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Abstract: The milling of thin-walled parts can become a seriously complex 
problem because the parts have variable dynamics. Firstly, the dynamics 
evolution of the part has been calculated through Finite Element Method 
(FEM) analysis. Then, the 3D stability lobes have been calculated for the thin 
walls and the thin floor. Finally, several milling tests have been performed in 
order to validate the predictions made by the model. 
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1 Introduction 

These days, monolithic components are commonly used as structural parts in the 

aeronautical industry due to their homogeneity and excellent strength to weight ratio. 

Ribs, stringers, spars and bulkheads can be mentioned as an example. Monolithic parts 

are made of thin walls and webs, which confer enough stiffness to the whole part. 

Although they were usually made assembling several smaller parts, nowadays they are 

milled starting from a raw block of material and removing up to 95% of the weight of  

the initial block. Hence, a high productivity can only be achieved increasing the removal 

rate as much as possible. The drawback is that, at high removal rate conditions, the lack 

of stiffness of the thin walls and webs makes static and dynamic problems appear, 

particularly, the self-excited vibration called chatter, which is the most complex and 

difficult to avoid by manufacturers. As a consequence, unacceptable surface roughness 

levels, part damage and a lack of dimensional accuracy can be suffered. 

However, the vibrations of the couple tool-part are known since the 1950s  

(Tobias and Fishwick, 1958). The first studies of the chatter machine-tool are related to 



   

 

   

   

 

   

   

 

   

       
 

    

 

 

   

   

 

   

   

 

   

       
 

continuous cutting processes, like the turning process, and modelled them with linear 

equations. Tlusty and Polacek (1963) succeeded in explaining the causes of these 

regenerative vibrations in the orthogonal case of the cut applied to turning. This 

knowledge is at the base of the stability lobes theory, which makes it possible to find the 

depth of cut according to the spindle speed, from which, the machining system will 

become unstable. 

Studies on milling stability started later due to the complexity of modelling cutting 

forces, based on their variability in time and space. It is then about the middle of the 

1990s, that the first modelling in analytical form appeared (Budak and Altintas, 1998a,b; 

Jensen and Shin, 1999). This theory is well applied in the case of the tools vibrations, 

because the dynamic characteristics are constant during all machining. 

Methods dedicated to the highly interrupted cutting have only recently been 

developed. Davies and Balachandran (2000) developed a frequency domain model by 

making the assumption that the time of cut is very small compared to the tooth period; 

this modelling is well adapted when the cut is strongly discontinuous. Many authors 

(Bayly et al., 2003; Davies and Balachandran, 2000; Gradisek et al., 2005) demonstrated 

that this condition generated new stable zones inside unstable zones, due to  

period-doubling vibrations. 

Chatter due to the excitation of the part has also been studied. In this case, this 

modelling cannot be applied directly because the characteristics of the part  

strongly vary during machining (Lapujoulade et al., 2002; Thevenot et al., 2006a).  

Budak (1994) studied not only the static deflexion of the thin wall but also developed a 

frequency domain simulation for varying dynamics of the wall and tool in axial  

direction. The stability lobes change during machining what leads to the addition  

of the third dimension, corresponding to the tool position (Thevenot et al., 2006b).  

New improvements were made by taking into account the vibrations related to the 

machine and with the tool (Bravo et al., 2005). 

The case of thin floors has been less studied, maybe because it is a problem that 

traditionally has been solved with rigid fixtures. Smith and Dvorak (1998) proposed the 

selection of tool with zero corner radius for thin floor machining in order to minimise  

the excitation of the modes of the floor. However, a bull-nose end mill has to be used to 

leave a fillet radius between the floors and the walls, and the chatter appearance becomes 

possible. Several three dimensional stability models have been developed that can take 

into account the movement of the floor (Altintas, 2001; Campa et al., 2007). 

Our objective is to apply on the same part the modelling usually implemented for the 

machining of thin walls and thin floors. This modelling is able to optimise the chatter 

free machining by means of an optimal spindle speed selection. The remainder of this 

paper is summarised as follows: Section 2 presents the part studied. The modelling based 

on Finite Element Method (FEM) calculus is shown in Section 3. Section 4 presents the 

stability model based on frequency analysis. Section 5 exposes the experimental work, 

the tests carried out, the surface roughness analysis and the correlation with the 

modelling. Section 6 concludes this work and presents the prospects. 

