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We derive and analyze second-order accurate implicit numerical methods for the Riesz space distributed-order advection-
dispersion equations (RSDO-ADE) in one-dimensional (1D) and two-dimensional (2D) cases, respectively. Firstly, we discretize the
Riesz space distributed-order advection-dispersion equations into multiterm Riesz space fractional advection-dispersion equations
(MT-RSDO-ADE) by using the midpoint quadrature rule. Secondly, we propose a second-order accurate implicit numerical method
for the MT-RSDO-ADE. Thirdly, stability and convergence are discussed. We investigate the numerical solution and analysis of the
RSDO-ADE in 1D case. Then we discuss the RSDO-ADE in 2D case. For 2D case, we propose a new second-order accurate implicit
alternating direction method, and the stability and convergence of this method are proved. Finally, numerical results are presented

to support our theoretical analysis.

1. Introduction

Fractional differential equations play a significant role in
modeling the so-called anomalous transport phenomena
and in the theory of complex systems. In recent years
there has been a growing interest in the field of fractional
calculus. The books [1-4] are completely devoted to different
applications of fractional differential equations in many areas,
such as engineering, physics, chemistry, astrophysics, and
other sciences and historical summaries of the develop-
ment of fractional calculus. Fractional kinetics systems are
widely applied to describe anomalous diffusion or advection-
dispersion processes [5, 6]. For processes lacking such scaling
the corresponding description may be given by distributed-
order fractional partial differential equations [7]. It has been
reported that the dynamical systems describing and solving
the real world properties have been undergoing two stages.
One is from integer-order dynamic systems to fractional-
order dynamic systems, and the other is from fractional-order
dynamic systems to distributed-order dynamic systems [8].

Furthermore, distributed-order differential equations
have recently been investigated for complex dynamical sys-
tems, namely, distributed-order dynamic systems, which
have been explored to describe some important physical
phenomena. Distributed-order differential models are more
powerful tools to describe complex dynamical systems than
classical and fractional-order models because of their non-
local properties. Chechkin et al. proposed a distributed-
order fractional diffusion equation as a generalization of
fractional kinetic equations to describe the random pro-
cess possessing nonunique diffusion exponent and, hence,
nonunique Hurst exponent [9]. An important application of
distributed-order equations is to model ultraslow diffusion
where a plume of particles spreads at a logarithmic rate
(see [10, 11]). Kochubei [12] considered the time distributed-
order equation and developed a mathematical theory of this
equation and studied the derivatives and integrals of dis-
tributed order. This equation is applied in physical literature
for modeling diffusion with a logarithmic growth of the
mean square displacement. As the order of the fractional



derivative is distributed over the unit interval, it is useful for
modeling a mixture of delay sources (see [13]). Moreover,
distributed-order equations may be viewed as consisting of
viscoelastic and viscoinertial elements when the order of the
fractional derivative varies from zero to two (see [14, 15]).
With the motivation of these applications, some attentions
have been paid to the fractional partial differential equations
(FPDESs) with distributed order [7, 16, 17]. In [18], a series of
distributed-order PI controller design methods are derived
and applied to the robust control of wheeled service robots,
which can tolerate more structural and parametric uncertain
ties than the corresponding fractional-order PI control. In
the book [8], two initial applications including distributed-
order signal processing and optimal distributed damping are
provided as motivating examples to further the investigation
in the distributed-order dynamic systems.

Caputo [19] pointed out that it is very important to
investigate the diffusion in porous media for science and
engineering field and for social needs especially in the
case of water and pollutants. Nowadays the studies of the
dissipative and dispersive properties in diffusion equation
with fractional order in time and/or space domain in
anelastic and dielectric media have been spread to many
phenomena from nonlinearity to statistical mechanics and
memory formalisms, to represent the diversified forms of
deviations from the classic constitutive laws and several
complex mathematical methods. Distributed-order equa-
tions were first introduced in time domain [20, 21]. Caputo
solved the classic problems of anelastic and dielectric media
and of diffusion with distributed order in time domain
[22]. Then in [19], Caputo considered an extension of the
constitutive relation of diffusion to the case when a space
memory mechanism operating the medium is represented by
a fractional-order differential equations whose order covers
a continuum in a given range and introduced distributed
order in the constitutive equation in space domain. During
the study, Caputo pointed out that the major difference when
using space distributed order in the constitutive equation
with the case using the single space fractional derivative is
that the solutions found in the distributed-order case are
potentially more flexible to represent more complex media
and more nonlocal phenomena. The difference between the
space memory medium and that in time memory, that is,
distributed-order equation in space domain and distributed-
order equation in time domain, is that the former is more
flexible to represent local phenomena while the latter is more
reflexible to represent variations in space.

There are some numerical methods for distributed-order
partial differential equations which have been proposed.
Diethelm and Ford [23] introduced and analyzed a numerical
method for the solution of a distributed-order differential
equations. Meerschaert et al. [13] provided explicit strong
solutions and stochastic analogues for distributed-order
time-fractional diffusion equations on bounded domains
with Dirichlet boundary conditions. Atanackovic et al. [24]
studied waves in a viscoelastic rod of finite length. Vis-
coelastic material is described by a constitutive equation
of fractional distributed-order type with the special choice
of weight functions. Prescribing boundary conditions on
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displacement, they obtained displacement and stress in a
stress relaxation test. Morgado and Rebelo [25] took into
account an implicit scheme for the numerical approximation
of the distributed-order time-fractional reaction-diffusion
equation with a nonlinear source term.

