ +1)a>1. In the next step the boundedness
follows. The estimations are similar to those of Lemma 3.4 and will not
be repeated.

In view of the boundedness of |grad«| the continuity and Hélder con-
tinuity of ou/ox; is a purely local affair, i.e. we mneed consider
|0w(Y)/ 0z, — du(Z)[ox;] only when Z and Y are close to each other and the
boundary. Our first step will be to show that

17—y

t
eLy | 2@ (vl & fe—(-—)dt+K|Y——Y*|"‘"‘
ox; ox; ; !

for all y >0, and as usual we shall assume Y*=0, Y =(0,...,y,) so that
the formula above is valid. We define 0u/0x,(0O) by putting ¥ =0 in the
formula; it is easy to check that the double integral so defined is conver-
gent.

Since by Section 2 the surface integrals present no problems we con-
centrate on the double integral and split the domain of integration by
taking away from D the set B={|X-Y|<2y,}. In D\ B we have

< {KynxanI'l'”,
- | Ky, | X|,

/] é
—@X,Y)—— Q(X,0)
%Yy ( Yy, (
whence

2 2
1! \fB (F +[a%(0) ~ a(X)] u;) {37" O, 7~ GUX, o)} ix ‘

YnZn
=K fJ. IX —nYI":J_. {xn—ls(xn) +xna_1+ IXluluﬁ[} aXx
D\B

(| X~ 1)

£ K —dX + K X —Ye-n-14dX
yns|X-Y|<=d 1X~-Y|22yn
Up x,0-/@-D|X|a |
ol
|X-Y|22yn

< Ke(y,) + Ky,” + Ky,”™”

!lne t)
< Kf =hdt+ Ky,
0
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—a—- G(X,0) {F +[a%(0) + a¥(X)Ju,} dX }

= Lfﬁ'—‘{xn“lﬁ(xn)-l-%“‘l'l‘ X1 fugl} dX

et
< Kf-—dt + Ky + Ky, = .

0

The other integral over B is treated similarly, and (3.1.1) is proved.
We proceed to prove that if [Z~ Y|<}6(Y), then

12-7|

(3.1.2) —-—u(Y)-———(Z) < K\|Z- Y|H+Kf ©a,  yso.

Y

Since we still need consider the double integral only, we divide the domain
of integration and wuse the following estimates for the difference
/0y, G(X,Y)—0/02,G(X,Z) in the respective parts: In

(X-Y|s}iZ-T)): K|X-Zn+K|Z- Y[,
(X -2|s4Z-T}): E|X- Y-+ K|Z- Y[,
(X-2,|X-¥|>}|Z-Y|,|X-Y|<}8(Y)}: K|¥-Z,
(IX-Y|>38(7)}: K| Z-Y||X-Y|".

Now the inequalities (3.1.1) and (3.1.2) obviously imply continuity
in the general case and Holder continuity with exponent «—y for all
y>0 in the case &(t)=k¢* (see also the proof of Theorem 2.4). To get
«-Holder continuity we apply Lemma 3.3 with f=x—y and use the
resulting inequality for the integrals containing u,; above, and the theo-
rem is proved.

Remark. By considering the function

w(X) =fdyfe()dt+K(2 2,) ,
0

which is a solution of
|[4u| =z, e(x,) ,

|[4u] £ K z,7! &(z,,) [u]
and
|du] = K z,71 &(,) |u
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in 0<x, <1 we see that we cannot relax the hypothesis on &(t), since
Uy, —> © a8 X, ~ 0 if

1
ff(—t) dt = oo,
] 11

despite the fact that » is constant on z, =0.

It is probable though that the Holder continuity of the a¥ can be
weakened to a Dini condition, and that a corresponding relaxation may
be made on the coefficient in front of |u,| in the assumptions on the equa-
tion.

The following theorem is proved with exactly the same method as
above. In fact, the proof is a subset of the proofs given and so it will be
omitted.

THEOREM 3.5. Let u be a solution in a Liapunov region £2 of the equation
@y = F(X,0,%;,%:)
where a¥? satisfy the same hypothesis as above, and F satisfies
IF| < K [572(X) + 074X [u] + 0=H(X) [uty] + 65(X) [uy]

with 0<n<1. Suppose that w is continuous in Q and that the restriction
to 92 of u is n-Holder continuous. Then wu ts n-Holder continuous in £.

As mentioned in the introduction, results in this direction have been
obtained for higher order equations by Agmon, Douglis, and Nirenberg
in [1]. If Theorem 12.10 of [1] is specialized to the case of a second order
operator and compared to Theorem 3.1 of this paper, one finds that they
have assumed all the coefficients to belong to C1+* while we have second
order coefficients belonging to C* roughly, and lower order coefficients
not even continuous, but with a limitation for their growth at the bound-
ary. Our regularity assumption on the boundary is also weaker than
theirs: C1+* versus C%+*,

We would also like to mention a note by Browder [3] where he states
a theorem assuring the Holder continuity of the gradient assuming the
coefficients to be continuous in the closed domain and the solution to be
zero on the boundary, but since he also requires the right hand side of
the linear equation to belong to L?, p>mn, one has to assume higher
regularity than necessary of solutions which do not vanish identically
on the boundary. Browder also requires the boundary to be of C2 regular-

ity.
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