2 Studied part 

In order to have a part representative of the aeronautical milling problems, this study was 

focused on a part with the typical shape of a ‘pocket’ (see Figure 1). 



   

 

   

   

 

   

      

      

    

 

 

   

   

 

   

   

 

   

       
 

Figure 1 Aluminium 7075T6 workpiece size (see online version for colours) 

 

This part is made of two distinct types of thin walls: the floor and the lateral wall. The 

workpiece is made of an aluminium alloy 7075T6 like structural parts. The dimensions 

are chosen in order to correlate with an industrial part. The thicknesses of the walls after 

machining are respectively of 1 mm for the floor and 3 mm for the walls. 

The dynamic characteristics of this part are very complex, it cannot be represented  

by a simple mass spring. This part is characterised by several modes with specific modal 

shapes, so their corresponding natural frequencies, stiffnesses and damping ratios must 

be calculated. 

For industrial partners, the evaluation of the manufacture of structures is based on 

standard criteria. In the case of structural parts for aeronautical purposes, the following 

criteria are typical: 

Surface roughness: 3.2 µm. 

Dimension tolerance: ± 0.15 mm. 

Geometrical flatness: 0.15 mm in the whole area and 0.05 mm  
in a straight direction. 

3 FEM calculation 

The pocket machining has been divided into two operations. Firstly, the pocketing of the 

floor has been carried out with a bull-nose end mill in order to have a fillet radius 

between the walls and the floor. The second is a finish milling of the walls with an end 

mill with zero corner radius. 

Due to the variety of parameters involved, there are endless possibilities to do the 

pocketing, such as: the axial and radial depth of cut, down- or up-milling, strategy, initial 

thickness of the floor, etc. However, it is not the purpose of the authors to propose an 

optimal strategy, instead, the objective of this work is to improve the machining only by 

means of a stability lobes-based spindle speed selection. Thus, the milling strategy, the 

radial immersion A
e 
= 10 mm and the milling mode: down-milling, were fixed. The initial 

thickness of the floor and consequently the axial depth of cut A
p
 are chosen through 

iteration calculating the modal parameters and the corresponding stability lobes. If the 

initial thickness is too small, the lobes indicate that milling becomes impossible. On the 



   

 

   

   

 

   

   

 

   

       
 

    

 

 

   

   

 

   

   

 

   

       
 

other hand, if it is too thick, the possibility of chatter appearance vanishes but cutting 

forces increase and the chip evacuation is difficult, therefore, a compromise was taken. 

In order to limit the calculus time, a parallel strategy as in Figure 3 has been selected for 

the floor, while the finishing of the wall was performed in contouring. 

During the machining, the part dynamic characteristics evolve according to the tool 

position and the removal of material. The natural frequency decreases, during the 

machining. In order to predict this evolution, a traditional modelling by finite elements 

was used. Every step of the toolpath was discretised; for every 15 mm, a modal  

analysis calculates the apparent stiffness and the natural frequency of the part.  

The model is parameterised in order to automate calculations. The part was modelled by 

2D plates after a comparison with a 3D model, which concluded that the difference 

between them was lower than 0.3%. What is more, the results provided by the 2D model 

were accurate enough and the computation time was reduced enormously. 

Figure 2 shows the fourth modal shape of the part. Note that all the walls  

(side and floor) are coupled. The machining of the floor involves the excitation of  

the side walls. 

Figure 2 Modal shape of the fourth mode (see online version for colours) 

 

As the precision of the calculated frequencies has to be better than 1%, hammer impact 

tests were conducted in order to adjust the finite element model to the real behaviour of 

the part. These tests were made before and after the machining. The damping ratio was 

obtained by hammer test because it is impossible to predict accurately. 

Figure 3 shows the first four modes natural frequencies evolution in the case of  

floor machining. For the tests, the axial depth of cut was finally fixed at A
p
 = 5 mm  

(6 to 1 mm thick). The strategy of milling modelled consisted of a ramp-down-milling 

(Step 1), return, followed by four alternating cuts in down-milling (Steps 2–5). During 

the machining of the floor, the natural frequencies change considerably. The first mode 

evolves from 3.25 to 1.7 kHz. 