Ye et al. [26] proposed numerical methods for the time
distributed-order and Riesz space fractional diffusions and
a distributed-order time-fractional diffusion-wave equation,
respectively. Hu et al. [27] also considered a new time
distributed-order and two-side space-fractional advection-
dispersion equation and a time distributed-order diffusion
model, respectively. They discretized the distributed-order
equation into a multiterm fractional partial differential equa-
tion. Some numerical methods for the multiterm fractional
partial differential equation have been investigated. Liu
etal. [28] considered the multiterm time-fractional wave-
diffusion equations and proposed some computationally
effective numerical methods for simulating the multiterm
time-fractional wave-diffusion equations. Jiang et al. [29]
considered the multiterm modified power law wave equations
in a finite domain and derived the fundamental solutions
of the multiterm modified power law wave equations with
the methods and techniques based on Luchko’s Theorem, a
spectral representation of the Laplacian operator, a method
of separating variables and fractional derivative techniques.
Taking the use of the similar methods they derived the
analytical solutions of the three types of the space Caputo-
Riesz fractional advection-diffusion equations with Dirichlet
nonhomogeneous boundary conditions in [30]. Ye et al. [31]
derived series expansion based on a spectral representation
of the Laplacian operator in a bounded region and gave
some applications for the two- and three-dimensional tele-
graph equation, power law wave equation, and Szabo wave
equation. However, published papers on numerical meth-
ods of the fractional partial differential equations (FPDEs)
with distributed-order especially the space distributed-order
FPDES are sparse. This motivates us to consider effective
numerical methods for space distributed-order advection-
diffusion equations.

In this paper, we consider the Riesz space distributed-
order advection-diffusion equation (RSDO-ADE) in one-
dimensional (1D) and two-dimensional (2D) cases, respec-
tively. The rest of the paper is organized as follows. We discuss
numerical method and analysis in 1D case in Sections 2 and
3, respectively. We investigate RSDO-ADE in 2D case and
propose a new second-order accurate implicit alternating
direction method; the stability and convergence of this
method are proved in Section 4. Finally, we give two examples
to illustrate the behavior of our numerical methods and
demonstrate the effectiveness of our theoretical analysis.

2. A Second-Order Accurate
Implicit Numerical Method for
RSDO-ADE in 1D Case

2.1. Discretization of the Integral Term. Consider the follow-
ing Riesz space distributed-order advection-diffusion equa-
tion (RSDO-ADE):
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Ou (x,t) ! 0“u (x,t)
Fra Jo P(x) —8|x|“ da
1
2 Pu(x,t)
o] e S s g e,

where P(«) and Q(3) are nonnegative weight functions which
satisfy the conditions

0<P(w),
P(x) £ 0,

0<J1P
0<Q(B),
Q(B) # 0,

«€[0,1],

(o) da < 00,

)

Bell,2],

<["e®as<co,

and the Riesz space fractional derivative operators 0*u(x,
£)/0x|* and 9Pu(x,t)/d|x|? on a finite domain [0, L] are
defined as follows:

X

Wu(x, t) = —¢, [(Dyu(xt)+ Dfu(x,t)],
" 3)
5 |x|ﬁu(x, t) = —Cg [ODfu(x, 1)+ fou(x, t)] ,
where
Cy = ;, O<ac<l,
2 cos (ta2)
1
C/; = m, 1< /3 <2,
o 1 -«
ODxu(x,t)—r(l—_) J (x =& " u(&t)de,
B (4)
Diuxt)= 1w E J E-x)""u@rdg,
8 B 1 o? 1-8
Dl u(x,t) = e ﬂ)ax J (x=&) Tu(ét)dg,
B 1 hou 1-B
Drulet)= ———s T p) ot J €-x)"u@nds

where I'() represents the Euler gamma function.

Now we consider (1) in the finite domain [0, L] with the
following initial and boundary conditions:

u(0,t) =0,

u(L,t) =0, (5)
€[0,17,

u(x,0) = ¢ (x), xe€[0,L]. (6)

Firstly, we discretize the integral intervals [0, 1] of & and
[1,2] of Bbythegrid0 =&, <& <--- <& =1,1=79,<
M <+ <ng=2anddenote A§; =&, &, =1/S=0
anda; = ({ +E )2=2j-1)/25, j=12,...,S, SeN.

Cons1der Anj=n;-n = =1/S=pand Bj=m;j+ni1)/2=
1+(2j-1)/25, j=1,2,...,5 SeN.
Then by using the midpomt quadrature rule, we obtain

le(a) Mda
0

d|x|*

S aoc]- ( ,t)
- Z{P (o)) —abllxlf‘f' AE;+0(0?),
=

(7)
Pu(x,1)

J Q=

Fuleh g

O(pz).

5 i (x,1)
:;Q(ﬁ]) a|x|ﬁf' A’71+

Thus, Riesz space distributed-order advection-diffusion
equation (1) in 1D case is now transformed into the following
multiterm  Riesz space fractional advection-diffusion
equation:

ou (.X, t) _ ip ((X]> %iu (x, f) l

o 5 olx|% S
S Piu(x, 1)1 (8)

+O(02+p2).

2.2. A Second-Order Accurate Implicit Numerical Method
for RSDO-ADE. Then, we discretize the computing domain
[0,L] x [0,T] by x; = ih, i =0,1,...,M,and t;, = k7, k =
0,1,...,N, where h = L/M and 7 = T/N are the space
and time steps, respectively, and M and N are two positive
integers. Assume that u(x, t) € C%([a, b] x [0, T]) and denote

Ou (xp i1 2) _ulxptyn) —u(xpt,) vo(2). O

ot T




The Riesz space fractional derivative operators are dis-
cretized as follows [32, 33]:

%u(x;t,) 1 & o 2
W :_Wzgi—ku(xk’t")+o(h ),
k

=1

0<a;<1, j=12,...,5,

5 (10)
Piu(x;t,) 1&g 2
— Ju(xp.t,) +O(h7),
alxlﬁj hlgjkz:;g;_k (k ) ( )
1<B;<2, j=12,...8
where
. -1 (1+a))
I CT(ay/2-k+1)T (/2 +k+1)
1)
T T DT S
- _“1/2+k gk—l’ ]_ 3Ly ey Iy
g (-1 (1+p))
K T (B 2—k )T (B2 +k+1)
(12)
1+ﬁ- B; _
=(1- ! T j=12,...,8S.
( ﬁj/2+k)gk-l !

Lemma 1. The coefficients ng (0 < a; < 1)of (1) and
gf’ (1 < B; <2) of (12) satisfy

M g, ZOandgff >0;

@) a =39 <04 =P <0, fork=21,42,..;
g—k gk - ’g—k gk = ’for =1y L&y

B Y gy =0andY> g =0;

@ gy = 32 ks lgp 1 and gb) = T2 o lgb 1

Proof. (1) According to the property of I' function, we have

o T(l +cxj)
9 =————"5>0, fora;>0;
[ (e/2) + 1] |
(13
ﬁj:Lﬁj)z>0, for B; > 0.
[T (Bi/2) +1]
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(2) From (11) and (12), we have

N DT (1+a;)

Ik = T(aj/2—k+1)T(a;/2+k+1)
B (-1 (1+a)) .
TT(a2-k+ )T (a/2+k+1)
(14)
b _ n7*r(1+p))
-k T(Bj/2-k+1)T(B;/2+k+1)
) (-1 r(1+p)) 4
S r(Bi/2-k+1)T(Bj/2+k+1) L
For k = 1, we have
o« 1+ocj %
% _(l_ocj/2+1>‘% =0
(15)

_ 1+p; _
Bi _ 1— j B

Assuming that g, < 0, gfj < 0.Since 0 < &; < land 1 <
B; < 2, we have

1+<x]~
l1-— >0,
ocj/2+k+1
(16)
1+ B;
1-——>0.
Bil2+k+1
Therefore,
1+a;
{X]- ] (Xj
= l1-— SO) =1)2) 59>
gk+1 ( (Xj/2+k+1)gk ] S
8 (17)
1+p;
ﬁj J /3;' . =
=({1-——— <0, =12,...,s.
i1 ( p’j/2+k+1) k J s

By mathematical induction method, conclusion (2) is
proved.
(3) From the following formula [32],

o

25in<§) '
2

+00 (-1)FT (a; +1)

ST (ag2—k+ )T (/2 4k +1)

(18)
ikz

k=—c0

we have Y% ((-1)"T(atj+1)/T(atj/2—k+1)I(otj/2+k+1)) =
0; namely, Y ;> g:j =0.

The conclusion that Y 2> gfj = 0 is also obtained by the
same method. N N
(4) According to (3), we have g,’ +Z,:jfoo,k¢0 g, = 0,and

. . o o «;
using the conclusion g, = g ; <0, we get Y%\ .01g,'| =

&

9o -
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The conclusion that ;% . | gfj | = gfj isalso obtained
by the same method. O

Using Crank-Nicholson method and second-order accu-
rate implicit finite difference scheme, we obtain the following
discrete form for RSDO-ADE in 1D case:

u (xi’ tn+1) —u (xi> tn)

T
138 p(“j) 1 M

=-= — ). 9.2 (X ty,)
2jzzl U= !

S Pla. M-1 o
_ %zl (S,’)%k_1 gi 4 (x,'>tn+1)
z - (19)
13.Q(B) 14
_ EJ; S E;gi KM (i 1)
SQ(B) 17 4
_ %; (g])%];giﬁjku(xl)trﬁl)

1/2
+ f (Xpp ) + R,

where the local truncation error R:’“/ 2=0(?+ p2 +72+H)

and f(x;t4172) = (1/2)(f (g t00) + f (X ).

By omitting the local truncation error term R n
(19). We obtain the following second-order accurate implicit
numerical method for RSDO-ADE in 1D case:

+1/2 .
U

utt -l 1 S P(“j) 1°& o,
S—t=— e
T 25 S WG

EQ(/g,) ] M1 .
Z §] %zgﬁk”k (20)

5
ulgzo,
o, (21)
k=12,...,N,
w =¢y(x;), i=0,1,...,M. (22)

We define the function space as follows: A(Q) =
{u(x,t) | 0°u(x,t)/ox, 0*u(x,t)/ox*dt> € C(Q)}, where
Q = [0, L] x [0, T]. In this paper, we suppose that the problem:
(1) satisfies conditions (5) and (6) has a smooth solution
u(x,t) € A(Q), and f(x,t), ¢y(x) are sufficiently smooth
functions.