The thin wall was finished with a radial depth of cut of 0.1 mm. In this case, as the 

material removal is very little, the natural frequency of the part is assumed constant,  

and only the apparent stiffness varies according to the tool position (Thevenot  

et al., 2006b). The stability lobes are computed along the toolpath in order to show the  

stiffness evolution. 



   

 

   

   

 

   

      

      
 

    

 

 

   

   

 

   

   

 

   

       
 

Figure 3 Natural frequency evolution for floor machining (see online version for colours) 

 

4 Stability analysis model 

From the modal characteristics obtained by calculations and validated by tests, we can 

study the machining stability. For that, we quickly will present the models used for the 

floor and the side wall. The model here presented is based on the Budak and Altintas 

work (Altintas, 2001; Budak and Altintas, 1998a,b) and the averaging proposed by 

Campa et al. (2007). 

4.1 Floor 

4.1.1 Dynamic chip thickness calculation 

The cutting edge j cuts a dynamic chip thickness h
j
 that is calculated as a function of the 

difference of position between the actual edge and the previous edge that passed in that 

point, as in Campa et al. (2007): 

( ) ( )sin cos sin( ) cos( )
j j j

h x y zφ φ γ γ= ∆ + ∆ + ∆  (1) 

4.1.2 Calculation of the cutting forces 

The forces model relates the cutting forces with the dynamic displacements through (2). 

A linear forces model has been used in order to solve the stability problem. The 

characterisation of the specific cutting coefficients is based on a mechanistic model, and 

it has been done through several machining tests with a Kistler dynamometer. Hence, the 

cutting forces, tangential f
t
, radial f

r
 and axial f

a
, are: 

( )j j

f

f K A K h

f K

t

r t p r

a a

1

φ′=

′

 (2) 

where K
r
′  and K

a
′  are the specific radial and axial shearing coefficients ‘normalised’  

to K
t
. Those forces are projected over the Cartesian axes as follows: 

fj j jx

y j j j

ff
z

f

f f

t

r

a

cos sin sin cos sin

sin sin cos cos cos

0 cos sin

φ γ φ γ φ

φ γ φ γ φ

γ γ

=

− −

−

− −

 (3) 



   

 

   

   

 

   

   

 

   

      
 

    

 

 

   

   

 

   

   

 

   

       
 

Substituting (2) in (3) and summing the forces for all the cutting edges z, forces and 

displacements get related by the matrix of directional coefficients [ ( )]tA  in Equation (4). 

1
{ ( )} [ ( )]{ ( )}

2
p t

t A K t t= ∆f A  (4) 

4.1.3 Calculation of the stability limit 

The incremental displacement for a given period of cut T is: 

( ) ( )i T i t
t e i ec c

c
{ ( )} 1 { }

ω ωω−∆ = − G f  (5) 

where i
c

[ ( )]ωG  includes the frequency response functions of both the tool and 

workpiece. Introducing (5) in (4), the following equation is obtained: 

( ) ( )i t
t A K e t i tc

p t c

1
{ ( )} 1 [ ( )] { ( )}

2

ω ω−= −f A G f  (6) 

An analytical solution for (6) can be found, substituting the periodic matrix [ ( )]tA  by its 

average term in the Fourier series expansion. Hence, (6) becomes an eigenvalue problem, 

where (7) defines the stability and the eigenvalue is (8): 

( )i
c

det [ ] 0ω+ Λ =I G0  (7)  

( )i Tz
A K e c

p t
1

2

ω

π
−Λ = − −  (8) 

The critical depth of cut A
p lim

 and the corresponding spindle speeds N for each lobe m are 

obtained as: 

A
zK

2

p lim

t

2 Im( )
Re( ) 1

Re( )

π Λ
= − Λ +

Λ
 (9) 

( )( )
N

z m

c
60

2arctan (Im( )) / Re( ) 2

ω

π π
=

− Λ Λ +
 (10) 

In highly interrupted cutting, the harmonic content of the cutting forces cannot be 

neglected, so several terms of Fourier series expansion of [ ( )]tA  must be considered. 