3. Numerical Analysis of
the Second-Order Accurate Implicit
Numerical Method in 1D Case

In this subsection, we discuss the stability and convergence of
the second-order accurate implicit numerical method (20)-
(22).

Equation (20) can be rewritten as

P(w))

1 M-1

. z g‘xj un+1
o i-k"k
et

a]) 1 M-1 « n (23)

Further, (23) can be written into the following matrix
form:

(I+A)U™ =(I-A)U" + F"2, (24)

where A = A} + A, = [a; j](rr-1)x(m-1)- Consider
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S Pla;) . S Pla ) S Pla. v s Pl |
%Z‘i h(“i]) 9’ %Z‘i ]E"‘/J) gﬁjl ZLSZ‘{ ]/(llxj]) gsz e %Z‘i IE“J']) 92\4+2
" = i= j=
r 3P() o T EP() o T SP(w) o P oP(y) o
A= ﬁzi ha’] 9 28 h"‘/] 90 %Z{ h"‘fj 9-1 2545 hocjj M3 ,

2_S % gM—Z E h% 1\/;—3 g h%i M—4 28 W& 90
j=1 1 j=1 j=1
(25)
285 K 70 284 Wk Y 284 nh T 2845 nh M
LiQ(ﬁ;)gﬁj iiQ(ﬁj)gﬁj LiQ ﬂj)gﬁj . iiQ(ﬁj)gﬁj
A,=| 285 WA TN 284 WA T asg Wb T 285 W TME
284 Kh TV o84 wh TMT asg ph M 285 K
Consider U" = (% ul,...,ul, )" and F*2 = (fm1/2, According to the Gershgorin theorem the eigenvalues at
2"”/2, ce ;’,;rfl/z)T and I isa (M —1)x(M-1) identity matrix. each diagonal entry are
According to Lemma 1, we have the following Lemma. s 3
Pla; S P(p;
T T ,
L . . . . . a; = _Z (a.J>gg‘J + — (ﬁ_])g§’> (27)
emma 2. Matrix A is symmetric and strictly diagonally 255 h%i 285 W5

dominant. Mot s N
with radius r; = 7 1(7/2S) zjzl(P(ocj)/h“f)gijk + (7/

o TS N B . .
3.1. Stability of the Second-Order Accurate 28) X (P(ﬁj)/hﬁ] )g; |- Using Lemma 1, we obtain
Implicit Numerical Method

R I
J —_— — ——
Lemma 3 (see [33]). If matrix I+ A is invertible, then matrices 28 = we o 2§j:l WP 9o
I+ A)_1 and I — A commute.
M-1 S Pl _ S Q .
Lemma 4 (see [33]). Ifboth A and B are symmetric matrices of < r Z (“ ]) 9?—Jk + l_ Z (f]) lﬁjk
order n and matrices A and B commute, then AB is symmetric. k=i | 25 =1 h% 2855 kP
Lemma 5 (see [33]). If matrix A is real and symmetric, then Molof o S P ((x]) a; -
< — )
Al = [p(AZ)]l/z - [PZ(A)]I/Z = p(A) = max |A,]. = e ZS]Z{ e ik (28)
Theorem 6. The second-order accurate implicit numerical Mo 5.0 ( )
method (20)-(22) for RSDO-ADE (1), (5), and (6) is uncon- n L_Z B g'»B’
ditionally stable. keTksi | 28 = Wby ik

Proof. Assuming that u and # are numerical solution and
approximation solution of the second-order accurate implicit < . —
numerical method (20)-(22), let sf = ﬁf - uf and Y* = =1 2853
[e], €5, ... ,s;\’,f_l]T. Then the error Y" satisfies the following Further, according to (28), we have
equation:

Y = (I+A) T I-A)Y" (26)
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Next, A is an eigenvalue of A, then 1 + A is an eigenvalue of
matrix I + A, and (1 — A)/(1 + A) is an eigenvalue of matrix
(I + A)'(I + A). According to (29), we have A > 0, and it is
easy to check that

1-1

<t (30)

Thus, we obtain the following conclusion:
plU+A (-4 <L (31)

It is obviously that I and A are both symmetric. Therefore
matrices I — A, [ + A, and (I + A)”" are also symmetric. Since
I+ Aisinvertible, according to Lemma 3, (I + A 'andI-A
commute. Using Lemma 4, W = (I +A) N I-A)is symmetric.
Based on Lemma 5, we have |[W||, = p(W) < 1.

Therefore, we obtain

i RV o P | o D)

This completes the proof. O

3.2. Convergence of the Second-Order Accurate Implicit
Numerical Method. Now let us consider the convergence of
second-order accurate implicit numerical method (20)-(22).

Theorem 7. Assuming that RSDO-ADE (1), (5), and (6) have
smooth solution u(x;,t,) € A(Q), {u}'} is the solution of second-
order accurate implicit numerical method (20)-(22). Let error
e = u(x;t,) —u! and E* = (e, e;’,...,e"M_l)T. Then there
exists a constant C such that

[E"|,<C(c*+p* +7°+H*), 1<n<N. (33)

Proof. From (19) and (23), we obtain the following error
equations:

et -l 1 P(‘X]) 1°& o
= —‘Z 1o 22 9i-kCk
T 245 S h% & ik
_ lip(“l)iMilg% n+1
i~kk
25 S h% =
5 K o
< : i~kk
L= =
B liQ(ﬁ]) LMz_lgﬁ, en+1
< : i~kk
21’=1 S Kb i
+R?+1/2,
=0
0 - b
ek =0, (35)
k=1,2,...,N,
el =0, i=0,1,...,M. (36)

We rewrite (34) into the following matrix form:

(I+A)E" =(I-AF
(37)
+1C, (p2 +ot+ T +h2)1,

where I = Iy 1)y (pr-1 1S Unix matrix.
Then we have

E' =1+A) 7' (I-AFE
(38)
+Cr(I+A)™" (pz +ot T+ hz) .
Further, we obtain
[e), = o+ o a-aE
+Cit(I+ A (02 + p2 +T0 4 hz)"2

< ||(1 + A (- AE

5 +C1‘r||(I+A)_1“2 ((72 9
39
+pl T+ hz) <|E"|, + Clr(a2 +pl+ T

+ hz) < ||E0|'2 +Cint (02 +pl T+ hz) <C (02
+pl T+ hz) .
This completes the proof. O

4. The Second-Order Accurate
Implicit Numerical Method for
RSDO-ADE in 2D Case

In this section, a spatially second-order accurate alternating
direction difference method for the SRDO-ADE in 2D case is
proposed. The stability and convergence of this method are
discussed.

4.1. The Second-Order Accurate Implicit Alternating Direction
Method for the RSDO-ADE in 2D Case. We consider the
following RSDO-ADE in 2D case:

ou(x,y,t) (! “u(x, y,t)
2 | pe) —2 22
ot L S T
1 0“u(x, y,t
+meyﬁg%lm
0 oyl

2 o u (x, y,t) (40)
N L Q) =5

2 oPu(x, y,t)
+ L Q(B) bl

+f(xpt),

dp



where P(«) and Q(3) are nonnegative weight functions which
satisty conditions

0<P(w),
P(a) £ 0,

a€[0,1],

1
0<J P(x)da < oo,
0

0<Q(B),
Q(B) # 0,
Bell,2],

<["e®s<co,

and 0%u(x, y,1)/0|x|%, 0%u(x, y,t)/0|x|P, 0%u(x, y,t)/d|y|%
and 0“u(x, y,t)/0| ylﬁ are the Riesz space fractional derivative
operators defined the same as Section 2.
Now we consider (40) in a square domain Q = [0, L] x
[0, L] with the following initial and boundary conditions:
u(0,y,¢t) =u(L, y,t) =0,

u(x,0,t) =u(x,L,t) =0, (42)
te[0,T],
u(x,0)=y(xy), (xy)eQ

Firstly, we discretize the integral intervals [0, 1] of & and
[1,2]ofﬁbythegrid0—EO<E1 -<é=1and1 =

(43)

Ho <M <--<ng=2anddenote A§; =¢ -¢  =1/S=0
and o = (fl +& D2 =@ -1)/251=12,...,5, SeN.
Consider Ay =~ 1, = 1/S = pand B = (’71 +1-1)/2 =

1+(20-1)/25, 1=1,2,...,5, SeN.
Then by using the s1m11ar method in Section 2, we can

obtain
1 ®u(x, y,t
J P ThE 2l 4
0 0|x]|

- Sp Talerd)

S A4 0(e),

“u(x, y, t)
&) —— 1«
0 Iyl

S 0%“u(x, y,t)
= ZP (OCZ) —(XIAEZ +0 (0'2) )
I=1 oyl

2 By X, 9,
| %dﬁ

do

0Piu(x, y,t)

2 3P A171+O(P2),
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(44)
Thus RSDO-ADE in 2D case is now transformed into the

following multiterm fractional equation:

ou (x y, 0“u(x, y,t) 1

ZP( l) a| |0£1 E
S “u(x, y,t) 1

+ ZP ((Xl) —"‘Ig
I=1 d |yl

P (x, y,t)

1 (45)
xS

+ ZQ (B)

P (x, y,t)

S
Q
+; (ﬁl) a|y|ﬁl

il —

+f(x,y,t)+O(02+p2).

For the numerical simulation of (45), Let h = L/ M be the
spatial grid size in the x-direction and in the y-direction; let
T = T/N be the time step; let x; = ih, i = 0,1,..., M; let
yj=jh j=0,1,....,M;lett, =nt, n=0,1,...,N. Define
u; ; as the numerical solution to u(x;, y;,1,,).

The Riesz space fractional derivative operator is dis-
cretized as follows [32, 33]:

a"‘lu(x,y,t )
—nE e Zgz-p (7 1)

3 |x|™
+o(1),
O<op<l,i=1,2,...,M—-1,
%— ha,Zg (x5 vy )
+o(1),
0<og<l, j=1,2,...,M—1,
e
+o(1),
1<B<2 i=12..,M-1,
P yt)

hﬁz Zg

u\xp y, ’tn
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+O(h2),
1<B<2 j=12,....M—1,

(46)

where g;" and g;" are defined in Section 2.2.