Hence, Equation (7) becomes Equation (11), where ( , 0, 1, 2, )r m = ± ± … : 

( ) ( )i T

rm r m
I A K e i imc

p t c

1
det [ ] 1 0

2

ωδ ω ω−

−− − + =W  (11) 

This approach, known as multifrequency calculation, becomes more complex to solve, as 

requires iteration, but as a result, added lobes due to flip bifurcation chatter (Bayly et al., 

2003; Davies and Balachandran, 2000; Gradisek et al., 2005) can be obtained, and the 

accuracy of the solution is improved. 



   

 

   

   

 

   

      

      
 

    

 

 

   

   

 

   

   

 

   

       
 

4.1.4 Averaging 

For bull-nose end mills with a corner radius r0, the angle κ is variable along the tool axis 

direction, so it is necessary to find an average value to solve the stability problem  

(see Figure 4). The same has to be done with the cutting coefficients as they also vary. 

The method used here averages the cutting edge lead angle κ at the middle of the cutting 

arc over the volume of the chip for a given depth of cut A
p
, so an average value can be 

obtained. When A
p
 is lower than the corner radius: 

0

1

0

arccosκ
−

=
r z

r
 (12) 

( )1 0 0 1sinκ= − +r R r r  (13) 

Thus, 

( )

( )

1

1 1
0

1

1
0

0

0

2 sin( ) d d

sin( ) d d

φ

φ

φ

φ

κ φ φ
κ

φ φ
=

Ap

Ap

z

z

f rm z

f rm z
 (14) 

where 

( )( )( )2 2

0 0 0

d 1

d
1 /

m
z

r r z r

κ
= =

− −

 (15) 

Figure 4 Left: Tool geometry defining parameters. Right: Substitution of a non-linear  
geometry for a linear by means of an averaging procedure 

 

On the other hand, when the depth of cut is higher than the corner radius: 

( )( )
( )( )2

0 0

0 0

/ 2 / 4 / 2

/ 2

π π π
κ

π

× × + −
=

× + −

r z r

r z r
 (16) 

( )( ) ( )( )

( ) ( )

r A

z z
r

r A

z z
r

f r m z R f z

f r m z Rf z

0 1 p 1

0 0 0

0 1 p 1

0 0 0

1 1 2
0

1
0

/ 2 sin( ) d d / 2 sin( ) d d

sin( ) d d sin( ) d d

φ φ

φ φ

φ φ

φ φ

κ φ φ κ φ φ
κ

φ φ φ φ

+
=

+
 (17) 



   

 

   

   

 

   

   

 

   

      
 

    

 

 

   

   

 

   

   

 

   

       
 

Therefore, the average axial immersion angle is 180ºγ κ= −  and the average height 

0 0
cos( )z r r κ= − . 

With the modelling presented here, it is possible to plot the stability lobes for the 

floor, including the tool position during the whole machining (see Figure 7). 

4.2 Wall 

The tool is rigid compared to the workpiece, which is considered to be flexible. The 

workpiece moves only on the y direction, locally like a single degree of freedom model 

(see Figure 5). 

Figure 5 Wall modelling 

 

The complex transfer function of the part in the direction y is there: 

( )
( )

2

0

2 2

0 0
2

y c

c c

G i
k i

ω
ω

ω ω ξω ω
=

− +
 (18) 

A linear cutting law has been used, where: F
t
 = K

t
A

p
h(t) and F

r
 = k

r
F

T
. K

t
 is the tangential 

cutting force coefficients, k
r
 is the radial cutting force coefficient ratio and h(t) is the chip 

thickness. 

The equations of the model used to calculate the stability lobes for the wall are 

presented now (Budak and Altintas, 1998b). The axial depth of cut limit is expressed in 

the form: 

( )yy y

A
z K G i

p lim

t c

1

( / 2 ) Reπ α ω
=  (19) 

where z is the teeth number and αyy the directional milling coefficient: 

[ ]yy
k k

EX

ST
r r

1
cos(2 ) 2 sin(2 )

2

φ

φ
α θ θ θ= − − −  (20) 

Where θ is the tool angle engagement, φ
EX

 and φ
ST

 the exit and start angles. 