Using Crank-Nicholson method and second-order accu-
rate implicit finite difference scheme, we obtain the following
discrete form for RSDO-ADE in 2D case:

u (xi’ Vi tn+1) -u (xi’yj’ tn)

lSP((Xl) lM
q

e X ()

S P M-1
ISP LN e ()
I=1 g=1

. (47)
9t (xp 7ot

1 f

) —— gi_ u(x > Vit 1)

21:1 S Wb ] i-p p> 7yt
15Q(B) 1 4

=) ————= ) g._ u(x;,y,t
zl; S hﬁlq:l =9 (z q n)

1 A /3
- EZI ? g ' (xi’yq’tﬂ+l)

1/2
+ f(xi’yj’tnﬂ/z) +RZ; z,

ij=1,2..,M-1;n=0,1,...,N -1,
where RZ;TI/Z = 0(0” + p* + W + %) and f(x;, Yjotpyrpn) =
(1/2)(f(xi> Y n+1) + f(xi> )’j>t ).

By omitting the local truncation error term R"”/ % in

(47), we obtain the following second-order accurate 1mplicit
numerical method for RSDO-ADE in 2D case:

i -l z_giP(az)iMz‘lgq, s
T 25 S b TP PJ
1oP(e) 10 o

32T w0

9
1 (Xl lM
le s i 20
1 ( LNIZ n+1
2 S h« q HUiq
liQ(ﬁz) 1le
25 S h/;zpl ’P PJ
liQ(_ﬁl) 11\/121 n+1
25 S hﬁ]pl ’PPJ
liQ(ﬁl) 1le
25 S hﬁqu -q Iq
lSQ(ﬁl) 1M1 ﬁ, n+l
258 hﬁquI 9j-a%iq
+f(xi’yj’tn+l/2)’
i;j:l,Z,...,M—]; n:o’l,“.)N_l)
ugj:ug/[)j—o,
Uiy =ty =0,
n=12,...,N,
W=y (xp ;) hj=0,1,..., M.
(48)

Define the following fractional partial difference opera-
tors:

n 1 S P((xl) & o« n
axuz] = _2; S ﬁ};gz—lpup]

(49)

C19Q(B) 1M

= gi_ u»’ .
2[:1 S hﬁl st J—9 149

The second-order accurate implicit numerical method
for RSDO-ADE in 2D case may be written in the following
operator form:

(l—réx—réy)u:f}’l =(1+18, +18 ) U

(50)
+1f (xi’yj’tn+1/2)'
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We introduce two additional perturbation errors equal to
28x8yu1";1 and 126x6yu1 ;- Equation (50) is then written in
the following directional separation product form:

(1-75,)(1-15,) uz;fl

=(1+16,) (1 + T8y) u,; +1f (xi)yj>tn+1/2)'

The additional perturbation errors are not large compared
to the approximation errors for the other terms in (50), and
hence (51), which is called the implicit alternation direction
method, is consistent with order O(0” + p* + h* + 7°).

Computationally, the implicit alternation direction
method defined by (51) can now be solved by the following
iterative scheme, at time t = ¢, ,;

(51)

Step 1. Solve the problem in the x-direction for each fixed y;

to obtain an intermediate solution u; g in the form

(1-78,)u;; =(1+70,) (1 +T<Sy)u1”1

+1f (xi’ Vi tn+1/2) , (52)

1<i<M-1
Step 2. Then solve it in the y-direction for each fixed x;:

( — 18 ) n+1 u? ,

o 1<jsM-1 (53)

The initial and boundary conditions for the numerical solu-
tion «!'!" and u;; are defined from the given initial and
boundary conditions (see [34]).

The initial and boundary conditions for numerical solu-
tions ' and u;; are defined from the given initial and
boundary conditions. Prior to carrying out step one of solving
(52), the boundary conditions for the intermediate solution

u’ should be set from (53) (which incorporates the values

of u”” at the boundary); otherwise the order of convergence

will be adversely affected. Specifically, for homogeneous
Dirichlet boundary conditions (42), we have

g = 14(0, yjp b ) = 0

”?V)Iri =u (L yj’tn+1) =0; 50
“231 = ”(x ’O’tn+1) =0;
nﬂ u(x;,Lity,) = 0.
Thus, we compute the boundary values for ™ from
gy = (1-78, g, (55)

* n+1
Upj = (1 - T6y) U jr

4.2. Numerical Analysis of the Implicit Alternating Direction
Method for the RSDO-ADE in 2D Case. In this section, we
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discuss the stability and convergence of alternating direction
method (51) for the SRDO-ADE in 2D case. We need to
rewrite (51), (52), and (53) in matrix form [34].

Then (51) may be written as

RHUn+1 _ EHU” + Fn+1/2) (56)

where matrices R, R, H, and H represent operators (1 —78,),

(I1+718,),(1- T5y), and (1 + Téy), respectively, where
n_ (. n n n n n
U = (ul,l"'"MM—I,I’MLZ""’MM—I,Z"‘"ul,M—l""’
k T
uM—l,M—l) > (57)
2 _( n+1/2 pntl)2 n+1/2 )T
= 2J12 oo JM-ma

Matrix R is a block diagonal matrix of (M — 1) x (M — 1)
blocks of (M — 1) x (M — 1) square matrices A ; resulting from
(52). We may write R = diag(A, A,,..., Ay ). Similarly,
matrix H is a block matrix of (M — 1) x (M - 1) blocks of
(M — 1) x (M — 1) square diagonal matrices resulting from
(52). That is, we may write H = [H; ]] where each H;;
(M -1)x (M - 1) matrlx, such that H; ; is a diagonal matr1x

= diag(b,;, b, - .- b, ;), and where the notation b, ; refers
to the (i, j)th entry of matrlx B, defined. We note that matrices
A (j= 1,2,...,M—1)andBi (i=1,2,...,M-1)arestrictly
diagonally dominant. Because their diagonal elements are all
positive, these matrices are symmetric and positive definite.