G i
y c

Re[ ( )]ω is the real part of the structural transfer function of a system with one 

degree of freedom: 

( )
( )

2

c 2
2 2

1 1
Re

1 4ξ

−
=

− −
y

d
G iw

k d d
 (21) 



   

 

   

   

 

   

      

      

    

 

 

   

   

 

   

   

 

   

       
 

Where d
c 0

/ω ω= , ω
0
 the natural pulsation, k the stiffness and ξ the damping ratio. The 

link between the chatter frequency ω
c
 and the spindle speed, is: 

( )
N

z m d d

c

2

60

2 2 2arctan 1 / 2

ω

π π ξ
=

+ − −
 (22) 

Equations (19) and (22) constitute a system of equations parameterised in m and ω
c
, it is 

then possible to plot the stability lobes for each mode of vibration of the wall. With this 

model it is possible to plot the 3D stability lobes of the finish milling of the wall  

(see Figure 8). 

5 Experimental work 

The cutting tests were carried out on a three-axis high speed milling machine, Kondia 

HS-1000, with a 24,000 rpm spindle. The tool used for the thin wall was an end mill with 

four flutes, a diameter of 12 mm, 45° helix angle and a corner radius of 0.15 mm. The 

cutting coefficients are K
t 
= 700 MPa and k

r
 = 0.3. For the floor, a bull-nose end mill was 

selected with a diameter of 16 mm, 2 flutes and a corner radius of 2.5 mm, 30° helix 

angle. The cutting coefficients for the bull-nose part are K
t
 = 1723.3 − 369.44 × z MPa, 

K
r
 = 558.35 − 198.93 × z MPa, K

a 
= 48.26 + 52.15 × z MPa and for the frontal part  

K
t
 = 804.73 MPa, K

r
 = 65.49 MPa and K

a
 = 174.02 MPa. Figure 6 shows the experimental 

set-up, where the fixtures allow free vibration of the walls and the floor. 

Figure 6 Machining set-up (see online version for colours) 

 

5.1 Experimental procedure for the floor 

The floor was machined in five steps as it is explained in Section 3 with a feedrate of 

0.05 mm/tooth. Two tests were carried out. Test A, at the maximum spindle speed, 

24,000 rpm and Test B, selecting, for each step, an optimal spindle speed using the 

stability lobes. The lobes calculated did not allow machining the whole part with a single 

spindle speed. So, for Test B, the spindle speed was 24,000, 21,550, 21,300, 19,650 and 

20,000 rpm for Steps 1–5, respectively (see Figure 7). 



   

 

   

   

 

   

      

       
 

    

 

 

   

   

 

   

   

 

   

       
 

Figure 7 3D stability lobes for the floor testing (see online version for colours) 

 

5.2 Experimental procedure for the wall 

The wall was down-milled in finishing with a radial immersion of 0.1 mm, and a feedrate 

of 0.05 mm/tooth. The axial depth of cut was chosen with the stability level in the centre 

of the wall machining where the available depth of cut is smaller (see Figure 8). Another 

test was also performed with a depth of cut of 3 mm. The spindle speed is chosen with 

the stability lobes. In this case, it is the maximum: 24,000 rpm. 

Figure 8 3D stability lobes for the wall (see online version for colours) 

 

5.3 Results 

The study of the floors has been approached focusing on each area of each of the five 

steps, instead of considering every step as a whole. The measurements are summarised in 

Figures 9 and 10, surface location error and surface roughness in R
a
, where cells with 

grey background mean out of tolerances in Section 2. 



   

 

   

   

 

   

      

      

    

 

 

   

   

 

   

   

 

   

       
 

Figure 9 Surface location error in µm of each area of the part. Left: Test A. Right: Test B  
(see online version for colours) 

 

Figure 10 Surface roughness R
a
 in µm of each area of the part. Left: Test A. Right: Test B  

(see online version for colours) 

 

The surface location error is measured as the relative height of each area in microns 

related to the surface created with the four corners of the part. 



   

 

   

   

 

   

   

 

   

       
 

    

 

 

   

   

 

   

   

 

   

       
 

Table 1 gives the predicted and measured stability in each floor, where ‘s’ means 

stable, ‘u’ unstable and ‘u/s’ means that the cutting conditions selected are 0.5 mm 

above/below the limit of stability. The stability was determined analysing the FFT of the 

recorded noise during the machining. 

Table 1 Predicted (p) and measured (m) stability for each area 

 S4( ) S2( ) S3( ) S5( ) 

 p m p m p m p m 

Test A 

1 s s s s s s s s 

2 u/s u u s u u s u 

3 u u u u u u s u 

4 u u u u u u u u 

5 s u u u u u u u 

6 s u s u s s s u 

Test B 

1 s s s s s s s s 

2 u/s s s s s u s u 

3 u/s u u/s s u/s u s s 

4 u/s u  u/s u u/s u s s 

5 s u s s u/s s s s 

6 s s s s s s s s 

Only in 77% of the cases the predicted matches the measured, though the reason can be 

found in the errors of the models, the stability model and the FEM model but also in the 

changing modal parameters and tool position, which result in a delay in the chatter 

appearance. These transitory effects are not taking into account the linear stability model 

and can explain discrepancies between the experiment and the modelling. This means 

that cases predicted as unstable are stable, for example, rows 4–1 in Step 3 of Test B. 

Also, once chatter appears, when stable conditions are reached again, it takes some time 

to recover the stability. This results in cases with predicted stability that are unstable, for 

example, rows 2–3 in Step 2 of Test A. 

Figure 11 Thin wall machined with a depth of cut of 5 mm (see online version for colours) 

 



   

 

   

   

 

   

      

      
 

    

 

 

   

   

 

   

   

 

   

       
 

Regarding the walls, Figure 11 shows the machined thin wall with the cutting conditions 

mentioned above. The machining was unstable for a depth of cut of 5 mm,  

in fact, the marks appear only in the middle of the wall, where the apparent stiffness  

is lower (see Figure 11). On the other hand, the test with a depth of cut of 3 mm was 

stable, with a good surface roughness without any marks. It can be concluded that the 

real limiting depth of cut was lower than the one calculated with the lobes.  

5.4 Comparison 

Regarding the surface location error, in both tests, the tool tends to overcut especially in 

the most flexible areas, rows 3 and 4 in Figure 9. In general, the overcut is higher in the 

Test B, and it could be explained by the higher forced vibration when machining near a 

modal frequency. On the other hand, it cannot be mentioned that stability always leads to 

a higher overcut. 

Comparing the surface finish, there is very little difference between Tests A and B 

(see Figure 12). Again, it is very difficult to relate the surface finish to the stability of the 

milling, not always the finish is better in the stable areas. There is only one case out of 

tolerances, in Test A, but even narrowing the requirements in R
a
, there would be both 

stable and unstable cases out of tolerances. 

The machining of the wall is less difficult, because it has less modes of vibration and 

little material removal (see Figure 8). The 3D lobes make possible to understand better 

the phenomena: near the clamping, the depth of cut increases. There remains inaccuracies 

in the modelling, in particular with accuracy of the linear cutting law at low radial 

immersion (Lapoujoulade et al., 2002). 

Figure 12 Left: Test B, right: Test A (see online version for colours) 

 

6 Conclusions 

The prediction of stability in real parts is a very complex problem. Depending on the 

geometry, different models have to be used, for thin walls and thin floors. The removal 

of material implies that the modal parameters are continuously changing, as well as the 

tool position over the part. In addition, depending on the part, at high speed cutting 

conditions several high frequency modes can be involved in the calculus. 



   

 

   

   

 

   

   

 

   

       
 

    

 

 

   

   

 

   

   

 

   

       
 

The 3D stability lobes plot the traditional stability lobes along the toolpath, so the 

most productive stable conditions can be chosen. However, depending on the complexity 

of the part and the change in the modal parameters, several spindle speeds or at least a 

continuously changing spindle speed must be selected. This approach can be very 

problematic in an industrial context because not all the spindles allow such variations, so 

it may only be effective with simpler geometries and the time calculus is more important 

with a simple model. A good test of these techniques has been made in this paper. 

In prospects, we are working on the improvement of the model to limit the 

assumptions. Also, it will be interesting to show other optimisation solutions like, the 

variable pitch tool, the spindle speed variation, etc. 
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