_ 1,0
Here A; = [a;3 ] (v-1)x(m-1)>

)

9k
1P () 1 4 SQ(B) 1 By i
. g% 4 = R for k < i
2; N gz—k 2; 3 hﬁ, g1 k
58)
_ 1 S P((xl) 1 o Q(ﬂl) 1 B ) (
= 1+§;Tﬁg‘) +5;Tﬁgo> for k =1i;
1<P(ag) 1 e 13Q(B) 1 f i
E S ha[ z E Tﬁgkl_i) for k > i.
=1 =1
Consider B; = [b )](M Dx(M-1)>
(1)
bk,j
[(1&P() 1 4 Q(ﬁl) L 5 ;
5; S ﬁgk_j T3 21:1 § hb wh Ik-p for i<k
59)
_ ISP(“Z)l o ( ) B H— (
- ”2; s mht ; 3 hﬂzg"’ forj=k
lsP( oc, SQ(BZ)I B ;
| 2 S h"‘l ] -k §1=1Tﬁgj_k, for j>k

=1

Similarly, we can define matrices R and H.

To prove the stability and convergence of the implicit
alternating direction method, we need the following lemma
in [34].
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T
X)X o = max, g |xi]-
satisfies conditions

Lemma 8. Let X = [x,%,,...
Ifmatrix D = (d, ;)

mxXm
m
Yoldgl <l -1 G=12....m),  (60)
j=1j#i
then
XN < IDX|, - (61)

Let u; i and i} i be the numerical and approximate solu-
tions of implicit alternating direction method (51), respec-
tively, and set

T
n n n n
Y= (& e e i) (62)

ro=ut—ul

where g f LT i

Theorem 9. The second-order accurate implicit alternating
direction method (51) for the RSDO-ADE in 2D case is
unconditionally stable and there is a positive constant C; such
that

Proof. The error Y" satisfies the following equation:

Yn+1” < Cr
oo

YOHOO, n=01,2,.... (63)

RHY"! = RHY". (64)

Since R, R, H, and H satisfy conditions of Lemma 8, we
obtain

v, = | < e = [REYC]

R (65)
< [Rl., [F ], IVl < 1

Y],

Now let us consider the convergence of second-order
accurate implicit alternating direction method (51). Let
u(x;, yj>t,) be the exact solution of the RSDO-ADE in 2D

case, let qu be the numerical solution of second-order

accurate implicit alternating direction method (51). Let e} ;=
n

u(x;, yj»t,) — u;; and

T

n n n n

E'=[el bl ] - (66)
O

Theorem 10. Second-order accurate implicit alternating direc-
tion method (51) is convergent and there is a positive constant
C; such that

that is, when qu tends to u(x;, y;,t,) at any fixed point at T
and h both tend to zero.

EY <G (P +p 7+ 1), n=0,12,..., (67)

Proof. 'The error E" satisfies the following equation:
RHEn+1 _ En + TRnH/Z, (68)

n+1/2 _ n+l/2 pn+l/2 n+1/2 T
where R = (RS R;G SRy )

1

Since R, R, H, and H satisfy conditions of Lemma 8, we
obtain

£ ), = ), < e

(00

= |[RHE" + R™?|

< Rl [E ] NE7 o + = B2, 69
<(n+1)1C, (02 +p2 +7° +h2)

<C; (P +p"+70+1).

Therefore second-order accurate implicit alternating direc-
tion method (51) is convergent.
This completes the proof. O

5. Numerical Results

In order to illustrate the behaviour of our numerical method
and demonstrate the effectiveness of our theoretical analysis,
some examples are given.

Example 1. Consider the following Riesz space distributed-
order advection-dispersion equation in 1D case:

Ou (x,1) ! 0“u (x,t)
5 - L P(x) —8|x|“ da
, P (70)
u(x,
+ L Q(B) WdﬁJrf(X’f),
where
P(x) :—2F(5—oc)cos( ,
(71)

3

)

Now we consider (70) in the finite domain [0, 1] with the
following initial and boundary conditions:

Q(p) =-zr(5-ﬁ)cos(

u(0,t) =0,
u(l,t) =0,
(72)
tel0,1],

u(x,0)=x>(1-x)?%, xe€[0,1],
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TABLE 1: The maximum errors for the numerical method and the
convergence orders with 0 = p = 1/1000 and 7 = hat time T' = 1.

h=1 Max. error Error rate
1/20 5.154e -2 —
1/40 1.247e -2 2.047
1/80 3.021e-3 2.045
1/160 7.307e — 4 2.048
where

f(xt) =e'x*(1-x)
—2¢' (20" - 2x) [In (1 - %))
+(6x" = 55> +x-2) [In(1 - x)]
+6x(2x° =2 —x + 1) [In(1 - x)]"'
+2x (x - 1)In"x + x (6x = 13x +5)In""x
+6x(x—1) (22" —4x+1)In"'x] (73)
—2¢' [-2x[In (1 - %)]”
+(6x* = x-2) [In(1-x)]
+2(=6x" +3x> +3x - 1) [In(1 - x)]"'
+2(x=1)In7x + (65 - 11x +3) In*x

+2 (6x3 —15x% + 9x — 1) ln_lx] .
The exact solution of the above problem is

u(x,t) =e'x*(1-x)>. (74)
Table 1 shows the maximum error between the exact solution
and the numerical solution obtained by the second-order
accurate implicit numerical method described in Section 2
for Examplel at time ¢+ = 1. Figurel also shows the
exact solution and the numerical solution. From Table 1 and

Figure 1, it can be seen that the numerical results are in good
agreement with the theoretical results.

Example 2. Consider the following Riesz space distributed-
order advection-dispersion equation in 2D case:

ou (x, y,t) _ J’

! “u(x, y,t)
P(q) ——2 2
ot @

0 o |x|*

do
“u(x, y,t)
oly*

2 o u(x, y,t) (75)
+ L Q) =5 5

2 of it
[ Peter

1
+ L P () da

Q(B)

ap
1 oy’

+f(ept),
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TR

015} 5 .

// *
X \
~ 010} X \
&) )/ *
kY x N\
/ X
0.05 | * \
*// *\\
*// \*\
0.00 bx” . . . . >
0.0 0.2 0.4 0.6 0.8 1.0

- -—- The exact solution
*  Our method

FIGURE 1: Exact solutions and numerical solutions with o = p =
1/1000 and h =7 =1/80at T = 1.0.

where

Pla)=-2T(5-«a) cos(?),

(76)
Q(p) = -2r(s-preos (L),

Now we consider (75) in the finite domain Q = [0, 1] x
[0, 1] with the following initial and boundary conditions:

u(O,y,t) :u(l,y,t) =u(x,0,t)=u(x,1,t)=0, te[0,1],

u(x,9,0) = x> (1 - %2 y* (1 - y)’, 77)
(%, y) € [0,1] x [0,1],

where

flayt)=ex®(1-x7y (1-y) -2y (1
- y) [(Zx2 - 2x) In” (1 - x)
+ (6x3 —5x% +x - 2)ln_2 1-x)
+ 6x(2x3 —2xt - x+ 1)ln71 (1-x)
+2x(x-DIn"x +x (6x2 —13x+ 5) In"*x
+6x(x—1) (sz —4x + l)ln_lx] —2¢'x% (1
-x)* [(2)/2 - 2)/) In~? (1-y)
+ (6)/3 - Sy2 +y- Z)In_2 (1-y)
+6y (2)/3 —2y" -y + l)ln_1 (1-y)
+2y(y- 1)1n73y +y(6y2 -13y+ S)Infzy
+6y(y-1) (2)/2 -4y + 1)ln_1y] - Zety2 (1

- y)z [—2xln_3 (I-x)
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TABLE 2: The maximum errors for the numerical method and the
convergence orders with o = p = 1/1000 and 7 = h at time T = 1.

h=r1 Max. error Error rate
1/20 3.592¢ -2 —
1/40 8.916e — 3 2.010
1/80 2.204e — 3 2.016
1/160 5.388¢ — 4 2.032

+ (6x2 -x- 2)1n72 (1-x)

+2 (—6x3 +3x> +3x — 1)ln_1 1-x)
+2(x-1DIn x+ (6x2 —1lx+ 3)ln_2x

+2 (6x3 —15x% + 9x — l)lnflx] —2¢'x* (1 - x)*
[=2yIn” (1-y)

+ (6)/2 -y- 2)ln_2 (1-y)

+2 (—6y3 + 3y2 +3y- l)ln_1 (1-y)
+2(y-1)In"y +(6y* - 11y +3)In%y

+2(6y° - 155" +9y-1)In""y] .
(78)

The exact solution of the above problem is

u(x, yt)=e'x* (1-x)7°y" (1 - y)2 . (79)

Table 2 shows the maximum error between the exact solu-
tion and the numerical solution obtained by the second-order
accurate implicit alternating direction method described in
Section 4 for Example 2 at time ¢ = 1. Figure 2 also shows the
exact solution and the numerical solution. From Table 2 and
Figure 2, it can be seen that the numerical results are in good
agreement with the theoretical results.

6. Conclusion

In this paper, we considered the Riesz space distributed-
order advection-dispersion equations in 1D and 2D cases.
For 1D case, we discretized the Riesz space distributed-order
advection-dispersion equation (RSDO-ADE) into multiterm
Riesz space fractional advection-dispersion equations (MT-
RSDO-ADE), and a second-order accurate implicit numeri-
cal method is proposed using Crank-Nicholson method and
a second-order accurate numerical scheme. The stability and
convergence are proved. For 2D case, we proposed a new
second-order accurate implicit alternating direction method
for MT-RSDO-ADE; the stability and convergence of this
method are also proved. Finally, numerical results are pre-
sented to support our theoretical analysis. This method may
be extended to the high-dimensional time, space, and time-
space distributed-order partial differential equations. These
numerical methods and techniques presented are accurate
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0.010

0.005

0.000 &=

0.0 1.0

FIGURE 2: Exact solutions and numerical solutions with ¢ = p =
1/1000 and 7 = h = 1/320 at T = 1.0.

and effective and can be used to simulate the corresponding
physical process.
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